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Abstract. Multi-label selective ensemble deals with the problem of reducing the
size of multi-label ensembles whilst keeping or improving the performance. In
practice, it is of important value, since the generated ensembles are usually unnecessarily large, which leads to extra high computational and storage cost. However,
it is more challenging than traditional selective ensemble, because real-world applications often employ different performance measures to evaluate the quality of
multi-label predictions, depending on user requirements. In this paper, we propose the MUSE approach to tackle this problem. Specifically, by directly considering the concerned performance measure, we develop a convex optimization
formulation and provide an efficient stochastic optimization solution for a large
variety of multi-label performance measures. Experiments show that MUSE is
able to obtain smaller multi-label ensembles, whilst achieving better or at least
comparable performance in terms of the concerned performance measure.
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Introduction

Multi-label learning deals with the problem where each instance is associated with multiple labels simultaneously, and it has wide applications in different domains, for example, document categorization where a document may belong to multiple topics [16, 27],
multi-media annotation where an image or a music can be annotated with more than
one tags [1, 26]. During the past few years, it has become an active research topic [20,
8, 31, 11, 10, 2, 19, 7, 28], and a recent comprehensive survey can be found in [32].
In multi-label learning, label correlations have been widely accepted to be important [3, 30], and many approaches have been proposed to exploit label correlations.
Amongst them, multi-label ensemble methods which construct a group of multi-label
classifiers and combine them for prediction have drawn much attention. For examples,
random k-labelsets (RAKEL) is an ensemble of classifiers, each taking a small random subset of labels and learning on the power set of this subset [25]; ensemble of
pruned sets (EPS) combines a set of pruned sets classifiers, each mapping sets of labels to single labels while pruning infrequent ones [18]; ensemble of classifier chains
(ECC) combines multiple classifier chain classifiers, each learning an extended binary
relevance classifier based on a random label ordering [19], and EPCC is a probabilistic extension of ECC [3]. From the perspective of ensemble learning, these multi-label
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Fig. 1. Comparison of the selected classifiers when considering different multi-label performance
measures (i.e., Hamming loss and one-error), where the component classifiers are classifier chains
with random label ordering trained on the cal500 dataset, the selective ensemble chooses 9 out of
20 component classifiers via exhaustive search, and ‘’/‘’ indicates it is selected/unselected.

ensemble methods try to construct diverse multi-label classifiers [22], mostly by smart
heuristic randomization strategies.
In general, by combining more diverse multi-label classifiers, the ensemble performance tends to improve and converge. However, one issue is that the constructed
ensembles tend to be unnecessarily large, requiring large amount of memory and also
decreasing the response time of prediction. In traditional single label learning, selective ensemble (a.k.a. ensemble pruning or ensemble selection) addresses this issue by
choosing a subset of component classifiers to form a subensemble, this has achieved
success and became an active research topic in ensemble learning (see [34, chapter 6]).
In this paper, we study the selective ensemble problem in the multi-label learning setting, that is, we try to reduce the size of a multi-label ensemble, such that compared with
the original ensemble, the memory requirement and the response time can be reduced
while similar or better prediction performance can be achieved.
In contrast to traditional supervised learning which usually takes accuracy as the
performance measure, multi-label learning systems often employ different performance
measures to evaluate the quality of multi-label predictions, depending on the application
and user requirements [20]. These measures are designed from different aspects, and a
classifier performing well in terms of one measure does not necessarily achieve good
performance in terms of other measures, and it has been shown that a multi-label classifier tailored for one specific performance measure can perform poorly in terms of other
measures [4]. This will make multi-label selective ensemble quite different from traditional selective ensemble, that is, we need to take the concerned performance measure
fully into account when generating multi-label selective ensemble. As an example, we
can see in Fig.1 that the classifiers selected for Hamming loss are quite different from
those for one-error. Essentially, this makes the task of multi-label selective ensemble
more challenging, because most multi-label performance measures are quite complicated and difficult to optimize, for example, most of them are non-decomposable over
labels, non-convex, and non-smooth. To deal with this issue, we propose the MUSE
approach to optimize the concerned performance measure. Specifically, by focusing
on two groups of multi-label performance measures, we formulate the problem into a
convex optimization problem with `1 -norm regularization, and then present an efficient
stochastic optimization solution. Experiments on real-world datasets show the effectiveness of the proposed MUSE approach.
The remainder of the paper is organized as follows. Section 2 presents our proposed
MUSE approach. Section 3 reports the experiment results. Section 4 makes some brief
discussion with related work, which is followed by the conclusion in Section 5.
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3

