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Abstract Semi-supervised learning and ensemble
learning are two important machine learning paradigms.
The former attempts to achieve strong generalization
by exploiting unlabeled data; the latter attempts to
achieve strong generalization by using multiple learners.
Although both paradigms have achieved great success
during the past decade, they were almost developed sep-
arately. In this paper, we advocate that semi-supervised
learning and ensemble learning are indeed beneficial
to each other, and stronger learning machines can be
generated by leveraging unlabeled data and classifier
combination.
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1 Introduction

Constructing learning systems with strong generaliza-
tion ability is one of the ultimate goals of machine learn-
ing. During the past decades two learning paradigms,
semi-supervised learning and ensemble learning, have
achieved great success. The former [11, 57, 60] tries
to achieve strong generalization by exploiting unlabeled
data, while the latter [50] tries to achieve strong general-
ization by using the combination of multiple learners. It
is noteworthy that, however, these two paradigms were
developed almost in parallel. Only a few studies touched
both of them [6, 13, 27, 28, 40, 55] while most were semi-
supervised boosting methods [6,13,28,40], and very few
for the fuse of other kinds of semi-supervised and ensem-
ble learning [27,55].

This phenomenon has been attributed by [51] to the
fact that the semi-supervised learning community and
the ensemble learning community have different philoso-
phies. From the view of the semi-supervised learning
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community, it seems that using unlabeled data to boost
the learning performance is good enough, and so there is
no need to involve multiple learners; while from the view
of the ensemble learning community, it seems that us-
ing multiple learners can do all the things and therefore
there is no need to consider unlabeled data.

It has been advocated in [51] that semi-supervised
learning and ensemble learning are indeed beneficial to
each other, and stronger learning machines can be gen-
erated by leveraging unlabeled data and classifier com-
bination. In this article, using disagreement-based semi-
supervised learning [57] as an example, we will provide
more details to the arguments in [51] on why it is good
to leverage unlabeled data and classifier combination.

We will start by a brief background introduction in
Section 2. Then, we will discuss on why classifier com-
bination can be helpful to semi-supervised learning in
Section 3, and why unlabeled data can be helpful to en-
semble learning in Section 4. Finally we conclude the
article in Section 5.

2 Background

2.1 Ensemble Learning

Ensemble methods train multiple learners to solve the
same problem. In contrast to ordinary learning ap-
proaches which try to construct one learner from training
data, ensemble methods try to construct a set of learn-
ers and combine them to use. Ensemble learning is also
called as committee-based learning, or learning with mul-
tiple classifier systems.

The generalization ability of an ensemble is usually
much stronger than that of its component learners. En-
semble learning is appealing mostly because that it is
able to boost weak learners which are slightly better than
random guess to strong learners which can make very ac-
curate predictions. An ensemble is typically constructed
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in two steps. First, a number of component learners are
generated; then, the component learners are combined
for prediction. Generally, to get a good ensemble, the
component learners should be as more accurate as possi-
ble, and as more diverse as possible [24]. However, how
to measure and control the diversity remains an open
problem though recently there are some promising ad-
vances [10,58].

Famous ensemble learning methods including Bag-
ging [8], Boosting [15], Random Subspace [19], Random
Forest [9], etc.

2.2 Semi-Supervised Learning

In many real applications it is difficult to get a large
amount of labeled training examples although there may
exist abundant unlabeled data, since labeling the un-
labeled instances requires human effort and expertise.
Exploiting unlabeled data to help improve the learn-
ing performance has become a very hot topic during the
past decade. There are three major techniques for this
purpose [49], i.e., semi-supervised learning, transductive
learning and active learning.

Semi-supervised learning [11, 57, 60] deals with meth-
ods for exploiting unlabeled data in addition to labeled
data automatically to improve learning performance,
where no human intervention is assumed. Transductive
learning [41] also tries to exploit unlabeled data auto-
matically, but it assumes that the unlabeled examples
are exactly the test examples. Active learning [37] deals
with methods which assume that the learner has some
control over the input space, and the goal is to minimize
the number of queries from human experts on ground-
truth labels for building a strong learner. In this article
we will focus on semi-supervised learning, and regards
transductive learning as a special kind of semi-supervised
learning since both try to exploit unlabeled data without
human intervention.

Many semi-supervised learning algorithms have been
developed. Roughly speaking, they can be categorized
into four categories, i.e., generative methods [30, 34, 38,
44], S3VMs (Semi-Supervised Support Vector Machines)
[12, 17, 22, 25], graph-based methods [3–5, 48, 61], and
disagreement-based methods [57].

2.3 Disagreement-based Semi-Supervised Learning

Disagreement-based semi-supervised learning [57] gener-
ates multiple learners, lets them collaborate to exploit
unlabeled instances, and maintains a large disagreement
between the learners to enable the learning process to
continue. We pay more attention to this kind of semi-
supervised learning because its learning process involves
multiple learners and thus provides a good example for
studying whether it is beneficial to leverage unlabeled
data and classifier combination.

