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Abstract

In many classification problems such as elec-
troencephalogram (EEG) classification and im-
age classification, the input features are naturally
represented as matrices rather than vectors or s-
calars. In general, the structure information of
the original feature matrix is useful and informa-
tive for data analysis tasks such as classification.
One typical structure information is the correla-
tion between columns or rows in the feature ma-
trix. To leverage this kind of structure informa-
tion, we propose a new classification method that
we call support matrix machine (SMM). Specif-
ically, SMM is defined as a hinge loss plus a
so-called spectral elastic net penalty which is a
spectral extension of the conventional elastic net
over a matrix. The spectral elastic net enjoys a
property of grouping effect, i.e., strongly corre-
lated columns or rows tend to be selected alto-
gether or not. Since the optimization problem
for SMM is convex, this encourages us to de-
vise an alternating direction method of multipli-
ers (ADMM) algorithm for solving the problem.
Experimental results on EEG and image classifi-
cation data show that our model is more robust
and efficient than the state-of-the-art methods.

1. Introduction

Classical classification methods such as support vector ma-
chines (SVMs) (Cortes & Vapnik, 1995) and logistic re-
gression (Hastie et al., 2001) have been originally built on
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the case that input samples are represented as vectors or s-
calars. However, it is also often met that input samples are
naturally represented as two-dimensional matrices or ten-
sors. When using classical classification methods to data of
matrix representation, we have to reshape the input matri-
ces into vectors. However, this would destroy the structure
information of the data matrix, e.g., the correlation of dif-
ferent channels of electroencephalogram (EEG) data (Zhou
& Li, 2014) and the spatial relationship of the nearby pixels
of image data (Wolf et al., 2007). Moreover, if the data ma-
trix is stacked (reshaped) into a vector, the dimensionality
of the resulting vector typically becomes very high, which
in turn leads to the curse of dimensionality.

There has been some work on classification methods which
attempt to exploit the correlation between the columns or
rows of the data matrix. Usually, such a classification
method introduces a matrix of regression coefficients to
leverage the correlation within the data matrix. For ex-
ample, Wolf et al. (2007) proposed a rank-k SVM, which
models the regression matrix as the sum of k rank-one or-
thogonal matrices. Pirsiavash et al. (2009) devised a bilin-
ear SVM by factorizing the regression matrix into two low-
rank matrices. Cai et al. (2006) proposed a similar bilinear
framework called support tensor machines for text catego-
rization. These methods essentially take advantage of the
low-rank assumption, which can be used for describing the
correlation within a matrix. However, their treatments re-
sult in non-convex optimization problems.

In this paper we are also concerned with the classification
problems on a set of data matrices. Our work is motivat-
ed by the use of the nuclear norm (a.k.a., the trace nor-
m) in low-rank matrix approximation (Srebro & Shraib-
man, 2005), matrix completion (Candes & Recht, 2009; Li-
u et al., 2013; Salakhutdinov & Srebro, 2010; Huang et al.,
2013), and multi-task learning problems (Pong et al., 2010;
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Harchaoui et al., 2012; Kang et al., 2011). The cornerstone
of these methods is to use the nuclear norm of a matrix as
a convex alternative of the matrix rank. Since the nuclear
norm is the best convex approximation of the matrix rank
over the unit ball of matrices, this makes it more tractable to
solve the resulting optimization problem. Moreover, some
nice properties such as the consistency results of the nucle-
ar norm minimization have been studied by Bach (2008).
There has been some work which applies the nuclear norm
penalization with least square loss function to matrix re-
gression problems (Hunyadi et al., 2012; Signoretto et al.,
2014). Recently, Zhou & Li (2014) applied the nuclear nor-
m penalization to matrix regression problems based on gen-
eralized linear models (GLMs).