The MUSE Approach

Let X be the instance space and L be a set of l labels. In multi-label learning, each
instance xi ∈ X is associated with multiple labels in L, which is represented as an
l-dimensional binary vector yi with the k-th element 1 indicating xi is associated with
the k-th label and −1 otherwise. Given a set of training examples S = {(xi , yi )}m
i=1 ,
the task is to learn a multi-label classifier
h : X 7→ Y ,
where Y ⊆ {−1, 1}l is the set of feasible label vectors, such that it can predict labels
for unseen instances. In practice, instead of learning h directly, it is often to learn a
vector-valued function f : X 7→ Rl which determines the label of x as
ŷ = argmax y0> f (x) .

(1)

y0 ∈Y

We can see that how the argmax can be computed depends on Y; for example, if Y =
{−1, 1}l , then ŷ can be obtained as sign[f (x)].
In multi-label learning, a large variety of multi-label performance measures are
example-based performance measures, which first quantify the performance on each
example and then average them over all the examples as the final result. Generally
speaking, these performance measures are in the following two groups:
– Set based performance measures which evaluate the performance based on the
label set prediction of each example, and its representative examples include Hamming loss, F1-score, etc.;
– Ranking based performance measures which are based on the ranking of each
label for each example, for example, ranking loss and coverage fall in this group.
Without loss of generality, we denote the concerned performance measure as the risk
function ∆(y, f (x)), which is the smaller the better. For performance measure which
is the larger the better, like F1-score, ∆ is simply set to one minus it. Obviously, it will
be ideal if the classifier f can minimize the expected risk E(x,y) [∆(y, f (x))].
2.1

The Problem

In general, multi-label ensemble methods construct a set of multi-label classifiers {h(t) :
X 7→ Y}kt=1 , and combine them to produce the vector-valued function f : X 7→ Rl as
f (x; w) =

k
X

wt h(t) (x) ,

(2)

t=1

where w = [w1 , . . . , wk ]> is the weighting vector, for example, they are simply set to
1/k for voting. It can be found that in (2) the classifier h(t) will be excluded from the
ensemble if wt is zero, and the size of the ensemble is simply kwk0 . Then, the task
of multi-label selective ensemble becomes to find a weighting vector w, such that the
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expected performance in terms of the concerned performance measure is optimized,
while the ensemble size kwk0 is small.
Since the expectation is infeasible, empirical risk is often used, and the problem of
multi-label selective ensemble can be written as
m

min

w∈W

1 X
∆(yi , f (xi ; w)) s.t. kwk0 ≤ b ,
m i=1

(3)

where W is the feasible space of w, and 0 < b ≤ k is the budget of ensemble size. However, this problem is challenging to solve, mainly because the risk function ∆ is among
various multi-label performance measures which are generally non-decomposable over
labels, non-convex and non-smooth.
2.2

A Convex Formulation

Inspired by the works on structured prediction [23], instead of directly optimizing the
empirical risk, in MUSE, we consider to optimize one of its convex upper bounds.
Before giving the upper bound, we first make a definition.
Definition 1 A rank vector r is a permutation of the integer vector [1, 2, . . . , l], and the
rank vector r is said to be consistent with the label vector y, if and only if there does
not exist an index pair hi, ji satisfying yi = 1, yj = −1, and ri < rj .
In practice, given a multi-label prediction p = f (x), the corresponding rank vector
can be obtained by sorting p in ascending order, i.e., if pt is the smallest in p then rt is
1, and the largest corresponds to l. A rank vector r is consistent with the label vector y,
if all the relevant labels indicated by y have larger rank value than non-relevant ones.
Proposition 1 Given a multi-label classifier f : X 7→ Rl and a multi-label performance measure ∆ ,
(a) if ∆ is a set based performance measure, define the loss function
 0