Research on disagreement-based semi-supervised
learning started from Blum and Mitchell’s seminal work
on co-training [7]. They considered the situation where
data have two sufficient and redundant views (i.e., two
attribute sets each of which contains sufficient informa-
tion for constructing a strong learner and is conditionally
independent to the other attribute set given the class la-
bel). The algorithm trains a learner from each view us-
ing the original labeled data. Each learner selects and la-
bels some high-confident unlabeled instances for its peer.
Then, each learner is refined using the newly labeled ex-
amples provided by its peer. The whole process repeats
until no learner changes or a pre-set number of learning
rounds is reached.

Blum and Mitchell [7] analyzed the effectiveness of
co-training and disclosed that if the two views are condi-
tionally independent, the predictive accuracy of an initial
weak learner can be boosted to arbitrarily high using un-
labeled data by co-training. Dasgupta et al. [14] showed
that when the two views are sufficient and condition-
ally independent, the generalization error of co-training
is upper-bounded by the disagreement between the two
classifiers. Later, Balcan et al. [2] indicated that if a PAC
learner can be obtained on each view, the conditional in-
dependence assumption or even the weak independent
assumption [1] is unnecessary, and a weaker assumption
of “expansion” of the underlying data distribution is suf-
ficient for iterative co-training to succeed.

The requirement of two sufficient and redundant views
is too luxury to be satisfied in most real-world tasks,
since there is generally only one attribute set. Thus,
the applicability of the standard co-training is limited
though Nigam and Ghani [33] showed that if there exist
large redundancy in the attribute set, co-training can be
enabled through view splitting. To deal with single view
data, Goldman and Zhou [16] proposed a method which
trains two learners by using different learning algorithms.
The method requires each classifier be able to partition
the instance space into equivalence classes, and uses cross
validation to estimate the confidences of the two learners
as well as the equivalence classes.

Zhou and Li [55] proposed the tri-training method,
which requires neither two views nor special learning al-
gorithms. This method uses three learners and avoids
estimating the predictive confidence explicitly. It em-
ploys “majority teach minority” strategy for the semi-
supervised learning process, that is, if two learners agree
on an unlabeled instance yet the third learner disagrees,
the two learners will label this instance for the third
learner. Moreover, classifier combination is exploited to
improve generalization. Later, Li and Zhou [27] pro-
posed the co-forest method by extending tri-training to
include more learners. In co-forest, each learner is im-
proved with unlabeled instances labeled by the ensemble
consists of all the other learners, and the final predic-
tion is made by the ensemble of all learners. Zhou and
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Li [54, 56] proposed the first semi-supervised regression
algorithm Coreg which employs two 𝑘NN regressors fa-
cilitated with different distance metrics. This algorithm
does not require two views either. Later it was extended
to a semi-supervised ensemble method for time series pre-
diction with missing data [31].

Previous theoretical studies [2,7,14] focused on situa-
tions with two views, and could not explain why single-
view methods can work. Wang and Zhou [42] presented
a theoretical analysis which discloses that the key for
disagreement-based approaches to succeed is that there
exists a large diversity between the learners, while it is
unimportant whether the diversity is achieved by using
two views, or by using two learning algorithms, or from
other channels.

Disagreement-based semi-supervised learning ap-
proaches have been applied to many real-world tasks,
such as natural language processing [21, 35, 36, 39], doc-
ument retrieval [26], spam detection [29], email answer-
ing [23], mammogram microcalcification detection [27],
etc. An effective method which combines disagreement-
based semi-supervised learning with active learning for
image retrieval has been developed in [52, 53], with a
theoretical analysis presented recently in [43].

3 The Helpfulness of Classifier Combi-
nation to Semi-Supervised Learning

Here we briefly introduce some of our theoretical re-
sults on the helpfulness of classifier combination to semi-
supervised learning.

Given data set 𝒮 = ℒ ∪ 𝒰 , where ℒ = {(𝑥1, 𝑦1), ⋅ ⋅ ⋅ ,
(𝑥𝑙, 𝑦𝑙)} ⊂ 𝒳 × 𝒴 are labeled data and 𝒰 =
{𝑥𝑙+1, 𝑥𝑙+2, ⋅ ⋅ ⋅ , 𝑥𝑛} ⊂ 𝒳 are unlabeled data. 𝒴 = {−1,
+1}; 𝒳 is with distribution 𝒟. Let ℋ : 𝒳 → 𝒴 denote
the hypothesis space. Assume that ∣ℋ∣ is finite, and 𝒟 is
generated by the ground truth ℎ∗ ∈ ℋ. For a finite sam-
ple, it is hard to achieve ℎ∗ over 𝒮. Suppose we obtain
a learner ℎ𝑖 ∈ ℋ from 𝒮, which is somewhat different
from ℎ∗. Let 𝑑(ℎ𝑖, ℎ∗) denote the disagreement between
ℎ𝑖 and ℎ∗, then

𝑑(ℎ𝑖, ℎ∗) = 𝑃𝑟𝑥∈𝒟[ℎ𝑖(𝑥) ∕= ℎ∗(𝑥)].

Let 𝜖 bound the generalization error of the learners
what we wish to achieve finally. That is, if 𝑑(ℎ𝑖, ℎ∗) =
𝑃𝑟𝑥∈𝒟[ℎ𝑖(𝑥) ∕= ℎ∗(𝑥)] < 𝜖, we say that we have got a
desired learner; otherwise we say that the learner ℎ𝑖 is
bad. We wish to have a high probability to achieve a
good learner. The learning process is said to do prob-
ably approximately correct learning of ℎ∗ if and only
if 𝑃𝑟[𝑑(ℎ𝑖, ℎ∗) ≥ 𝜖] ≤ 𝛿, the disagreement between the
ground truth ℎ∗ and the hypothesis ℎ𝑖 should be small
(less than 𝜖) with high probability (larger than 1− 𝛿).