In this paper we propose a new model to address the matrix
classification problem. Our model includes two principal
ingredients. First, we consider the hinge loss due to its
widely deployed ability in sparseness and robustness mod-
eling. Second, we employ a spectral elastic net penalty for
the regression matrix. The spectral elastic net is a spec-
tral extension of the conventional elastic net over a matrix.
In parallel to the conventional elastic net (Zou & Hastie,
2005) which is the combination of the ridge penalty and
lasso penalty, our spectral elastic net is the combination of
the squared Frobenius matrix norm and nuclear norm. We
prove that the spectral elastic net enjoys the property of
grouping effect which is similar to the conventional elastic
net, while keeping a low-rank representation. We show that
the regression matrix in our model is indeed a combination
of a set of support matrices. We thus refer to our model as
a support matrix machine (SMM).

The optimization problem for SMM is convex but the hinge
loss function is not smooth. Fortunately, we can resort to
an alternating direction method of multipliers (ADMM) s-
tudied in (Goldstein et al., 2012). Specifically, we develop
an iteration algorithm, which is mainly built on ADMM
and a singular value thresholding (SVT) operator (Candes
& Recht, 2009; Cai et al., 2010). The algorithm converges
quickly and promises to get the global optimal solution. It
is worth pointing out that the algorithm requires repeated-
ly computing singular value decomposition (SVD) of ma-
trices with the same size as the matrix of input features.
However, when represented as a matrix, the size of an in-
put matrix is usually not too large.

Finally, we apply our SMM to EEG and image classifica-
tion problems. We see that classification methods direct-
ly working on data matrices outperform those on vectors
such as the conventional SVM. When data are contaminat-
ed with non-Gaussian noise or outliers, our SMM has sig-
nificant improvements over baselines. This implies that S-
MM is robust and has potential applications in matrix clas-
sification problems with noises. Moreover, the experiments

show that our proposed training algorithm for SMM is effi-
cient.

The remainder of the paper is organized as follows. In Sec-
tion 2, we give the notation and preliminaries. In Section 3,
we review our concerned problem. In Section 4 we present
our model and the learning algorithm. In Section 5, we con-
duct experimental analysis to justify our methods. Finally,
we conclude our work in Section 6.

2. Notation and Preliminaries

In this section we give the notation and preliminaries which
will be used in this paper. We let I, denote the p x p identity
matrix. For a vector a € RP, the Euclidean norm is denot-
ed as ||a|]| = \/>_"_, a?. For a matrix A € RP*4 of rank
r where r < min(p, ¢), we let the condensed singular val-
ue decomposition (SVD) of A be A = U4 VY where
Uy € RP*" and V4 € R satisfy U{Uy = I, and
ViV, =1,, and 4 = diag(oy(A), -+ ,0.(A)) with
01(A) > --- > 0,(A) > 0. Obviously, the rank of A is
equal to the number of nonzero singular values of A. Ad-

ditionally, we let || Az = />, - A%, = /> 0i_, 0i(A)?
be the Frobenius norm, ||A|,. = >"'_, 0;(A) be the nu-
clear norm, and ||A ||z = o1(A) be the spectral norm.

For any 7 > 0, we let D.[A] = U4S,[E4]VY] where
S,[%) = diag([o1(A) — 7]1, -, [7,(A) — 7];) and
[2]+ = max(z,0). In the literature (Candeés & Recht, 2009;
Cai et al., 2010), D [A] is called the singular value thresh-
olding (SVT) operator.

It is well known that the nuclear norm || A ||, as a function
from RP*? to R, is not differentiable. Alternatively, one
considers the subdifferential of ||A||., which is the set of
subgradients and denoted by J||A||.. It follows from the
literature (Candeés & Recht, 2009; Lewis, 2003; Watson,
1992) that for a p x g real matrix A of rank r,

A, = {UAV£ +Z:ZeRP ULZ =0,

ZVa =0, |Z] <1} ()

3. Problem Formulation and Related Work

In this paper we study a regularized matrix classifier. We
are given a set of training samples 7 = {Xi, yi }7,, where
X; € RP*4 js the ith input sample and y; € {—1,1} is its
corresponding class label. As we have seen, X; is repre-
sented in matrix form. To fit a classifier, a commonly used
approach is to stack X;; into a vector. Let x; = vec(X?) =
([Xi]lh ey [Xi]lcp [Xi]Qla ey [Xi}pq)T € RP4. The soft
margin SVM is defined as

1 -
min §WTW +C ;[1 —yi(Wxi + b)), 2
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where [1 —u], is called the hinge loss function, w € RP? is
a vector of regression coefficients, b € R is an offset term,
and C' is a regularization parameter.

