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Abstract—In this paper, we investigate the theoretical aspects of the nonuniform node distribution strategy used to mitigate the energy
hole problem in wireless sensor networks (WSNs). We conclude that in a circular multihop sensor network (modeled as concentric
coronas) with nonuniform node distribution and constant data reporting, the unbalanced energy depletion among all the nodes in the
network is unavoidable. Even if the nodes in the inner coronas of the network have used up their energy simultaneously, the ones in the
outermost corona may still have unused energy. This is due to the intrinsic many-to-one traffic pattern of WSNs. Nevertheless, nearly
balanced energy depletion in the network is possible if the number of nodes increases in geometric progression from the outer coronas
to the inner ones except the outermost one. Based on the analysis, we propose a novel nonuniform node distribution strategy to
achieve nearly balanced energy depletion in the network. We regulate the number of nodes in each corona and derive the ratio
between the node densities in the adjacent ði þ 1Þth and ith coronas by the strategy. Finally, we propose q-Switch Routing, a
distributed shortest path routing algorithm tailored for the proposed nonuniform node distribution strategy. Extensive simulations have
been performed to validate the analysis.
Index Terms—Wireless sensor networks, nonuniform node distribution, energy hole problem, energy-efficient routing.
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1

INTRODUCTION

A

typical wireless sensor network (WSN) is formed by a
large number of distributed sensors together with an
information collector, referred to as the sink node [1].
These sensors can be deployed to collect information and
monitor situations in such scenarios as forests, farmlands,
harbors [2], coal mines [3], and so on. Applications of
WSN technology include landslide prediction [4], object
localization [5], and surveillance [6], [7], among others.
In WSNs, energy efficiency is very important and also a
challenge. The sensor node usually behaves as both data
originator and data router [1]. The traffic follows a many-toone pattern, where nodes nearer to the sink carry heavier
traffic loads. Therefore, the nodes around the sink would
deplete their energy faster, leading to what is known as an
energy hole around the sink. No more data can be delivered
to the sink after an energy hole appears. Consequently, a
considerable amount of energy is wasted, and the network
lifetime ends prematurely. Experimental results in [13]
show that up to 90 percent of the energy of the network can
be left unused when the network lifetime is over if the
nodes are uniformly distributed in the network.
Li and Mohapatra [8], [9] present an analytical model for
the energy hole problem in WSNs. Assuming uniform node
distribution and constant data reporting, they examine the
effectiveness of strategies such as hierarchical deployment

and data compression that aim to mitigate the energy hole
problem. In this paper, however, we attempt to answer the
following question: Is it possible to avoid the energy hole
altogether in WSNs?
Olariu and Stojmenovic [10] are the first to prove that the
energy hole problem is inevitable under certain conditions.
They also assume that the nodes are distributed uniformly
in the network and report data constantly. Adding more
nodes to the areas with heavier traffic is a natural way to
mitigate the energy hole problem, thus creating different
node densities in different areas. This is what is called
nonuniform node distribution. Olariu and Stojmenovic [11]
have roughly discussed the energy hole problem in WSNs
with nonuniform node distribution. They assume that the
data rates of the nodes are tunable and only consider the
energy dissipation in data transmission. They observe that
balanced energy depletion is possible when the data rates
are adjusted. We study the same issue by adopting a more
practical energy model that incorporates the energy spent in
both data transmission and reception with the assumption
that all the nodes constantly report data to the sink.
The main contributions of this paper are listed as follows
(a preliminary version of this work appeared in [12]):
.
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We prove that completely balanced energy depletion
among all the nodes is impossible due to the intrinsic
many-to-one traffic pattern in WSNs. Nevertheless,
nearly balanced energy depletion1 in the network is
still achievable but only if the number of nodes grows
in geometric progression from the outer coronas to
the inner ones except the outermost one.
Based on the analysis, we propose a novel quantified
nonuniform node distribution strategy to achieve