We consider the following disagreement-based semi-
supervised learning process:

Process: At first, we train two initial learners ℎ0
1 and

ℎ0
2 using ℒ which contains 𝑙 labeled examples. Then, ℎ0

1

selects 𝑢 number of unlabeled instances from 𝒰 to label,
and puts these newly labeled examples into the data set
𝜎2 which contains all the examples in ℒ; at the same
time, ℎ0

2 selects 𝑢 number of unlabeled instances from 𝒰
to label, and puts these newly labeled examples into the
data set 𝜎1 which contains all the examples in ℒ. Then,
ℎ1
1 and ℎ1

2 are trained from 𝜎1 and 𝜎2, respectively. After
that, ℎ1

1 selects 𝑢 number of unlabeled instances to label,
and uses these newly labeled examples to update 𝜎2; while
ℎ1
2 also selects 𝑢 number of unlabeled instances to label,

and uses these newly labeled examples to update 𝜎1. Such
a process is repeated for a pre-set number of learning
rounds.

If the above process is able to boost the performance
to arbitrarily high by using unlabeled data, as believed
previously, then there is of course no need to exploit
classifier combination. However, contrasting to previous
believes, a typical empirical observation looks like Fig. 1,
where the errors of the two classifiers could not drop
further after a number of learning rounds, far from the
expected ideal case where the error were expected to drop
to arbitrarily low.

Fig. 1 An illustration of typical empirical observation.

Wang and Zhou [42] proved that the occur of such a
phenomenon is not occasional, because the key condi-
tion for disagreement-based learning process to continue
is that the two learners have a large diversity; while dur-
ing the learning process, the two learners will become
more and more similar since they keep on teaching each
other, and the consequence is that after some rounds the
diversity between them could not allow the learning pro-
cess to continue effectively.

Thus, we know that it is hard to improve the perfor-
mance to arbitrarily high by using unlabeled data, and
so we are interested in whether the use of classifier com-
bination can be helpful for a further improvement.

In the following we just briefly introduce some of our
theoretical results. Proofs and more details can be found
in a longer version of [42].
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3.4 Combination Can be Improved Even When Indi-
vidual classifiers Could not be Improved Further

First, we can prove that even when the individual learn-
ers could not improve the performance any more, classi-
fier combination is still possible to improve generalization
further. We start by Theorem 1 which bounds the error
of the individual learners.

Theorem 1 Given the initial labeled data set ℒ which
is clean, and assuming that the size of ℒ is sufficient
to learn two learners ℎ0

1 and ℎ0
2 whose upper bound of

the generalization error is 𝑎0 < 0.5 and 𝑏0 < 0.5, respec-
tively, with high probability (more than 1−𝛿) in the PAC
model, i.e., 𝑙 ≥ 𝑚𝑎𝑥[ 1

𝑎0
𝑙𝑛 ∣ℋ∣

𝛿 , 1
𝑏0
𝑙𝑛 ∣ℋ∣

𝛿 ]. Then ℎ0
1 selects

𝑢 number of unlabeled instances from 𝒰 to label and puts
them into 𝜎2 which contains all the examples in ℒ, and
then ℎ1

2 is trained from 𝜎2 by minimizing the empirical
risk. If 𝑙𝑏0 ≤ 𝑒 𝑀

√
𝑀 !−𝑀 , then

𝑃𝑟[𝑑(ℎ1
2, ℎ∗) ≥ 𝑏1] ≤ 𝛿.

Here 𝑀 = 𝑢𝑎0 and 𝑏1 = max[
𝑙𝑏0+𝑢𝑎0−𝑢𝑑(ℎ0

1,ℎ
1
2)

𝑙 , 0].

Here for simplicity, we consider the combination strat-
egy of weighted voting in [32]. In detail, for some instance
𝑥, if the confidence of ℎ𝑖

𝑗 (𝑗 = 1, 2) is larger than that of
ℎ𝑖
3−𝑗 , the label of the instance 𝑥 will be assigned accord-

ing to ℎ𝑖
𝑗(𝑥). Let 𝑆𝑖 denote the set of the instances in

which ℎ𝑖
𝑗(𝑥) ∕= ℎ𝑖

3−𝑗(𝑥) and let ℎ𝑖
𝑐𝑜𝑚 denote the combina-

tion of the classifiers ℎ𝑖
𝑗 and ℎ𝑖

3−𝑗 . For the convenience of
analysis, we assume that 𝑃𝑟𝑥∈𝑆𝑖 [ℎ𝑖

𝑐𝑜𝑚(𝑥) ∕= ℎ∗(𝑥)] = 𝛾𝑖.
𝛾𝑖 indicates the property of ℎ𝑖

𝑐𝑜𝑚 in the disagreement re-
gion of the individual classifiers. Thus the error rate of
the combination ℎ𝑖

𝑐𝑜𝑚 can be expressed as

𝑃𝑟
[
ℎ𝑖
𝑐𝑜𝑚 (𝑥) ∕= ℎ∗ (𝑥)