When reshaped into vector vec(X7Y), the correlation a-
mong columns or rows in the matrix is ignored. Howev-
er, it would be more reasonable to exploit the correlation
information in developing a classifier, because the corre-
lation is helpful and useful in improving the classification
performance.

Intuitively, we consider the following formulation:

1 -
min gtr(WTW)—l—C;{1—yi[tr(WTXi)+b]}+, 3)

where W € RPX? is the matrix of regression co-
efficients. However, this formulation is essentially e-
quivalent to Problem (2) when w = vec(WT), be-
cause tr(WTX,;) = vec(WT)Tvec(X!) = wlx; and
tr(WITW) = vec(WT)Tvec(W?T) = wl'w. This im-
plies that the formulation in (3) cannot directly address our
concern.

To capture the correlation, a natural approach is to consider
the dependency of the regression matrix W. In particular,
one can impose a low-rank constraint on W to leverage
the structure information within X;. For example, in the
bilinear SVM (Pirsiavash et al., 2009), the authors assumed
that W = Wny where W, € R7%4, W, € RP*4 and

d < min(p,q). Accordingly, they defined the following
problem without the offset term
1
argmin ftr(wzwfwwa)
W, W, 2 o

+O> 1 —ytr(WiXW,o )l (4)
i=1

However, the resulting problem is nonconvex in both W,
and W,,. Thus, the authors resorted to an alternately itera-
tive update scheme for W, and W ; that is, they updated
either of W, and W, while keeping the other fixed.

Since the dependency of W can be revealed by its rank
rank(W), it is also natural to directly impose the rank con-
straint to W. However, the resulting matrix rank minimiza-
tion is usually NP-hard (Vandenberghe & Boyd, 1996).
Zhou & Li (2014) suggested a function of the singular val-
ues of W as an alternative penalization technique. Based
on this idea, they proposed a regularized GLM (R-GLM):

J(W) + P(W), (5)

argmin
w

where J(W) is a loss function obtained from the negative
log-likelihood and P(W) is a penalty function defined on

the singular values of W. Typically, P(W) = A\||W||,. for
A > 0 because the nuclear norm ||W/|, is the best convex
approximation of rank (W) over the unit ball of matrices.
Assuming that the loss function J is smooth and its deriva-
tive has the Lipschitz continuity, Zhou & Li (2014) devised
the Nesterov method (Nesterov, 1983) to solve (5).

4. The Support Matrix Machine

It is well known that the hinge loss enjoys the large margin
principle. Moreover, it embodies sparseness and robust-
ness, which are two desirable properties for a good classifi-
er. This thus motivates us to employ the hinge loss function
in (5) instead. In particular, we present the following for-
mulation:

1 T

Etr(W W) + 7||[W||.

argmin
W,b

+C Y {1=y,[tr(WTX)+]} e, (6)
=1

which defines a matrix classification model that we cal-
1 the support matrix machine (SMM). Recall that the hinge
loss is not smooth, so our model is not a trivial variant of
the regularized GLM. On the other hand, SMM is in fact
based on a penalty function, which is the combination of
the squared Frobenius norm ||[W||% and the nuclear nor-
m ||[W]||.. We call this penalty the spectral elastic net
because tr(WIW) = W[z = S0 52(W) and
W, = Smn(@P) 5 (W). As we see, the spectral elas-
tic net is parallel to the elastic net of Zou & Hastie (2005).