`(y, f (x)) = max
(y − y)> f (x) + ∆(y, y0 ) ,
0

(4)

where Y is the set of feasible label vectors,
(b) if ∆ is a ranking based performance measure, define the loss function
 0

`(y, f (x)) = max
(r − r)> f (x) + ∆(y, r0 ) ,
0

(5)

y ∈Y

r ∈Ω

where r is a rank vector consistent with y and Ω is the set of possible rank vectors,
then the loss function `(y, f (x)) provides a convex upper bound over ∆(y, f (x)).
Proof. It is obvious that the function `(y, f (x)) is convex in f , because it is pointwise
maximum of a set of linear functions. For set based performance measure, let ŷ =
sign[f (x)] which is the maximizer of y> f (x) in Y, we can get
`(y, f (x)) ≥ ŷ> f (x) − y> f (x) + ∆(y, ŷ) ≥ ∆(y, ŷ) .
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For set based performance measures, it holds ∆(y, ŷ) = ∆(y, f (x)) , thus it is an
upper bound.
With respect to ranking based performance measure, let r̂ be the rank vector determined by f (x), it is easy to find that r̂ is the maximizer of r> f (x), and then
`(y, f (x)) ≥ r̂> f (x) − r> f (x) + ∆(y, r̂) ≥ ∆(y, r̂) .


Based on above, we can get the conclusion.

For the optimization problem in (3), by replacing ∆ with its upper bound `, and
kwk0 with its continuous relaxation kwk1 , we obtain the optimization problem of
multi-label selective ensemble as
min
w

m
X

`(yi , Hi w) + λkwk1 ,

(6)

i=1

where
Hi = [h(1) (xi ), · · · , h(k) (xi )] ∈ Rl×k

(7)

{h(t) }kt=1

is the matrix collecting the predictions of
on instance xi , and λ is the regularization parameter trading off the empirical risk and the sparsity of w. Obviously,
this is an `1 -regularized convex optimization problem, and we solve it via stochastic
optimization subsequently.
2.3

Stochastic Optimization

To solve the `1 -regularized convex problem (6), we employ the state-of-the-art stochastic optimization algorithm presented in [21], and the key is how to compute the subgradient of the loss function `(yi , Hi w).
Proposition 2 Given an example (xi , yi ), a set of multi-label classifiers {h(t) }kt=1 , a
weighing vector w0 ∈ Rk and a multi-label performance measure ∆, denote
pi = Hi w0
be the ensemble’s prediction on example (xi , yi ) with Hi defined in (7)
(a) if ∆ is a set based performance measure, let g = (ỹ − yi )> Hi , where


ỹ = argmax y0> pi + ∆(yi , y0 ) ,

(8)

y0 ∈Y

(b) if ∆ is a ranking based performance measure, let g = (r̃ − ri )> Hi , where r is a
rank vector consistent with yi and


r̃ = argmax r0> pi + ∆(y, r0 ) ,
(9)
r0 ∈Ω

then the vector g is a subgradient of `(yi , Hi w) at w0 .
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Algorithm 1 Stochastic optimization algorithm for MUSE
Input: training data S = {(xi , yi )}m
i=1
component classifiers {h(t) }kt=1
performance measure ∆(·, ·)
regularization parameter λ, step size η
Procedure:
1: let w = 0, % = 0 and p = 2 ln k
2: repeat
3:
select (xi , yi ) uniformly at random from S
4:
let Hi = [h(1) (xi ), · · · , h(k) (xi )] and pi = Hi w
5:
solve the argmax problem, i.e.,
ỹ ← solve (8) for set based performance measure ∆, or
r̃ ← solve (9) for ranking based performance measure ∆
6:
compute the sub-gradient, i.e.,
g = (ỹ − yi )> Hi for set based performance measure ∆, or
g = (r̃ − ri )> Hi for ranking based performance measure ∆
e = % − ηg
7:
let %
8:
let ∀t, %t = sign(%̃t ) max(0, |%̃t | − ηλ)
9:
let ∀t, wt = sign(%t )|%t |p−1 /k%kp−2
p
10: until convergence
Output: weighting vector w

Proof. Since `(yi , Hi w) is a pointwise maximum of linear functions in w, it is straightforward to obtain its subgradient if the maximizer of (4) or (5) at w0 can be obtained.
Obviously, the argmax (8) and (9) solve the maximizers for set and ranking based performance measures respectively, which completes the proof.