]
=

1

2

(
𝑃𝑟

[
ℎ𝑖
1 (𝑥) ∕= ℎ∗ (𝑥)

]
+ 𝑃𝑟

[
ℎ𝑖
2 (𝑥) ∕= ℎ∗ (𝑥)

])
+(𝛾𝑖 − 1

2
)𝑃𝑟

[
ℎ𝑖
1 (𝑥) ∕= ℎ𝑖

2 (𝑥)
]
. (1)

Suppose that the decrease of the diversity between
the two classifiers can be expressed as a non-negative
function 𝜏 with parameters of the classifier ℎ𝑖

𝑗 (𝑗 = 1, 2)
and the set of 𝑢 newly labeled instances 𝑆𝑢

ℎ𝑖
𝑗

provided by

ℎ𝑖
𝑗 . This implies that

𝑑(ℎ𝑖−1
1 , ℎ𝑖−1

2 )− 𝑑(ℎ𝑖−1
1 , ℎ𝑖

2) = 𝜏(ℎ𝑖−1
1 , 𝑆𝑢

ℎ𝑖−1
1

)

𝑑(ℎ𝑖−1
1 , ℎ𝑖−1

2 )− 𝑑(ℎ𝑖
1, ℎ

𝑖−1
2 ) = 𝜏(ℎ𝑖−1

2 , 𝑆𝑢
ℎ𝑖−1
2

)

𝑑(ℎ𝑖−1
1 , ℎ𝑖−1

2 )− 𝑑(ℎ𝑖
1, ℎ

𝑖
2)

= 𝜏(ℎ𝑖−1
1 , 𝑆𝑢

ℎ𝑖−1
1

) + 𝜏(ℎ𝑖−1
2 , 𝑆𝑢

ℎ𝑖−1
2

).

It is not difficult to see that 𝑑(ℎ𝑖−1
1 , ℎ𝑖

2)+𝑑(ℎ𝑖
1, ℎ

𝑖−1
2 ) =

𝑑(ℎ𝑖−1
1 , ℎ𝑖−1

2 ) + 𝑑(ℎ𝑖
1, ℎ

𝑖
2). For the convenience of discus-

sion, suppose 𝛾𝑖 = 𝛾 in the 𝑖-th round. We have Theo-
rem 2 on the performance of the classifier combination.

Theorem 2 If 𝑑(ℎ1
1, ℎ

1
2) >

𝑢𝑎0+𝑢𝑏0+
(
𝑙(1−2𝛾)−𝑢

)
𝑑(ℎ0

1,ℎ
0
2)

𝑢+𝑙(1−2𝛾)

and 𝑢 > 𝑙, then

𝑃𝑟[ℎ1
𝑐𝑜𝑚(𝑥) ∕= ℎ∗(𝑥)] < 𝑃𝑟[ℎ0

𝑐𝑜𝑚(𝑥) ∕= ℎ∗(𝑥)].

Based on Theorems 1 and 2, we have the following the-
orem which indicates that even when the performances
of both individual classifiers are no longer improved, the
performance of the combination of the individual classi-
fiers could still be improved further.

Theorem 3 If 𝑑(ℎ0
1, ℎ

0
2) > 𝑎0 > 𝑏0 and 𝛾 ≥ 1

2 +

𝑢
(
𝑎0+𝑏0−𝑑(ℎ0

1,ℎ
0
2)
)

2𝑙𝑑(ℎ0
1,ℎ

0
2)

, even when 𝑃𝑟[ℎ1
𝑗 (𝑥) ∕= ℎ∗(𝑥)] ≥

𝑃𝑟[ℎ0
𝑗 (𝑥) ∕= ℎ∗(𝑥)] (𝑗 = 1, 2), 𝑃𝑟[ℎ1

𝑐𝑜𝑚(𝑥) ∕= ℎ∗(𝑥)] is
still less than 𝑃𝑟[ℎ0

𝑐𝑜𝑚(𝑥) ∕= ℎ∗(𝑥)].

3.5 Combination Can be Better than Individual Clas-
sifiers in Prediction

Without loss of generality, assume that 𝑎0 > 𝑏0. For
any instance 𝑥, let 𝜙𝑖

𝑗(𝑥) : 𝑋 → [0, 1] (𝑗 = 1, 2) denote
the confidence of the prediction ℎ𝑖

𝑗(𝑥), so the combina-
tion ℎ𝑖

𝑐𝑜𝑚 of the individual learners according to weighted
voting in [32] can be formulated as

ℎ𝑖
𝑐𝑜𝑚(𝑥) =

{
ℎ𝑖
1(𝑥) if 𝜙𝑖

1(𝑥) > 𝜙𝑖
2(𝑥)

ℎ𝑖
2(𝑥) otherwise .