1. The term “nearly balanced energy depletion” is formally defined as
“subbalanced energy depletion” in Section 3.
Published by the IEEE Computer Society
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nearly balanced energy depletion. As a side benefit,
we derive the ratio between the node densities of the
adjacent ði þ 1Þth and ith coronas. Results show that
this ratio depends only on the common ratio of the
aforementioned geometric progression and the
index of the corona.
. We devise a simple shortest path routing algorithm
called q-Switch Routing coupled with the proposed
nonuniform node distribution strategy. It effectively
switches the data flow among its corresponding q or
ðq  1Þ next-hop forwarding candidates in order to
balance energy dissipation among them. Here, q is
the common ratio of the above-mentioned geometric
progression.
. We conduct extensive simulation experiments to
validate the analysis and evaluate the performance
of the proposed nonuniform node distribution
strategy and q-Switch Routing. Simulation results
show that when the network lifetime ends, the nodes
in all the inner coronas almost use up their energy
simultaneously, although nodes in the outermost
corona have enough remaining energy.
The remainder of the paper is organized as follows:
Section 2 surveys the related work, whereas Section 3
describes the assumptions, network model, and definitions
for our discussion. Section 4 analyzes the nonuniform node
distribution strategy. A novel nonuniform node distribution
strategy and q-Switch Routing are proposed in Section 5.
Section 6 describes the simulation results of the proposed
schemes. Some further discussions are presented in
Section 7. Finally, Section 8 concludes the paper.

2

RELATED WORK

In this section, we classify the related work into three
categories: the analysis of the energy hole problem,
nonuniform node distribution strategies, and energy-efficient design.

2.1 Analysis of the Energy Hole Problem
There has been some work on the analysis of the energy
hole problem in WSNs. Li and Mohapatra [8], [9] present a
mathematical model to analyze the energy hole problem in
a circular WSN with uniform node distribution and
consisting of concentric coronas. They examine the validity
of several possible schemes to mitigate the energy hole
problem from a traffic perspective. It has been observed that
in a uniformly distributed sensor network, hierarchical
deployment and data compression have positive effects on
the problem. Increasing the data generation rate only makes
it worse, whereas simply adding more nodes in the network
makes little difference provided that the uniform node
distribution is maintained. This work does not explore the
possibility of avoiding energy holes in WSNs.
Olariu and Stojmenovic [10] are the first to analyze how
to avoid the energy hole problem, assuming a WSN with
uniform node distribution and constant data reporting.
They use an energy model such that the energy consumed
in transmitting a message of unit length is E ¼ d þ c,
where  is the energy attenuation parameter related to a
specific field, d is the distance between the data sender and
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receiver, and c is a positive system parameter. They
demonstrate that if the transmission range of each sensor
node is adjustable, the energy spent in routing is minimized
when each corona has the same width. This, however,
would lead to unbalanced energy depletion in the network.
They prove that for  > 2, unbalanced energy depletion is
preventable, but for  ¼ 2, it is inevitable.
A nonuniform node distribution strategy can be adopted
to mitigate the energy hole problem. Olariu and Stojmenovic
[11] discuss the possibility of avoiding energy holes by a
nonuniform node distribution strategy in WSNs. Considering the energy consumption for data transmission, they state
that balanced energy depletion can be achieved when the
node density i of the ith corona is proportional to ðk þ 1  iÞ,
where k is the optimal number of coronas. Under this scheme,
nodes closer to the sink have to send data with lower rates.
We, however, adopt a more practical energy consumption
model, considering the energy lost in both data transmission
and reception. We assume that the nodes in the network
constantly report data to the sink, as in [8], [9], and [10]. We
conclude that balanced energy depletion is impossible, but
nearly balanced energy depletion is achievable in the
considered network. Additionally, we devise a novel nonuniform node distribution strategy and a tailored routing
algorithm with which nearly balanced energy depletion can
be achieved in the network.

