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1. Math Background
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P21-27 n
Harmonic Series: Z} ~In(n) +y

=1

k
Arithmetic-Geometric Series: ) i2' = (k-1)2" +2

=1

Stirling’s Formula: n!z\/Zﬂn(E)”
€
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Example: Asymptotic order:

lgn, n®(e > 0), c"(c > 0), n!

Proof a™(a > 0) = o(n!)

a a
lim — = Iim
n—inf n!  n—inf /270 ()"

(Here we use the Stirling Formular n! = v2rn(%)™)

n n
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P52 Theorem 1.13
Polynomial Series: Zn:id ~o(n*")

i=1
Geometric Series: Zb:r‘ - 0(largest)

Logarithmic Series: 3" log(i) ~ (nlog(n))

Polynomial- logarithmic Series:
Zid log(i) ~ &(n°** log(n))
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Example: Maximum Subsequence
Sum

= The problem: Given a sequence S of integer, find the largest
sum of a consecutive subsequence of S. (0, if all negative items)

o Anexample: -2, 11, -4, 13, -5, -2; the result 20: (11, -4, 13)

A brute-force algorithm:
MaxSum = 0;
for I=0; 1 <N;i++)
for (j =i;j <N; j++)
{
ThisSum = 0;
for (k =1; k <=j; k++)
ThisSum += A[k];
If (ThisSum > MaxSum)
MaxSum = ThisSum; X R
} in O(n3)

return MaxSum:;
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‘ More Precise Complexity

The total cost @

ZJ:_l= j-i+1
S (it =1r24. s (nop= DD

— (n—i+17(ﬁ—_i) & (n —_i:Z_)(n—i+1) —————
=0 2 _iZ:l 2

LZ i2—(n+i)z i+£(n2+3n+2)21
2 2747 2 1

n®+3n°+2n
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‘ Decreasing the number of loops

An improved algorithm
Maxsum = 0; Pl BT S R e T Sl L TS SE e o e T el T S et e T el L BT S et el e S Bl S TS Sl el et T el BT St
for (I=0; 1 <N;i++) the sequence
{
ThisSum = 0;
for(j=1;] <N; j++)
{
ThisSum += A[j];
if (ThisSum > MaxSum)
MaxSum = ThisSum; .
} in O(n?)
} i=n-1
return MaxSum;
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Power of Divide-and-Conquer

Part 1

the sub with largest sum may be in:

—

or.

———————————————————— recursion

The largest is

_ the result
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Divide-and-Conquer: the
Procedure

Center = (Left + Right) / 2;
MaxLeftSum = MaxSubSum(A, Left, Center); MaxRightSum = MaxSubSum(A, Center + 1, Right);

MaxLeftBorderSum = 0; LeftBorderSum = 0;
for (i = Center; i >= Left; i--)
{
LeftBorderSum += A[i];
if (LeftBorderSum > MaxLeftBorderSum) MaxLeftBorderSum = LeftBorderSum;

} [

MaxRightBorderSum = 0; RightBorderSum = 0: Note: this Is the core part of the
for (| =Center + 1; i <= Right; i++) procedure, with base case and
{ wrap omitted.

RightBorderSum += A[i];
if (RightBorderSum > MaxRightBorderSum) MaxRightBorderSum = RightBorderSum;
by
return Max3(MaxLeftSum, MaxRightSum,
MaxL eftBorderSum + MaxRightBorderSum);
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A Linear Algorithm

ThisSum = MaxSum = 0; - |
for (j=0;j < N;j++) T the sequence
{ j

ThisSum += A[j]; N
If (ThisSum > MaxSum)
MaxSum = ThisSum;

This Is an example of

——————— “online algorithm”
/ — Telse if (ThisSum < 0) =~ J
— _ThisSum=0; -~
¥ Negative item or subsequence cannot be
return MaxSum; a prefix of the subsequence we want.

I O(n)
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Comparison

Brute force

a O(n3)

Improved brute force
a O(n?)

Divide and Conquer
2 O(n logn)

Double pointer

o O(n)



2. Analysis to Recurrence
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Recursive Algorithm and Recurrence
equation
How to analyze?

o Guess and Proving
o Recursion tree
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Guess and Proving

Example: T(N)=2T(/n/2_} +n
GUesS Try to prove T(n)<cn:
T(n)=2T(Ln/2J)+n < 2c(Ln/2])+n
o T(n)eO(n)? _ .
T(n)<cn, to be proved for c < 2¢(n2)+n = (c+1)n, Faill

large enough However:
a2 T(n)eO(n?)? T(n) = 2T(Ln/2J)+n > 2c . n/2 +n
T(n)<cn?, to be proved for ¢ > 2¢[(n-1)/2]+n = cn+(n-Cc) > cn

large enough T(n) = 2T(|_n /ZJ) +N
] =
o T(n)eO(nlogn): < 2(cLn/2] log (Ln/2.))+n
T(n)<cnlogn, to be proved for c < cnlog (n/2)+n
large enough _
=cnlogn-cnlog 2 +n
=cnlogn—-cn+n
<cnlogn forc>1
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‘ Recursion Tree

Work copy: T(k)=T(k/2)+T(k/2)+k

T(n)