(2)

We define the confidence risk 𝐶𝑅(⋅) and the confidence
gain 𝐶𝐺(⋅) of ℎ𝑖

𝑗 as:

𝐶𝑅(ℎ𝑖
𝑗) =

∫
ℎ𝑖
𝑗(𝑥)∕=ℎ∗(𝑥) 𝜙

𝑖
𝑗(𝑥)𝑝(𝑥)𝑑𝑥∫

ℎ𝑖
𝑗(𝑥)∕=ℎ∗(𝑥) 𝑝(𝑥)𝑑𝑥

𝐶𝐺(ℎ𝑖
𝑗) =

∫
ℎ𝑖
𝑗(𝑥)=ℎ∗(𝑥) 𝜙

𝑖
𝑗(𝑥)𝑝(𝑥)𝑑𝑥∫

ℎ𝑖
𝑗(𝑥)=ℎ∗(𝑥) 𝑝(𝑥)𝑑𝑥

It is not difficult to see that if 𝐶𝑅(ℎ𝑖
1) < 𝐶𝐺(ℎ𝑖

2) and
𝐶𝑅(ℎ𝑖

2) < 𝐶𝐺(ℎ𝑖
1) hold, ℎ𝑖

𝑐𝑜𝑚 in Eq. 2 will correctly
classify the instances in the disagreement region with
large probability.

Suppose that the distribution 𝒟 over the example
space 𝒳 is the uniform distribution. Assume that 𝜙0

1(𝑥)
is uniformly distributed over [𝐶𝑅(ℎ0

1)−𝛼1, 𝐶𝑅(ℎ0
1)+𝛼1]

for the instance set in which ℎ0
1(𝑥) ∕= ℎ∗(𝑥), and 𝜙0

1(𝑥) is
uniformly distributed over [𝐶𝐺(ℎ0

1)−𝛽1, 𝐶𝐺(ℎ0
1)+𝛽1] for

the instance set in which ℎ0
1(𝑥) = ℎ∗(𝑥); similarly, 𝜙0

2(𝑥)
is uniformly distributed over [𝐶𝑅(ℎ0

2)−𝛼2, 𝐶𝑅(ℎ0
2)+𝛼2]

for the instance set in which ℎ0
2(𝑥) ∕= ℎ∗(𝑥), and 𝜙0

2(𝑥) is
uniformly distributed over [𝐶𝐺(ℎ0

2) − 𝛽2, 𝐶𝐺(ℎ0
2) + 𝛽2]

for the instance set in which ℎ0
2(𝑥) = ℎ∗(𝑥). Without

loss of generality, assume 𝐶𝑅(ℎ0
1) + 𝛼1 > 𝐶𝐺(ℎ0

2) − 𝛽2

and 𝐶𝑅(ℎ0
2) + 𝛼2 > 𝐶𝐺(ℎ0

1)− 𝛽1.
We have the following theorem which indicates that

the combination can be better than individual classifiers
in prediction.
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Theorem 4 Suppose the combination ℎ0
𝑐𝑜𝑚 of the indi-

vidual learners ℎ0
1 and ℎ0

2 is generated according to Eq. 2.
If

𝑎0𝛼2

(
𝐶𝑅(ℎ0

1)− 𝐶𝐺(ℎ0
2)
)
+ 𝑏0𝛼1

(
𝐶𝑅(ℎ0

2)− 𝐶𝐺(ℎ0
1)
)

< 𝛼1𝛼2

(
𝑑(ℎ0

1, ℎ
0
2)− 2𝑎0

)− 𝑎0𝛼2𝛽2 − 𝑏0𝛼1𝛽1,

then the error rate of ℎ0
𝑐𝑜𝑚 is less than min[𝑎0, 𝑏0].

4 The Helpfulness of Unlabeled Data to
Ensemble Learning

4.6 Unlabeled Data Can Enable Ensemble Learning
When There are Very Few Labeled Data

Generally, a lot of labeled training examples are needed
for constructing a strong ensemble. In some real applica-
tions, however, the number of labeled training examples
may be too few to launch a successful ensemble learning.
Under such situations, unlabeled data may be helpful for
enabling ensemble learning.

Zhou et al. [59] showed that, when the assumption of
the classical disagreement-based semi-supervised learn-
ing method, co-training, is hold, it is possible to exploit
unlabeled data to help enrich the labeled training exam-
ples. This is feasible even when there is only one labeled
example. After such a process, standard ensemble meth-
ods can be applied. In the following we briefly introduce
the method presented in [59].

Let 𝒳 and 𝒴 denote the two sufficient and redundant
views, that is, two independent attribute sets each con-
tain sufficient information for constructing a strong clas-
sifier. Let (⟨𝒙,𝒚⟩ , 𝑐) denote a labeled example where
𝒙 ∈ 𝒳 and 𝒚 ∈ 𝒴 are the two portions of the example,
and 𝑐 is the label. For simplifying the discussion, as-
sume that 𝑐 ∈ {0, 1} where 0 and 1 denote negative and
positive classes, respectively. Given (⟨𝒙0,𝒚0⟩ , 1) and a
large number of unlabeled instances 𝒰 = {(⟨𝒙𝑖,𝒚𝑖⟩ , 𝑐𝑖)}
(𝑖 = 1, ⋅ ⋅ ⋅ , 𝑙 − 1; 𝑐𝑖 is unknown), we hope to exploit 𝒰
to enrich the labeled examples.

Since the two views are sufficient and independent,
some projections on these two views should have strong
correlation with the ground truth. If the correlated pro-
jections of these two views can be identified, they can
help induce the labels of some unlabeled instances.