Again recall that tr(WT W) = vec(WT)Tvec(WT) and
tr(WTX,) = vec(WT)Tvec(XT), so SMM degenerates
to the conventional linear SVM when 7 = 0. However, the
nuclear norm can not be equivalently defined as a vector
norm. This implies that we cannot formulate Problem (6)
in an equivalent of the vector form. Thus, our SMM is able
to capture the correlation within the input data matrix.

4.1. Theoretical Justification

We now show that SMM possesses some elegant benefits
from the conventional SVM (Cortes & Vapnik, 1995) as
well as the conventional elastic net (Zou & Hastie, 2005).
Without loss of generality, we suppose that each feature of
the training data is normalized to have unit length. That is,
it holds that ||fle = 1 where f}; £ ([Xl]kla RN [Xn]kl)T
fork=1,...,pandl=1,...,q.

Theorem 1. Suppose the minimizer of Problem (6) is
(W, b). Then

W = DT ( Z Biin’L) )
=1
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where 0 < Bl <C.

Denote 2 = Z?zl Blszl We see that €2 is the combi-
nation of those X; associated with nonzero /S’Z-, while W is
the SVT of €. In fact, we will see from Eqn. (12) in The-
orem 5 that W is indeed the linear combination of a set of
support matrices {X;}.

Lemma 1. The difference between [Qx,;, and [k,
meets the following inequality

([Q]klll - [Q]k212)2 < 27102(]. - flzlllfk212)'

Recall that [|fy,;, || = 1 and [[fi,1,|| = 1, so £, fi,, €
[—1, 1] is the correlation coefficient of input features at po-
sitions (k1,{1) and (k2,l2) over the n training samples.
Lemma 1 says that £ has the element-wise grouping ef-
fect. Specifically, higher (lower) correlation between two
elements of 2 leads to smaller (larger) difference. Based
on this lemma, we also have the following theorem.

Theorem 2. Let [W].; be the lth column of W. Then
- _ ) P
H [W]i,ll - [W]:,lQ H S 27'LC2 (p — Z f]zglfklz) .
k=1

Especially, if fx, = fw, for any k = 1,...
[W]:7l1 = [W]:,lz'

, D, then

Theorem 2 reflects the relationship of W with the train-
ing input matrices X,;. Interestingly, the columns of the
regression matrix W have grouping effect in our model
if the corresponding features have strong correlation. The
similar conclusion also applies to the rows of W. Note
that Theorem 2 can not be extended to the element-wise
case, because even if f;,;, = fi,;,, we cannot obtain that
[W1k,1, = [W]k,i,. We will present an empirical illustra-
tion for the grouping effect problem in Section 5.1.

4.2. Learning Algorithm

The Nesterov method for R-GLM (Zhou & Li, 2014) re-
quires the derivative of the loss function in question to be
Lipschitz-continuous. However, both the hinge loss and the
nuclear norm are not smooth. Thus, it is hard to develop the
Nesterov method for finding the SMM solution. Since the
objective function of SMM is convex in both W and b, we
here derive a learning algorithm based on ADMM with the
restart rule (Goldstein et al., 2012). The problem in (6) can
be equivalently written as follows:

argmin H(W,b)+ G(S), (7)

W,b,S
s.t. S—W-=0,
where

H(W,b) = %tr(WTW) + Cij{l—%«,[m«(vaxi)ij]}+

i=1

and G(S) = 7]|S|]+.
ADMM solves (7) by using the augmented Lagrangian
function:
Li(W,b,8,A) =H(W,b) + G(S) + tr[AT(S — W)]
+21Is = Wl

where p > 0 is a hyperparameter.

The ADMM learning procedure for our SMM is summa-
rized in Algorithm 1. The key steps of Algorithm 1 are the
computations of S®) and (W®) b(*)), the derivation of
which is based on Theorems 3 and 4 below.

Theorem 3. For positive numbers T and p, let the matrix
pW — A have SVD of the form:

pW — A =US, VT 4+ U3, VT, ®)

where X is the diagonal matrix whose diagonal entries
are greater than T, Uy and Vy are matrices of the corre-
sponding left and right singular vectors; 331, Uy and V1
correspond the rest parts of the SVD whose singular values
are less than or equal to T. Define

1 1
g & ;DT(pW —A) = ;UO(EO —rO)VE. )

Then we have 0 € 0 G1(S*), where G1(S) =
tr(ATS) + £ W — S| 3.