T(n/2)

n/2

T(n)=nlgn

T(n/2)

n/2

n/2d

(size —>1)
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2.1 T(n)=bT(n/c)+f(n)

The positive ¢ is critical,

Master Theorem resulting gaps between
Loosening the restrictions on f(n) cases as well
a Case 1: f(n)eO(nt?), (¢>0), then:
T(n) e O(nf)
o Case 2: f(n)e®(nt), as all node depth contribute about equally:
T(n)eO(f(n)log(n))
o case 3: f(n)eQ(nt*é), (€>0), and f(n)eO(nf*9), (8>¢), then:
T(n)eO(f(n))

This is regular condition, we can
use bf(n/c) < rf(n) (r<1) instead
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Recursion Tree for [ T(n)=bT(n/c)+f(n)

f n/c) f n/c f n/c
log.n

f(n/c2) f(n/c2) f(n/c?) f(n/c?) f(n/c2) f(n/c?) f(n/c?) f(n/c2) f(n/c?) »b*f(n/c?)

R I i

AT T T TR T TQ TA) TW T TQ) --

w: nIogcb

16

=

Total ?

T(il) Tél) T:(l) >
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Examples
(1) T(n)=4T(n/2)+n
case 1,T(n)< © (n?)
(2) T(nN)=4T(n/2)+n?
case 2,T(n) € © (n?lgn)
(3) T(N)=4T(n/2)+n3
case 3, T(n) € ® (n3)
(4) T(n)=4T(n/2)+n?/Ign
none of the three cases, gap
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2.2 T(n)=bT (n-c)+f(n) (P139)

If b=1,
T(n) ~ %fg f(x)dx
(1) if f(n) is polynomial n?®, then T(n) € ©(n2t1)

(2) if f(n)=log(n) then T(n) € ©(nign)



2.3 T(n)=r,T(n-1)+r,T(n-2)

Characteristic Equation

If the characteristic equation x°—r,x—r,=0 of the recurrence
relation a, =nra,_; +I,a,_,has two distinct roots s, and s,,
then

a_ =us, +Vs,

where u and v depend on the initial conditions, is the explicit
formula for the sequence.

f,=us+vs, and f,=us’+vs,’



3. Divide and Conquer
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Basic Strategy

Divide: devide the problem into smaller
Instances of the same problem

Conquer: solve the smaller problem
recursively

Combine: combine the solutions to obtain the
solution for the original input
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‘ Example: Matrix Multiplication

Input: A4={[a,], B=[b,] } L
Output: C=[c,]=A-B. L,j=12,....n

€11 €12 " S dyjp dyp o Ay by, b, -+ by,
€21 €22 7 C2p | (921 G922 77 dap | byy by -+ by
Cnl Cn2 "t Cuyp | 91 A2 vt Ay _bﬁl bﬂi bim_

"
C;g' — Zaﬂc 'Zjig'
k=1
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Standard Algorithm — by definition

# Runtime= ® (n3)

fori< 1 ton
do forj < 1 ton
do Ci € 0
for < 1 ton
do Cyp <= €yt Z:v@.
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Divide-and-conquer Algorithm

ldea: n*n matrix = 2*2 of (n/2) * (n/2)
sub-matrices:

Cll C12 . All A12 Bll BlZ
|:C21 C22:| B |:A21 A22 :||: BZl BZZ:|

All Bll T A12 BZl

Cu =

Cp =AuB, + ApBy
Cy=A~AuBy + AyBy
Cp =AyB, + AyB,,
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Analysis:

8 muls of (n/2)*(n/2) submatrices
4 adds of (n/2)*(n/2) submatrices
T(n)=8T(n/2)+n?

Still, T(n)=0(n3).

No improvement!



Strassen Algorithm

Cll C12 All A12 ) Bll
_C21 C22_ _AZl A22_ _821

1= A11(Blz - Bzz)
2 (A11 + AlZ)BZZ
s =(Ay +A,)B,

s = Ap(By —Byy)

s = (Ay + Ap)(By +By,)
6 (A12 o Azz)(le T Bzz)
7 = (A — Ay )(By + Bypy)

< << L <L

Computer Algorithms Design and Analysis

C11:|\/|5'|'|\/|4_|\/|2 +M6
Clzle"'Mz
C21:M3+M4
C22:M5+M1_M3_M7
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Analysis:

/7 muls of (n/2)*(n/2) submatrices
18 adds of (n/2)*(n/2) submatrices
T(nN)=7T(n/2)+n?
T(n):O(n'09(7)):O(n2-81).

Great improvement!
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Example: Number of Valid Strings

String to be transmitted on the channel

0 Lengthn

0 Consisting of symbols ‘a’, ‘b’, ‘c’

o If “aa” exists, cannot be transmitted

o E.g. strings of length 2: ‘ab’, ‘ac’, ‘ba’, ‘bb’, ‘bc’, ‘ca’,
‘cc’, ‘cb’

Number of valid strings ?
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Divide and conquer

f(n)=2f(n-1)+2f(n-2), n>2
0 f(1)=3, f(2)=8

b C
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Analysis of the D&C solution

Characteristic equation
X°—2x—-2=0

Solution

f(n)_zgf(uf) +‘2}I(1 J3)"
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