The correlation between the projections on the two
views can be identified by the canonical correlation anal-
ysis [20] or its kernel extension [18], and a number of
correlated pairs of projections can be identified. If the
two views are really conditionally independent given the
class label, the most strongly correlated pair of projec-
tions should be in accordance with the ground-truth. In
real applications, however, the conditional independence
rarely holds and therefore, information conveyed by the

other pairs of correlated projections should not be omit-
ted. The Oltv method [59] takes a simple strategy as
follows to use these information.

Let 𝑚 denote the number of pairs of correlated projec-
tions that have been identified, an instance ⟨𝒙∗,𝒚∗⟩ can
be projected into ⟨𝑃𝑗 (𝒙

∗) , 𝑃𝑗 (𝒚
∗)⟩ (𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑚).

Then, in the 𝑗th projection, the similarity between an
original unlabeled instance ⟨𝒙𝑖,𝒚𝑖⟩ (𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑙 − 1)
and the original labeled instance ⟨𝒙0,𝒚0⟩, 𝑠𝑖𝑚𝑖,𝑗 , can
be measured. Considering that ⟨𝒙0,𝒚0⟩ is a positive in-
stance, 𝜌𝑖 =

∑𝑚
𝑗=1𝜆𝑗𝑠𝑖𝑚𝑖,𝑗 delivers the confidence of

⟨𝒙𝑖,𝒚𝑖⟩ being a positive instance, where 𝜆𝑗 is an coef-
ficient reflecting the strength of the correlation solved by
the method. Thus, several unlabeled examples with the
highest and lowest 𝜌 values can be selected, respectively,
as the extra positive and negative examples. The number
of labeled training examples is thus increased.

The quality of the additional labeled training exam-
ples derived by the Oltv method is much better than
that derived by using strategies such as 𝑘 nearest neigh-
bor in the original feature space (e.g., using the 𝑘 unla-
beled instances nearest to ⟨𝒙0,𝒚0⟩ as additional positive
examples while the 𝑘 farthest unlabeled instances as ad-
ditional negative ones). Let reliability be 𝑏/𝑎 if the labels
for 𝑎 unlabeled instances have been induced among which
𝑏 of them are correct. As shown in Fig. 2 [59], where 𝛿 is
an coefficient related to the number of additional labeled
examples induced, the reliability of the 𝑘NN strategy is
far worse than that of Oltv. On all experimental data
sets, the reliability of Oltv is always higher than 80%
and even often higher than 90%.
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Fig. 2 The reliability of Oltv and 𝑘NN on two data sets

Thus, the labeled training data can be significantly
enriched by exploiting unlabeled data, and thus ensemble
learning can be enabled.

4.7 Unlabeled Data Can Help Enhance Diversity for
Ensemble Learning

It is well-known that the more accurate and the more
diverse the component classifiers, the better the ensem-
ble [24]. Standard ensemble methods work under su-
pervised setting, trying to achieve a high average accu-
racy and a high diversity for component classifiers by
using the labeled training data. It is noteworthy, how-
ever, pursuing a high accuracy and a high diversity may
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suffer from a dilemma. For example, for two classifiers
that have perfect performance on the labeled training
set, they would not have diversity since there is no dif-
ference between their predictions on the training exam-
ples. Thus, the increase of diversity needs to sacrifice the
accuracy of one classifier.

When unlabeled data are considered, however, it may
be found that these two classifiers indeed make different
predictions on unlabeled data. This would be important
for ensemble design. For example, given two pairs of
classifiers, (𝐴,𝐵) and (𝐶,𝐷), if we know that all of them
are with 100% accuracy on labeled training data, then
there will be no difference for taking either the ensem-
ble consists of (𝐴,𝐵) or the ensemble consists of (𝐶,𝐷);
however, if we find that 𝐴 and 𝐵 make the same predic-
tions on unlabeled data, while 𝐶 and 𝐷 make different
predictions on some unlabeled data, then we will know
that the ensemble consists of (𝐶,𝐷) would have good
chance to be better. So, in contrast to standard ensem-
ble methods that focus on achieving both high accuracy
and high diversity using only the labeled data, the use
of unlabeled data would open a promising direction for
designing new ensemble methods.

In the following we briefly introduce the work pre-
sented in [46,47].

Let 𝒳 = ℛ𝑑 be the 𝑑-dimensional input space and 𝒴 =
{−1,+1} be the output space. Suppose ℒ = {(𝒙𝑖, 𝑦𝑖)∣
1 ≤ 𝑖 ≤ 𝐿} contains 𝐿 labeled training examples and
𝒰 = {𝒙𝑖∣𝐿 + 1 ≤ 𝑖 ≤ 𝐿 + 𝑈} contains 𝑈 unlabeled
training examples, where 𝒙𝑖 ∈ 𝒳 and 𝑦𝑖 ∈ 𝒴. In ad-
dition, let ℒ̃ = {𝒙𝑖∣1 ≤ 𝑖 ≤ 𝐿} denote the unlabeled
data set derived from ℒ by neglecting the label informa-
tion. Assume that the classifier ensemble is composed
of 𝑚 component classifiers {𝑓𝑘∣1 ≤ 𝑘 ≤ 𝑚}, each taking
the form 𝑓𝑘 : 𝒳 → [−1,+1]. Here, the value of 𝑓𝑘(𝒙)
corresponds to the confidence of 𝒙 being positive. Ac-
cordingly, (𝑓𝑘(𝒙)+1)/2 can be regarded as the posteriori
probability of 𝑃 (𝑦 = +1∣𝒙).