G(S) +

Since (G is convex with respect to S, we obtain the update
equation of S from Theorem 3. That is,

—~ 1 —~
S+ — argmin GIW® 8, AWy = ZD_(pWk) _A(*),
s p

Theorem 4. One of the solution of the following problem

argmin H(W,b) — tr(ATW) + g||WfS||%

(W.b)
is
wW* = ijl(A+ps+Zz_;oziyzxz), (10)

where S* = {i: 0 < of < C}, and a* € R" is the solu-
tion of the following box constraint quadratic programming
problem:

1
—iaTKa—f—qTa, (11

argmax

s.1. 0<a<Cl,,

n
Z a;y; = 0.
=1
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Algorithm 1 ADMM for SMM

Initialize S = §© e RP*4 ACD = A ¢ RPXe p >
0,tM =1,7¢€(0,1).
fork=1,2,3... do

(W(k)7b(k)) = argmin H(W,b) — tr(K(k)TW) n
(W,b)

SlIW-S®|I5
S®) = argmin G(S) + tr(A®TS) + gnvv(k) — S|z
S
A® = R® — p(W® s R
e = pH|IA® — RO+ plIS® — SM|I3
if (®) < nc(’“’” then

pUe+1) — 14V 14402
2
S+ — gk 4 tM—1(g(k) _ glh=1))

+(k+1)
~ k
AR+ — AR + tt((kl—l)l (A(k) _ A(kfl))
else
(D) —
§(k+1) — S(k—l)
A+ — A (=1)
k) — n*10<k*1)
end if
end for

Here K = [K;;] € R"*" and q € R™ are independent of
a; specifically,

K, - yiy;tr(XTX;) 7
p+1
o o= 1- yitr[(A + pS)TX,]

By Theorem 4, updating W*) and () can be done by
solving Problem (11). Several methods can be used, such
as the sequential minimization optimization algorithm.
(Platt et al., 1998; Keerthi & Gilbert, 2002)

Theorem S. Suppose the optimal solution of Problem (7)
is (W, b,S). Then

W=8=A+> auX, (12)

a; >0

Theorem 5 can be obtained directly by Algorithm 1 through
Eqn. (10). If &; > 0, we call the corresponding X; a sup-
port matrix. Theorem 5 shows that the solution W' of our
SMM can be written as the linear combination of support
matrices plus an offset. This is the reason that we call our
model the support matrix machine.

Since the hinge loss and nuclear norm are weakly convex,
the convergence property of Algorithm 1 can be proved im-
mediately based on the result in (Goldstein et al., 2012; He
& Yuan, 2012). That is, we have

Theorem 6. For any p > 0 and n € (0, 1), the iteration

sequence given by Algorithm 1 converges to the optimal
solution of Problem (7).

5. Experiments

In this section we conduct the experimental analysis of our
proposed SMM . We first analyze the group effect proper-
ty of SMM. Then we study the classification performance
on synthetic and real-world data sets. All experiments are
implemented in Matlab R2011b on a workstation with Intel
Xeon CPU X5675 3.06GHz (2 x 12 cores), 24GB RAM,
and 64bit Windows Server 2008 system.

5.1. Group Effect Property on Synthetic Data

To intuitively demonstrate the grouping effect property de-
scribed in Theorem 2, we design a simulated experimen-
t to visualize it. We generate a synthetic data set of n
samples as follows. First, we generate V orthogonal n-
dimensional basis vectors v, Vs, - - - , vy with the unit Eu-
clidean length, respectively. Second, we construct pq fea-
ture vectors of length n by the following process:

fu = V[1/(0.2¢)] + €kis
€Ll lfl\fd N(0,52In),

fork =1,...,p,andl = 1,...,q. Here [1/(0.2q)] de-
notes the smallest integer no smaller than [/(0.2¢). In
other words, the elements in each sample matrix X; ( =
1,...,n) can be roughly partitioned into four groups (ver-
tical blocks). The features within the same group have high
correlation, while the features between different groups
have low correlation. Then we generate a p X ¢ matrix W
of rank 0.2¢, and the label for each sample is generated by
y; = sign[tr(WTX;)]. We set n = 1000, V = 4, p = 80,
g = 100 and 6 = 10~3 in this simulation.