This proposition provides a method to compute the subgradient of `(yi , Hi w).
Based on this, we can present the stochastic optimization method for solving the optimization problem (6), which is summarized in Algorithm 1. At each iteration, this
algorithm first samples an example (xi , yi ) uniformly at random from data S, and then
compute the subgradient of `(yi , Hi w) (lines 4-6). Since the example (xi , yi ) is chosen
Pmat random, the vector g is an unbiased estimate of the gradient of the empirical risk
i=1 `(yi , Hi w). Next, the dual vector % is updated with step size η (line 7) so that the
empirical risk is decreased; and also it is truncated to decrease the regularizer λkwk1
(line 8). Finally, the updates of % is translated to the variable w via a link function in
line 9. This procedure iterates until convergence.
Solving the argmax In order to make Algorithm 1 practical, the argmax in (8) and (9)
need to be solved for the concerned performance measure. Fortunately, there have been
proposed efficient procedures for many commonly used performance measures. For
examples, Joachims [12] solved the argmax problem in O(l2 ) time for a large class of
set based measures including Hamming loss and F1-score, in O(l log l) time for ranking
loss; Yue et al. [29] solved it for average precision in O(l log l) time; Le et al. [13]
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Algorithm 2 Solve the argmax in (9) for coverage
Input: true label vector y , current prediction p
Procedure:
1: let max val = − inf
2: for t ∈ {t | yt = 1} do
3:
let v = p − et
4:
r ← obtain rank vector by sorting v ascendingly
5:
if r> v > max val then
6:
let r̃ = r and max val = r> v
7:
end if
8: end for
Output: rank vector r̃

solved (9) by a linear assignment problem for a group of ranking based performance
measures including precision@k. Of course, if our concerned performance measure is
among them, these procedures can be directly employed by Algorithm 1. Here, we omit
the detailed procedures, which can be found in [12, 13, 29].
To our best knowledge, there is still no proposal to solve the argmax (9) for coverage, which is ranking based performance measure evaluating how far one needs to go
along the list of labels to cover all the true labels. Formally, given a true label vector y
and a rank vector r, it is defined as
∆c (y, r) = max (l − rt ) =
{t|yt =1}

max
t∈{t|yt =1}

(l − r> et ) ,

(10)

where et is a vector with t-th element as 1 and others 0. Substituting (10) into the
argmax problem (9), we can get an equivalent problem as
r̃ = argmax
r0 ∈Ω

max
t∈{t|yt =1}

r0> (pi − et ) .

(11)

It is not difficult to see that for one single t, the problem
argmax r0> (pi − et )

(12)

r0 ∈Ω

can be efficiently solved by sorting the vector (pi − et ) ascendingly, and obtaining the
corresponding rank vector. As a consequence, by enumerating all t’s and solving the
corresponding problems as (12), the solution to (11) can be obtained. The pseudocode
of this procedure is given in Algorithm 2. We can find that in each iteration, the complexity is dominated by the sorting in line 4, thus the total complexity of Algorithm 2
is O(sl log l), where s is the number of true labels of current example.
Convergence and computational complexity Based on Theorem 3 in [21], we can
find that the number of iterations of Algorithm 1 to achieve -accuracy is bounded by
O(log k/2 ) with k as the number of component classifiers. It can be found that this
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number is independent of the data size. Moreover, in each iteration, all the operations
are performed on one single example, and the complexity is dominated by the argmax
which as shown above can be solved in polynomial time for various performance measures, also independent of data size. This constitutes one of the appealing properties of
MUSE, i.e., at each iteration of Algorithm 1, we neither need to compute the predictions
on all examples nor need to solve the argmax on all examples.