2.2 Nonuniform Node Distribution Strategies
Lian et al. [13] propose a nonuniform node distribution
strategy to increase the network data capacity, defined as
the amount of data received by the sink node. Additional
nodes acting as pure relays are added to the network. A
routing algorithm is also proposed in which some nodes
sleep once in a while to save energy. Hence, some kind of
dormant-active scheduling is necessary.
Recently, Liu et al. [14] propose a power-aware nonuniform node distribution scheme to deal with the so-called
sink-routing hole problem and aim for long-term connectivity in WSNs. They derive node distribution functions
based on hop counts. The sink-routing hole problem is
essentially the same as the energy hole problem discussed
in this paper. However, neither [13] nor [14] addresses the
possibility of avoiding the energy hole problem. Again,
dormant-active scheduling among the nodes is needed in
the network. Different from these two nonuniform node
distribution strategies, our proposed strategy need no
dormant-active scheduling, which could be hard to implement in practice.
2.3 Energy-Efficient Design
In LEACH [15], HEED [16], UCS [17], EECS [18], and
EEUC [19], hierarchical structures of the sensor network are
constructed, and clustering schemes are proposed for the
purpose of distributing energy depletion among all the
nodes. In LEACH, cluster head rotation is used to balance
the energy depletion, whereas both the communication cost
and the remaining energy of the nodes are considered when
selecting the cluster head in HEED. Noticing that some
cluster heads nearer or farther from the sink take a heavier
energy burden, schemes such as UCS, EECS, and EEUC
are proposed to form clusters with different sizes. These
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methods produce smaller clusters in which the cluster
heads consume more energy.
Perillo et al. [20] summarize two cases in which energy
imbalance could appear in a network with uniform node
distribution. In one case, with the assumption that all the
sensor nodes can communicate directly with the sink, the
sensor nodes send data to the sink via a single hop; thus,
the nodes farther away would consume their energy faster.
In the other case, data are forwarded to the sink via
multiple hops. Therefore, the nodes near the sink take more
traffic loads and would die earlier. When the first such node
uses up its energy, the network lifetime ends. The authors
assume that each node can vary their transmission range
and model the network lifetime maximization as a linear
optimization problem. They state that the maximization of
the network lifetime can only be attained at the expense of
loss in energy efficiency. In [21], Giridhar and Kumar also
formulate the maximization of the network lifetime as a
linear programming problem. They derive the lifetime
bounds of WSNs with two regular topologies, namely,
linear and two-dimensional networks. They conclude that
simply transmitting data to the nearest neighbors can
achieve near-optimal network lifetime asymptotically.
Jarry et al. [22] investigate the mixed data gathering
scheme in WSNs. Under this scheme, an intermediate node
either transmits its data to one of its neighbors or sends data
directly to the sink when it forwards data, so an implicit
assumption is that each node is able to communicate
directly with the sink. They propose a distributed data
gathering algorithm for evenly distributing the energy
consumption among all the nodes in WSNs. They prove
that an energy-balanced mixed data gathering scheme
could be better than any other possible routing schemes.
They argue that the lifetime maximization, data flow
maximization, and balanced energy consumption among
the nodes are equivalent. However, the assumption that
each node is within the direct reach of the sink might be
infeasible.
In order to tackle the unbalanced energy depletion and
extend the network lifetime, other endeavors introduce
mobility into the WSNs. Wang et al. [23] make use of a
mobile relay to prolong the network lifetime. They state that
the mobile relay only needs to stay within two hops away
from the sink to enhance the network lifetime by a factor of
nearly four. They also propose two joint mobility and
routing algorithms capable of attaining the claimed results.
Luo and Hubaux [24] use a mobile sink to improve the
network lifetime. The nodes near the sink would change
over time with a sink moving in the network, thus
mitigating the energy imbalance around the sink. They
prove that for network lifetime elongation, the best position
for a static sink is the center of the circle when the WSN
covers a circular area. The authors further demonstrate that
using a mobile sink is beneficial, and the mobility trajectory
should follow the periphery of the network. A joint mobility
and routing scheme is also devised. Shiue et al. [25] propose
an energy hole healing protocol using mobile sensors when
an energy hole appears.
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Fig. 1. A circular area consisting of five coronas.