The values of the regression matrix obtained respectively
from the bilinear SVM (B-SVM) (Pirsiavash et al., 2009),
regularized GLM (R-GLM) (Zhou & Li, 2014) and SMM
are shown in Figure 1. It is easy to see that the regression
matrix of SMM is clearly partitioned into four pure color
blocks, while the blocks of B-SVM have higher noise. R-
GLM fails to obtain the groups structure totally. The sim-
ulation results show that SMM has a better grouping effect
property than other baselines, which also implies that SM-
M is able to capture the structure information in the feature
matrices.

5.2. Classification Accuracy on Synthetic Data

We now conduct the performance of SMM on synthetic da-
ta sets. We use the same data generation process as in the
previous subsection, but we set V' = 10 and 6 = 102 to
obtain more complicated data. We use 1000 samples for
training, and other 500 samples for testing. All the hyper-
parameters involved are selected via cross validation.

!The code is available in http://bcmi.sjtu.edu.cn/
~luoluo/code/smm.zip
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(a) B-SVM (b) R-GLM

Figure 1. (a), (b) and (c) display the values of normalized regres-
sion matrix of B-SVM, R-GLM and SMM respectively.

—&— B-SVM

accuracy

L L L L L L L L L L L
0 01 02 03 04 05 06 07 08 09 1
standard deviation of Gaussian noise

(a) Synthetic data with Gaussian noise
0.9

accuracy

0.55 L L L L L L L
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035

density of salt and pepper noise

(b) Synthetic data with salt and pepper noise

Figure 2. Classification accuracy on synthetic data with different
levels of noises. We use Gaussian noise with 0 mean and standard
derivation from 0.01 to 1 in (a), and salt and pepper noise with
density from 0.001 to 0.035 in (b).

We add different levels of Gaussian noise and salt and pep-
per noise on the test data, and repeat this procedure ten
times to compute the mean and standard deviation of clas-
sification accuracy. The results are shown in Figure 2. It
is clear that all methods achieve comparable performance
on clean data, but SMM is more robust with respect to high
level of noises.

5.3. Classification Accuracy on Real-World Data

We apply SMM to EEG and image classification problem-
s, and compare its performance with B-SVM (Pirsiavash
et al., 2009), R-GLM (Zhou & Li, 2014), and the standard
linear SVM (L-SVM) (Cortes & Vapnik, 1995). We use
four real-world matrix classification data sets: the EEG al-
coholism, the EEG emotion, the students face and INRIA
person.

Table 1. Summary of four data sets

Data sets #positive | #negative | dimension
EEG alcoholism 77 45 256 x64
EEG emotion 1286 1334 31x10

students face 200 200 200200
INRIA person 607 1214 160x96

The EEG alcoholism data set” arises to examine EEG cor-
relates of genetic predisposition to alcoholism. It contains
two groups of subjects: alcoholic and control. For each
subject, 64 channels of electrodes are placed and the volt-
age values are recorded at 256 time points.

The EEG emotion data set (Zhu et al., 2014; Zheng et al.,
2014) focuses on EEG emotion analysis, which is obtained
by showing some positive and negative emotional movie
clips to persons and then recording the EEG signal via ESI
NeuroScan System from 31 pairs. Each pair contain 10
data points (two channels for one pair, and each channel
contains five frequency bands). There are 2620 movie clips
chosen to evoke the target emotion, such as Titanic, Kung
Fu Panda and so on.

The student face data set contains 400 photos of Stanford
University medical students (Nazir et al., 2010), which con-
sists of 200 males and 200 females. Each sample is a
200 x 200 gray level image.