3

Experiments

In this section, we perform a set of experiments to evaluate the effectiveness of our
proposed MUSE approach.
3.1

Configuration

The experiments are performed on image and music annotation tasks. Specifically, two
image annotation tasks are used, including corel5k which has 5000 images and 374
possible labels, and scene which has 2407 images and 6 possible labels; two music
annotation tasks are used, including cal500 which has 502 songs and 174 possible labels, and emotion which has 593 songs and 6 possible labels. Five representative multilabel performance measures are considered for each task, including Hamming loss,
precision@k, F1-score, coverage, ranking loss. The formal definition of these performance measures can be found in [20], and the k of precision@k is set to the average
number of relevant labels. In total, there are 20 tasks.
In experiments, MUSE is implemented based on ECC [19], that is, by using ECC,
we first obtain 100 classifier chains, then use MUSE to obtain the selective ensemble
out of them. We compare MUSE with BSVM [1] which trains one SVM for each label,
and state-of-the-art methods including the lazy method ML-kNN [31], label ranking
method CLR [6] and the full ECC combining all classifiers. It is also compared with
the random strategy which selects classifiers randomly. Specifically, LibLinear [5] is
used to implement the base classifier in BSVM and ECC; the default implementation
of ML-kNN and CLR in Mulan [24] are used; the random strategy generates ensembles
of the same size of MUSE.
For each task, these comparative methods are evaluated by using 30 times random
holdout test, i.e., 2/3 for training and 1/3 for testing in each time; finally, averaged
performance and standard derivation are reported; the sizes of the generated selective
ensembles are reported. For MUSE, the regularization parameter λ is chosen by 5-fold
cross validation on training set.
3.2

Results

Optimizing the upper bound Instead of optimizing the concerned performance measures directly, the proposed MUSE approach tries to optimize its convex upper bound.
Thus, a natural question is whether this is effective, or in other words, whether optimizing the upper bound will improve the performance. To answer this question, we record
the training and test performance on cal500, and the results are shown in Fig.2. It can
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Fig. 2. Both the training and test performance improve during the optimization procedure, where
coverage is evaluated on the cal500 data set.

be found that both the training and test performance improve when the optimization
procedure goes on, which give a positive answer to above question, that is, optimizing
the upper bound is effective in improving the performance. Moreover, we can see from
Fig.2 that the performance converges after some iterations. For example, they converge
after about 600 iterations for coverage. Noting there are 502 examples in total, and in
each iteration, MUSE operates on only one example, this means that we need to scan
the data set for only once.
Performance comparison The performance of all the comparative methods are shown
in Table 1. For better comparison, we perform paired t-tests at 95% significance level
to compare MUSE with other methods, and the results are also shown in Table 1.
It can be seen that the performance of MUSE is quite promising. Compared with
the full ensemble ECC100 , it achieves 3 wins and 16 ties and loses only 1 time out of
all 20 tasks, while the ensemble size is reduced. For example, on cal500 the F1-score
is improved from 0.323 to 0.384, but the ensemble size reduced from 100 to less than
20. Also, when compared with the random strategy, MUSE achieves 9 wins but 0 loss,
which shows its effectiveness. Comparing MUSE with other methods, we can see that
it achieves significantly better performance (15 wins and 0 loss) against BSVM, also
comparable performance against the state-of-the-art methods ML-kNN and CLR.