The basic idea of the Udeed method is to maximize
the fit of the classifiers on the labeled data, while max-
imize the diversity of the classifiers on the unlabeled
data. Therefore, Udeed generates the classifier ensem-
ble 𝒇 = (𝑓1, 𝑓2, ⋅ ⋅ ⋅ , 𝑓𝑚) by minimizing the loss function

𝑉 (𝒇 ,ℒ,𝒟) = 𝑉𝑒𝑚𝑝(𝒇 ,ℒ) + 𝛾 ⋅ 𝑉𝑑𝑖𝑣(𝒇 ,𝒟), (3)

where 𝑉𝑒𝑚𝑝(𝒇 ,ℒ) corresponds to the empirical loss of 𝒇
on the labeled data set ℒ, 𝑉𝑑𝑖𝑣(𝒇 ,𝒟) corresponds to the
diversity loss of 𝒇 on a specified data set 𝒟 (e.g., 𝒟 = 𝒰),
and 𝛾 is the parameter trades off the importance of the
two terms.

The Udeed method calculates 𝑉𝑒𝑚𝑝(𝒇 ,ℒ) in Eq. 3
according to

𝑉𝑒𝑚𝑝(𝒇 ,ℒ) = 1

𝑚
⋅
∑𝑚

𝑘=1
𝑙(𝑓𝑘,ℒ),

where 𝑙(𝑓𝑘,ℒ) measures the empirical loss of the 𝑘-th
component classifier 𝑓𝑘 on the labeled data set ℒ.

It calculates 𝑉𝑑𝑖𝑣(𝒇 ,𝒟) according to

𝑉𝑑𝑖𝑣(𝒇 ,𝒟) =
2

𝑚(𝑚− 1)
⋅
𝑚−1∑
𝑝=1

𝑚∑
𝑞=𝑝+1

𝑑(𝑓𝑝, 𝑓𝑞,𝒟),

where

𝑑(𝑓𝑝, 𝑓𝑞,𝒟) =
1

∣𝒟∣
∑

𝒙∈𝒟 𝑓𝑝(𝒙)𝑓𝑞(𝒙).

∣𝒟∣ returns the cardinality of data set 𝒟. Intuitively,
𝑑(𝑓𝑝, 𝑓𝑞,𝒟) represents the prediction difference between
any pair of component classifiers on a specified data set
𝒟. Note that the prediction difference is calculated based
on the real output 𝑓(𝒙) instead of the signed output
sign[𝑓(𝒙)]. In this way, the prediction confidence of each
classifier is considered.

Then, Udeed aims to find the target model 𝒇∗ which
minimizes the loss function in Eq.(3):

𝒇∗ = argmin𝒇 𝑉 (𝒇 ,ℒ,𝒟)

The Udeed method is implemented by using logistic
regression to realize the component classifiers. Empirical
study on a broad range of data sets show that the Udeed
method is even superior to famous ensemble methods
such as Bagging and AdaBoost for prediction.

Moreover, the diversity of the Udeed ensemble was
studied using four different diversity measures, i.e., the
Disagreement measure (DIS), the Double-fault measure
(DF), the Entropy measure (ENT) and the Coincident
failure diversity (CFD). The diversity of the initial en-
semble (before using unlabeled data) and that of the
final ensemble (after using unlabeled data) were com-
pared by pairwise 𝑡-tests on each data set. A win/loss
was recorded if the final ensemble achieved a significantly
higher/lower diversity than the initial one, and otherwise
a tie was recorded. The win/tie/loss counts in terms of
the four diversity measures under various ensemble sizes
are summarized in Table 1, which clearly shows that ex-
ploiting unlabeled data is helpful for enhancing the di-
versity for ensemble learning.

5 Discussions and Concluding Remarks

5.8 Summary

Semi-supervised learning and ensemble learning are two
well-developed paradigms for constructing strong learn-
ing machines. Possibly due to the different philosophies
of the semi-supervised learning community and the en-
semble learning community, though both have achieved
great success during the past decade, they were almost
developed separately.
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Table 1 Win/tie/loss counts for FINAL ensemble against INITIAL ensemble in terms of four diversity measures.

FINAL ensemble vs. INITIAL ensemble
ensemble size = 20 ensemble size = 50 ensemble size = 100

Data Set DIS DF ENT CFD DIS DF ENT CFD DIS DF ENT CFD
diabetes win win win win win win win win win win win win
heart loss win loss tie loss win loss loss loss win loss loss
wdbc tie win tie tie tie tie tie tie tie win tie tie
austra loss win loss tie loss win loss tie loss win loss loss
house win win win win win win win win win win win win
vote win win win win win win win win win win win win
vehicle tie tie tie tie loss tie tie tie win tie win tie
hepatitis win tie win win win win win win win win win win
labor tie tie tie tie win win win tie win win win tie
ethn win win win win loss tie tie tie win win win tie
ionosphere win win win win win win win win win win win win
kr_vs_kp win win win win win win win win win win win win
isolet win tie win tie win loss win tie win loss win tie
sonar loss tie loss loss loss tie loss tie loss tie loss tie
colic win loss win win win tie win tie win tie win tie
credit_g win loss win win win loss win win win loss win win
BCI win win win win win win win win win win win win
Digit1 win win win win win win win win win win win win
COIL2 win win win win tie win tie win tie win tie win
g241n tie loss tie tie tie tie tie tie tie loss tie tie
adult win loss win win win loss win win win win win win
web win win win win win win win win win win win win
ijcnn1 loss loss loss loss loss loss loss loss loss loss loss loss
cod-rna tie win tie win tie win tie tie win win tie tie
forest tie tie tie tie tie tie tie tie tie tie tie tie