The INRIA person data set® was collected to detect whether
there exist people in the image. We normalize the samples
into 160 x 96 gray images and remove the same person with
different aspects. Combining with the negative samples, we
obtain 1821 samples in total.

We summarize the main information of these data sets in
Table 1. For the student face and INRIA person data set-
s, we directly use the pixels as input features without any
advanced visual features.

For each of the compared methods, we randomly sam-
ple 70% of the data set for training and the rest for test-
ing. All the hyperparameters involved are selected vi-
a cross validation. More specifically, we select C' from
{1 x1073,2x107%,5 x 10731 x 1072,2 x 10725 x
1072...,1 x 10,2 x 10%}. For each C, we tune 7 man-
ually to make the rank of classifier matrix varied from 1 to
the size of the matrix. We repeat this procedure ten times to
compute the mean and standard deviation of the classifica-
tion accuracy. Table 2 shows the classification accuracy of
the four methods. We can see that SMM achieves the best
performance on all the four data sets.

http://kdd.ics.uci.edu/databases/eeq/
eeg.html
*http://pascal.inrialpes.fr/data/human/
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Table 2. The classification accuracy on four data sets (in %)

Data sets

L-SVM

B-SVM

R-GLM

SMM

EEG alcoholism
EEG emotion
students face

7111 (£ 8.30)
88.76 (& 1.16)
91.67 (& 1.57)

71.67 (£ 7.83)
87.73 (& 1.18)
95.42 (+ 1.72)

71.39 (£ 6.55)
82.26 (& 1.65)
94.25 (& 2.76)

73.33 (£ 5.89)
90.01 (& 0.98)
96.83 (& 1.66)

INRIA person 84.88 (+1.98) | 85.09 (£ 1.46) | 84.65 (+ 1.38) | 85.95 (£ 0.77)
Table 3. The training time on the four data sets (in second)
Data sets B-SVM R-GLM SMM
EEG alcoholism 86.30 (£ 163.73) | 407.59 (£ 100.93) | 1.36 (£ 0.09)
EEG emotion 292.89 (4 248.47) 3332 (£ 3.38) | 6.57 (£ 6.73)
students face 23.88 (= 10.53) | 121.14 (£ 87.40) | 7.20 (£ 0.22)
INRIA person 19.36 (£ 9.23) | 580.06 (£ 229.14) | 6.61 (£ 2.44)

We are also interested in the computational efficiency of
the three matrix classification models: B-SVM, R-GLM
and SMM. We report the training time on the four data
sets in Table 3. Recall that R-GLM is solved by the Nes-
terov method (Zhou & Li, 2014). We can find that R-GLM
is the slowest method on EEG alcoholism, students face
and INRIA person. This is because the main step of the
Nesterov method is affected by the dimension of the in-
put sample (Zhou & Li, 2014). However, the main step
of B-SVM and SMM is a quadratic programming problem
whose time complexity is mainly affected by the number of
training samples. So B-SVM and SMM are more efficient
than R-GLM on the data sets with high-dimension samples.
Furthermore, we find that the running time of B-SVM are
unstable on different data sets, usually with higher vari-
ance than that of SMM. The reason might be that B-SVM
is a non-convex problem, the training procedure of which
relies heavily on the initial value of the parameter.

6. Conclusion

In this paper we have proposed a novel matrix classifica-
tion method called support matrix machine (SMM). SMM
can leverage the structure of the data matrices and has the
grouping effect property. We have derived an iteration al-
gorithm based on ADMM for learning, and applied our
method to EEG and image classification with better per-
formance than the baselines such as B-SVM and R-GLM.
Specifically, our method is more robust than B-SVM and
R-GLM to model noisy data. Furthermore, our method is
more efficient than B-SVM and R-GLM, and more numer-
ically stable than B-SVM.
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Appendix A: The Proof of Lemma 1
Proof. Let B/ = [Blyl, .