3

PRELIMINARIES

3.1 Assumptions and Network Model
We assume that all the nodes are deployed in a circular area
with a radius of R, as in [10] and [23]. The only sink is
located at the center of the area (see Fig. 1). All the sensors
are homogeneous. In data transmission, each of them uses
the same maximum transmission range, which is set to
1 unit length. Each node has a unique ID number. We
divide the circular area into R adjacent coronas. The width
of each corona is also 1 unit length. The ith corona is
denoted as Ci . Obviously, Ci is composed of nodes whose
distances to the sink are between ði  1Þ and i. We assume
that the sink node can only communicate directly with the
nodes in C1 .
We assume a data logging application, where the sensors
are required to send their sensed data constantly at a certain
rate. For the sake of simplicity, we assume that each sensor
node generates and sends L bits of data per unit time.
Nodes belonging to a corona fCi ji 6¼ Rg will forward data
generated by both themselves and nodes from coronas
fCj jði þ 1Þ  j  Rg. The nodes in the outermost corona CR ,
however, need not forward any data. Here, we do not
assume data aggregation at any forwarding node.
The energy model in our discussion is described as
follows: The initial energy of each sensor is " > 0, whereas
the sink has no energy limitation. It has been observed that
communication-related energy dissipation usually dominates the total energy consumption in WSNs [20], [27]. In
our model, we consider the energy loss related to both data
transmission and reception. We further assume that a node
consumes e1 units of energy when sending 1 bit and
depletes e2 units of energy when receiving 1 bit, where
e1 > e2 > 0. Later, we will see that the constraint e1 > e2 can
be relaxed. Note that the commonly used energy model in
[15] is described as follows: The energy consumption for
transmitting l bits of data over a distance of d is
lðEelec þ d Þ, and the corresponding energy dissipation in
data reception is lEelec , where Eelec , , and  are all system
parameters. Then, the values of e1 and e2 in our model can
be computed as Eelec þ d and Eelec , respectively, where
d is the maximum transmission range of each node.
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3.2 Definitions
For ease of exposition, we define the following two terms:
Definition 3.1. Balanced energy depletion is attained in the
network when nodes in all coronas use up their energy
simultaneously.
Definition 3.2. Subbalanced energy depletion is attained in
the network when nodes in all coronas except the outermost
one exhaust their energy simultaneously.

4

713

The outermost corona CR only needs to forward data
generated by themselves according to the above assumptions
and network model, so the energy consumed per unit time by
this corona is
ER ¼ NR Le1 :
In contrast, all the nodes in other coronas have to transmit
data generated by themselves, as well as data originated
from outer coronas. Therefore,

ANALYSIS OF THE NONUNIFORM NODE
DISTRIBUTION STRATEGY

Ei ¼ L½Ni e1 þ

R
X

Nk ðe1 þ e2 Þ; 1  i  R  1:

k¼iþ1

In this section, we analyze the nonuniform node distribution strategy from an energy perspective. The general
nonuniform node distribution strategy for WSNs is presented, followed by the energy depletion model of the
strategy in the network. We then prove that it is impossible
to achieve balanced energy depletion in the network.
Consequently, the energy hole cannot be avoided. Nonetheless, we demonstrate that subbalanced energy depletion
in the network is possible.

4.1 General Nonuniform Node Distribution Strategy
Adding more nodes to the traffic-intensive areas is a
natural way to mitigate the energy hole problem and also
a salient feature of the general nonuniform node distribution strategy. The basic idea is that the nearer the corona
is to the sink, the higher is its node density. Recall that in
our network model, nodes belonging to inner coronas not
only transmit data sensed by themselves but also forward
data generated by outer coronas. As a result, these nodes
deplete their energy much faster than their counterparts
farther away from the sink. Hence, we assign more nodes
to the inner coronas of the network. Different numbers of
nodes are deployed in different coronas, depending on
their distance to the sink. Let us assume that the nodes in
corona Ci are distributed with a density of i , for
1  i  R. The node density increases from the outermost
corona CR to the innermost one C1 . From the viewpoint of
the whole network, the nodes are distributed nonuniformly. Therefore
1 > 2 > 3 > . . . > R :

ð1Þ

In Fig. 1, a darker corona shows a higher node density.

4.2 Energy Depletion Analysis
Let Ni and Ei respectively denote the number of nodes in
corona Ci and the energy consumed per unit time by
nodes in corona Ci . It is obvious that Ni > Nj and Ei > Ej
when i < j due to nonuniform node distribution strategy.
Data can be transmitted to the next inner corona via
one hop and to the sink via i hops since we assume the
width of each corona is 1 unit length, which is equal to
the maximum transmission range of each node. We
assume that there always exists a shortest path of i hops
starting from itself and ending at the sink for each node
in Ci but not necessarily the same path. We show this in
Section 5 when describing the proposed nonuniform node
distribution strategy. Then, we can calculate the total
energy consumed by each corona.