win/tie/loss 15/6/4 14/6/5 15/6/4 15/8/2 14/5/6 14/7/4 14/7/4 12/11/2 17/4/4 17/4/4 16/5/4 12/10/3

In this article, we provide more details to the argu-
ment in [51] that semi-supervised learning and ensemble
learning are indeed beneficial to each other. We show
that:

∙ Classifier combination is helpful to semi-supervised
learning. There are at least two reasons: 1) the per-
formance of classifier combination can be improved
further even when the individual classifiers could not
be improved using unlabeled data; 2) the classifier
combination can reach a good performance earlier
than individual classifiers.

∙ Unlabeled data are helpful to ensemble learning.
There are at least two reasons: 1) when there are
very few labeled training examples, unlabeled data
can help to enable ensemble learning by inducing
additional labeled training examples; 2) unlabeled
data can be exploited to help enhance the diversity
of component classifiers.

Indeed we can provide even more reasons for con-
sidering classifier combination in semi-supervised learn-
ing (e.g., classifier combination can be employed to im-
prove the stability of exploiting unlabeled data), and
more reasons for considering unlabeled data in ensemble

learning (e.g., unlabeled data can be used in dimension-
ality reduction to help ensemble learning handle high-
dimensional data).

Note that some of our arguments were made based on
taking disagreement-based semi-supervised learning ap-
proaches as examples. However, most of them are pos-
sible to be generalized to other kinds of semi-supervised
learning and ensemble learning approaches.

5.9 The Special Role of Disagreement-based Methods

If we look back the developmental trails of ensemble
methods, we may notice that there were three threads
of early contributions which led to the current ensemble
learning area, that is, “combining classifiers”, “ensembles
of weak learners” and “mixture-of-experts”.

“Combining classifiers” was mostly studied in the pat-
tern recognition community. In this thread of work, re-
searchers generally work on strong classifiers, and try
to design powerful combining rules to get stronger com-
bined classifier. As the consequence, this thread of work
has accumulated deep understanding on the design and
use of different combining rules. “Ensembles of weak
learners” was mostly studied in the machine learning
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Fig. 3 The role of disagreement-based methods

community. In this thread of work, researchers generally
work on weak classifiers that are just slightly better than
random guess, and try to design powerful learning algo-
rithms to boost the performance from weak to strong.
This thread of work has led to the born of famous en-
semble methods such as AdaBoost, Bagging, etc., and
theoretical understanding on why and how weak learn-
ers can be boosted to strong ones. “Mixture-of-experts”
was mostly studied in the neural networks community.
In this thread of work, researchers generally consider a
“divide-and-conquer” strategy, trying to learn a mixture
of parametric models jointly and use combining rules
to get an overall solution. There is a nice article dis-
cussing on the relation between “combining classifiers”
and “mixture-of-experts” [45].

As mentioned in Section 2, currently there are four
major categories of semi-supervised learning methods.
One category, i.e., generative methods, are very simi-
lar to “mixture-of-models”, both assuming a generative
model and using the EM process for parameter estima-
tion; the technical essential is almost the same, and so in
the following we do not talk more about this category.

If we want to enhance the connection between ensem-
ble learning and semi-supervised learning, and if we con-
sider the major categories of semi-supervised learning
methods together with the major threads of ensemble
studies, it is interesting to see that the disagreement-
based methods play a special role in the interaction be-
tween ensemble learning and semi-supervised learning,
as shown in Fig. 3.

It is evident that the category of disagreement-based
methods exhibits a natural intersection between ensem-
ble learning and semi-supervised learning, since it con-
siders multiple learners as well as the exploitation of
unlabeled data. More importantly, different threads
of ensemble learning and different categories of semi-
supervised learning provide generous support to the
study of disagreement-based methods. On one aspect,
important ingredients of ensemble studies, such as the
design and understanding of different combining rules,
and the theoretical and algorithmic studies on how to

drive weak learners to strong learners, are all benefi-
cial to the development of disagreement-based methods,
and indeed some have already been utilized; these prop-
erties were rarely touched by other categories of semi-
supervised learning methods. On the other aspect, im-
portant ingredients of semi-supervised studies, such as
the exploitation of global optimization techniques and
the consideration of local structures of data distribution,
are all beneficial to the development of disagreement-
based methods, and some have already been utilized;
these properties were rarely emphasized by ensemble
studies.

Overall, disagreement-based methods provide a good
vessel to accommodate research advantages from ensem-
ble studies and semi-supervised studies. By recognizing
its special role, we believe that in the future there will be
more interesting work on disagreement-based methods,
for the fuse of advantages from semi-supervised learning
and ensemble learning to generate much stronger learn-
ing machines.
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