([Q]klll - [Q]k212)2
(ZBi%[Xi}klll - ZBiyi[Xi]kzlz>2

[B/T(fklh - szlz)]2
HBIH2||fk’111 - fk212‘|2

27102(]. - flzlllflmb)'

) Bnyn]T, then we have
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Appendix B: The Proof of Theorem 2

Proof. Suppose € has condensed SVD Q = UXV7T,
where U € RP*", ¥ = diag(oq,...,04) and V € R?*"
satisfy UUT = I, and VVT = I,. Denote U =
[ug,...,u,], where for k = 1,...,r, uy, is the kth column
of U. Since the columns of U are orthogonal, we have

W0, — W] |
H[Q]i,ll - [Q}:,ll H

H ZZ:l(o—k - T)+([V]llk - [V}lzk)ukHQ
10 ok ([ VIne — Vi) w|”

Soheillor = ) P([V]nk = [V]ie)?|[ugl?
b1 07 (Vg = [Vik) 2 ug]?

_ Zimllor = ) P (Ve — [Ven)®

i1 ([ VILk = [V]ie)? -
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Then we can obtain the following bound based on Lemma
1

W, = W]
< 19 — 9.0
P 2
= Z\\[ﬂlkzl—[ﬂ]kle
k=1
p
< 200 (p— > fis).
k=1

Appendix C: The Proof of Theorem 3

1
Proof. Let Zg be ;Ul 31 V4. Recall that Uy, U4, V and

V; are column orthogonal. So we have UZ'Zy = 0 and
ZyVy = 0. By the SVD form of S, formulation (9) and
using Eqn. (1) we have:

9G1(S)|g_g. = A — pW + D, (pW — A) + 7 9[[S||.|g_g- -

Thus, we have 0 € 0G1(S*). O

Appendix D: The Proof of Theorem 4

Proof. We denote H;(W,b) = H(W,b) — tr(ATW) +
§| |W —S||%. Finding the minimizer of H1 (W, b) is equiv-
alent to solving the following problem:

. 1 T -
Vr‘17171b1715 itr(W W) + C; & (13)
—tr(ATW) + Z|[W - S|J3.

st. yltr(WIX) +b]>1-¢
§& > 0.

To solve problem (13), we construct the following La-
grangian function

L(W7 b? 5) a) ’Y)
=str(WIW) + C ) & — tr(ATW) +

i=1

- Zai{yi[tr(WTXi) 0 —1+&} - Z%ﬁi- (14)

i=1 =1

p
2w — sl

Setting the derivative of L with respect to £ to be 0, we

have
v%=C—-—a;>0, i=1,...,n. (15)

Setting the derivative of L with respect to b be 0, we have

i%’yi = 0. (16)

Substituting (15) and (16) into (14) to eliminate y; and &;,
we obtain

L(Wﬂb7§aaa’7)
:%tr(WTW) ~ tr(ATW) + 21w s
= ai{yiltr(WX;) +b] — 1}, (17)

i=1

Setting the derivative of L with respect to W to be 0, we
have the optimal value

W* = pil(A+pS+Za1y, ) (18)

i=1

Substituting (18) into (17), we obtain
L(W,b,§, e, )

—Z (1 v Ap++ pls>TX Do,
1

2(p+1)

n

Z iyttt (XITX,) + D,

i,j=1

where D = gtr(STS) - ||A + pS||%. Thus,

1
2(p+1)
finding the minimizer of H(W,b) is equivalent to solving
Problem (11) by KKT conditions. Let the optimal solution
of (11) be a*, we can obtain (10) from (18) directly. The

KKT conditions also provide
o {y{te (W)X ] + 0"} =1+ €} =0
V& =0,

which means for any 0 < o < C, the corresponding ;" >
0,&F = 0 and y; {tr[((W*)TX;] + b*} — 1 = 0. Then the
optimal b* can be calculated by

b =y — tr[(WHTX,].

In practice, we choose the optimal b* by averaging these

solutions
=5 S* > {yi—-

165*

tr[(W*) "X}
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