Thus,
Ei ¼

8
< NR Le1 ;
: L½Ni e1 þ

i ¼ R;
R
P

Nk ðe1 þ e2 Þ; 1  i  R  1:

ð2Þ

k¼iþ1

4.3 Impossibility of Balanced Energy Depletion
Ideally, energy depletion across the network is balanced,
and energy efficiency is optimized when all the nodes of the
network exhaust their energy at the same time.
Theorem 4.1. Balanced energy depletion is not achievable, in the
sense that (3) cannot hold in the model under consideration.
Proof. (by contradiction) According to Definition 3.1, when
the network attains balanced energy depletion, the
network lifetime is given by
"N1 "N2
"NR1 "NR
¼
¼ ... ¼
¼
:
E1
E2
ER1
ER

ð3Þ

It is enough to prove the theorem if we demonstrate
that the nodes in the two outermost coronas CR1 and CR
cannot use up their energy simultaneously. Suppose
"NR1 "NR
¼
:
ER1
ER

ð4Þ

With the help of (2), we rewrite (4) as follows:
"NR1 ER ¼ "NR ER1 ;
"NR1 NR Le1 ¼ "NR L½NR ðe1 þ e2 Þ þ NR1 e1 :

ð5Þ

This yields
NR ðe1 þ e2 Þ ¼ 0;

ð6Þ

which is impossible, implying that (4) cannot hold.
Hence, the theorem is proved.
u
t
It is easy to understand that this impossibility is rooted in
the traffic pattern that the nodes in the outermost corona CR
only need to transmit their own data, but the nodes in
corona CR1 or other inner coronas need to forward their
own data, as well as those from outer coronas.

4.4 Subbalanced Energy Depletion
We show that it is possible to achieve the subbalanced
energy depletion although it is impossible to attain
balanced energy depletion in the network. Let us prove
the following result:
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Theorem 4.2. If the network achieves the subbalanced energy
depletion, then the number of nodes in the coronas grows in
geometric progression from the outer coronas to the inner ones
except CR .
Proof. By Definition 3.2, the following equation holds if the
network achieves the subbalanced energy depletion:
"Ni "Niþ1
¼
;
Ei
Eiþ1

1  i  R  2:

R1
X

Nk ¼

k¼j

ð7Þ

NR1 ðqRj  1Þ
;
q1

ð8Þ

R1
X

Applying (2), we rewrite (8) as
"
#
R
X
Nk ðe1 þ e2 Þ
Ni L Niþ1 e1 þ
k¼iþ2
R
X

¼ Niþ1 L Ni e1 þ

Therefore,
#

R
X

ð9Þ

Nk ðe1 þ e2 Þ :

Ni
k¼iþ1
¼ R
P
Niþ1

R
P
k¼iþ1
R
P

Nk
ð10Þ

:

Nk
¼
Nk

¼q

N

k¼1
iþ1
P

¼
N

i1
P
k¼1
i
P

ðN 

Nk
¼
Nk

ðN 

i
P

Let
NR2
NR1

Ni1
;
Ni

Ni
Ni1
Niþ1 ¼ Ni ¼ q >
N2
R3
¼N
NR2 ¼ . . . ¼ N3

q > 1; 1  i  R  2;

Nk Þ þ Ni

k¼1
iþ1
P

5

Nk Þ þ Niþ1

k¼1

Nk

ð11Þ

Nk

k¼1

¼

Ni
;
Niþ1

which is the left part of (10). Then, we can finish the
proof by reversing the steps from (7) to (10) in proving
Theorem 4.2. We omit this part here due to its simplicity.
This concludes the proof.
u
t

i¼1

k¼1

N

¼

aþc
¼ dc ¼ t ¼ btþdt
bþd ¼ bþd , we transform

i
P

NR  qRðiþ1Þ
NR  qRðiþ2Þ

k¼iþ2

Nk

Details on the transition from (9) to (10) are included in
the Appendix. Let N denote the total number of nodes in
R
P
the network, that is, N ¼
Ni . Since if ab ¼ dc ¼ t > 0 for

N

ð12Þ

Then, the right part of (10) equals

k¼iþ2

Ni
¼
Niþ1

Nk ¼ NR  qRj :

k¼j

After simplification and basic transformations, we obtain
R
P

Nk ¼ NR ðqRj  1Þ:

k¼j

k¼iþ1

a
b

q > 1; 1  j  R  1:

Because NR equals NR1 =ðq  1Þ, the above equation can
be rewritten into

Ni Eiþ1 ¼ Niþ1 Ei :

a, b, c, d > 0, then
(10) into

MAY 2008

Proof. We prove this theorem by showing that (10) is
satisfied.
Since the number of nodes increases in geometric
progression with common ratio q > 1 from CR1 to C1 ,
we have

Therefore,

"

VOL. 19, NO. 5,

2  i  R  2:
1, 2  i  R  2. Then, we have
1
¼N
N2 ¼ q. As a result, the number

of nodes in coronas increases in geometric progression
with a common ratio of q from CR1 to C1 . Hence the
proof.
u
t
Therefore, the subbalanced energy depletion of the
whole network is possible only if the number of nodes
in the coronas grows in geometric progression from
CR1 to C1 .
Theorem 4.3. If the number of nodes in the coronas increases
from CR1 to C1 in geometric progression with common ratio
q > 1 and there are NR1 =ðq  1Þ nodes in CR , then the
network can achieve the subbalanced energy depletion.

NOVEL NONUNIFORM NODE DISTRIBUTION
STRATEGY AND q-Switch ROUTING

In this section, armed with the above results, we present a
novel nonuniform node distribution strategy and corresponding distributed shortest path routing algorithm,
called q-Switch Routing, which is aimed to attain the
subbalanced energy depletion.

5.1 Proposed Strategy
The proposed nonuniform node distribution strategy is
based on the results derived in the previous section. It
regulates the number of nodes in different coronas with the
goal of achieving the subbalanced energy depletion in the
network. All the nodes are assumed to have been deployed
a priori from the outermost corona to the innermost one
such that the number of nodes in the coronas satisfy the
following constraint:
Ni
¼
Niþ1



q;
q  1;

q > 1; 1  i  R  2;
i ¼ R  1:

ð13Þ

It is possible that the nodes are assigned in such a way
that each node in corona CR can communicate directly with
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Fig. 2. Reachable area in Ciþ1 of a node in Ci .

ðq  1Þ different nodes in CR1 , and nodes in Ciþ1 can
communicate directly with q different nodes in Ci , where
1  i  R  2. In Fig. 2, we show that we can deploy
corresponding ðq  1Þ or q nodes in the reachable area2
(the shaded area in the figure) in the next inner corona for
each node in Ci , unless it is on the border. The process can
be repeated until deployment in C1 is finished. Therefore,
the shortest paths that start from nodes in Ci and end at the
sink via i hops can be constructed. We do not assign nodes
on the border of any corona, due to the fact that when a
node is placed there, the reachable area in the adjacent
coronas reduces to a point.
Let Si denote the area of corona Ci . Then, the node
density3 is given by
i ¼
¼

Ni
Si
Ni
:
ð2i  1Þ

ð14Þ

Now, the ratio between the node densities of two adjacent
coronas Ciþ1 and Ci is
(
2i1
;
q > 1; 1  i  R  2;
iþ1
ð15Þ
¼ qð2iþ1Þ
2R3
i
ðq1Þð2R1Þ ; q > 1; i ¼ R  1:
This implies that the ratio is only related to the common
ratio ðqÞ of the geometric progression and the index of the
corona.

Fig. 3. q-Switch Routing, q ¼ 3: data traverses from the root to the leaves
of the q-ary tree and to the sink eventually.

with maximum residual energy. The source node can
switch to the next relay candidate sequentially because
only one node among the q or ðq  1Þ relay candidates has
been selected to forward data last time. After the source
node chooses the relay node, it forwards data of its own and
those from the upstream node or so-called parent node. For
nodes without data to forward, they just send their own
data to the downstream selected relay node or so-called
child node. The chosen relay node will repeat this process
until the data arrive at a node in corona C1 ; then, the data
will be delivered to the sink. Fig. 3 illustrates part of the
constructed q-ary tree and the data forwarding process. The
pseudocode of the routing algorithm is presented in Fig. 4.
Let us now present some properties of q-Switch Routing.