4

Related Work

In ensemble learning, selective ensemble (a.k.a. ensemble pruning or ensemble selection) is an active research topic [34, chapter 6]. In traditional supervised learning, a
number of methods have been developed based on different techniques, such as genetic
algorithm [35], semi-definite programming [33], clustering [9], `1 -norm regularized
sparse optimization [14]. In [15], in order to reduce the size of ECC, Li and Zhou proposed SECC (i.e., selective ensemble of classifier chains), which to our best knowledge
is the first work on selective ensemble in the multi-label setting.
In this paper, we address the problem of multi-label selective ensemble by proposing that it is needed to take the concerned performance measure fully into account, and
propose the MUSE approach to build the selective ensemble via sparse convex optimization. This is encouraged and inspired by recent works on optimizing complicated
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Table 1. Experimental results (mean±std.), where •(◦) indicates that MUSE is significantly better
(worse) than the corresponding method based on paired t-tests at 95% significance level, the sizes
of selective ensembles generated by MUSE are reported (after ‘/’), and the win/tie/loss counts
based on paired t-tests are summarized in the last row. Note that the ensemble size of ECC100 is
100, and the Random strategy generates ensembles of the same size of MUSE.
BSVM ML-kNN
CLR
data
Hamming loss (the smaller, the better)
corel5k .014±.001•.009±.001 .498±.003•
scene .120±.003•.089±.004◦.174±.004•
cal500 .212±.012•.139±.002 .378±.002•
emotion .305±.011 .201±.012◦.190±.012◦
Precision@k (the larger, the better)
corel5k .177±.005•.213±.005•.232±.005
scene .451±.006•.472±.006 .453±.007•
cal500 .315±.025•.447±.006 .453±.006
emotion .605±.017 .618±.020 .582±.016•
F1-score (the larger, the better)
corel5k .135±.005•.016±.003•.034±.001•
scene .595±.014•.675±.018 .629±.009•
cal500 .314±.029•.322±.011•.405±.003◦
emotion .614±.014 .602±.029•.622±.016
Coverage (the smaller, the better)
corel5k .560±.008•.309±.004◦.285±.005◦
scene .102±.004 .090±.004 .102±.006
cal500 .913±.015•.750±.010◦.756±.008◦
emotion .322±.015 .319±.013 .323±.014
Ranking loss (the smaller, the better)
corel5k .270±.005•.135±.002•.119±.002•
scene .106±.005•.082±.005 .079±.005
cal500 .309±.019•.184±.003 .182±.003
emotion .194±.012•.169±.015◦.146±.013◦
Win/Tie/Loss counts (MUSE vs alternatives)
counts
15/5/0
5/11/4
8/9/3

ECC100

Random

MUSE

.010±.001
.102±.003
.141±.002
.302±.012

.010±.002 .010±.001/43.9±12.2
.180±.007•.101±.003/66.2±18.4
.145±.005•.137±.002/62.9± 7.4
.312±.012•.297±.012/36.3±15.9

.234±.006
.465±.005
.452±.007
.609±.022

.227±.009 .231±.006/63.3±12.6
.460±.013•.469±.001/83.0± 7.8
.438±.010 .446±.007/74.3± 7.2
.603±.022 .607±.021/53.2±20.1

.134±.006•.127±.008•.149±.006/15.3± 5.6
.668±.012 .567±.014•.672±.002/22.0±10.8
.323±.010•.333±.023•.384±.013/19.6± 4.7
.618±.015 .612±.016 .619±.017/63.7±21.2
.362±.007 .367±.011 .363±.011/74.1±13.7
.096±.004 .097±.008 .097±.005/76.3±13.2
.768±.013◦.796±.002•.790±.002/41.8± 9.7
.328±.015 .334±.019 .326±.017/73.6±12.5
.042±.001•.039±.005•.032±.003/71.3±11.7
.087±.004 .087±.007 .086±.004/52.4± 9.7
.184±.005 .179±.005 .188±.006/54.9±12.4
.187±.013 .187±.016 .188±.011/74.1±11.7
3/16/1

9/11/0

–

performance measures [12, 17, 15]. Moreover, compared with previous work [15], the
MUSE approach is more general, for instance, it can optimize a large variety of performance measures while SECC considers only F1-score. In other words, SECC is a
special case of MUSE when it considers only F1-score.

5

Conclusion

In this paper, we study the problem of multi-label selective ensemble, which tries to
select a subset of component classifiers whilst keeping or improving the performance.
The main motivation is that we need to take the concerned performance measure into
account during the selection process, and the MUSE approach is proposed to handle
this problem. Specifically, by taking an upper bound over empirical risk, MUSE tries to
optimize the concerned performance measure via an `1 -norm regularized convex opti-

Multi-Label Selective Ensemble

11

mization problem. And this problem can be efficiently solved by stochastic subgradient
descend for a large variety of performance measures. Experiments on image and music
annotation tasks show the effectiveness of the proposed MUSE approach.
In current work, we consider the component classifier in multi-label ensemble as a
general multi-label classifier. Often, the component classifier itself is a group of singlelabel classifiers, like classifier chain in ECC. Therefore, it will be interesting to consider
the multi-label selective ensemble problem at the level of such single-label classifiers.
Acknowledgements: We want to thank anonymous reviewers for helpful comments.
This research was supported by the National Science Foundation of China (61273301).
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