5.3 Properties of q-Switch Routing
Lemma 5.1. The number of messages of q-Switch Routing per
unit time is OðNÞ.
Proof. This is self-evident due to the fact that each node
generates a single data message and sends it to the sink
in per unit time.
u
t

5.2 q-Switch Routing in Wireless Sensor Networks
We sketch the routing algorithm for WSNs in this section
with the help of the proposed nonuniform node distribution
strategy. We call it q-Switch Routing, for any node in the
network that has q or ðq  1Þ relay candidates directing to
the sink in the adjacent inner corona. We assume that there
is a network initialization process in which nodes find their
downstream relay candidates and record their assigned
node ID numbers. Then, there are NR q-ary trees formed
when the network finishes the initialization process. In
order to evenly distribute energy depletion among the
relay nodes, the source node always selects one relay node
2. Obviously, q is limited to the maximum number of nodes that can be
deployed in the reachable area. On one hand, we will see later that the
network can achieve very high energy efficiency even with a small q, for
example, q ¼ 2. On the other hand, the size of a node could be insignificant
compared with a real field for deployment. Therefore, this restriction is not
a concern.
3. We do not assume uniform spatial density inside a single corona. The
node density here is for the purpose of quantitative indication.

Fig. 4. Pseudocode of q-Switch Routing.
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TABLE 1
Simulation Parameters

Lemma 5.2. The delivered data messages are transmitted to the
sink in OðlogNÞ hops.
Proof. Since the data message traverses to the adjacent
inner corona each time when it is forwarded by an
intermediate node, all of them can arrive at the sink in
no more than R hops, where R ¼ OðlogNÞ according
to (12).
u
t

6

SIMULATION

In this section, we evaluate the performance of the
proposed nonuniform node distribution strategy and
q-Switch Routing using the energy model stated in Section 3.
We assume a perfect MAC layer to resolve wireless channel
issues, as in [8], [9], and [20].

6.1 Simulation Environment
We use a custom simulator in our simulations. The initial
energy reserve of each node ðÞ is 50 J. The values of e1 and e2
are calculated based on the radio model in [15]. In particular,
parameters related to the radio model are given as follows:
Eelec ¼ 50 nJ=bit, mp ¼ 0:0013 pJ=bit=m4 , the path loss exponent is 4, the length of unit data ðLÞ is 400 bits, the
transmission range of the sensor nodes is 100 m, we assign
eight nodes in the outermost corona for the nonuniform node
distribution, we let the common ratio of the geometric
progression scale from two to three, and the network radius
changes between 3 to 13. For ease of reading, we have listed all
the parameters in Table 1.
The performance metrics we used in our simulations are
the remaining energy of each node, which is the
energy remained when the network lifetime ends,
. the residual energy ratio, which is the ratio of energy
remained when the network lifetime ends to the sum
of the initial energy of all the nodes, and
. the data delivery ratio, which is the ratio of the data
received by the sink to the sum of the data generated
in the network.
The last metric is only used when we compare our
proposed nonuniform node distribution strategy with
two other strategies. All the simulation results are averaged
over 100,000 independent runs.
.

Fig. 5. Residual energy of each node when the network lifetime ends.

6.2 Remaining Energy of Each Node
We deploy 216 nodes in a circular area with a radius of four.
There are 8 and 16 nodes in coronas C4 and C3 , respectively.
The number of nodes increases in geometric progression
with a common ratio of three from C3 to C1 . This apparently
follows the nonuniform node distribution strategy proposed in Section 5. Fig. 5 shows the remaining energy of
each node when the network lifetime ends. Nodes with
smaller ID numbers belong to the outer coronas, whereas
those with larger ID numbers are closer to the sink. A node
in the network is said to be dead when it is unable to
forward any data or send its own data. The network lifetime
is defined as the duration from the very beginning of the
network operation until the first node dies. We observe that
the nodes in the outermost corona C4 have the most energy
unused when the network lifetime ends. In contrast, most of
the nodes belonging to C3  C1 have less then 0.5 J of
energy left, indicating that these nodes almost exhaust their
energy at the same time. This is adherent to our analysis.
The nodes in coronas except the outermost one still have
some energy remaining because we stop the network
operation once the first dead node appears. We then assign
a different number of nodes in areas with varying radii. The
common ratio and the number of nodes in the outermost
corona remain unchanged. Fig. 6 shows the average
residual energy contrast between nodes in CR and nodes
in other coronas. We see that nodes in the outermost corona
have much remaining energy, whereas all the other nodes
nearly use up their energy when the network radius scales
from three to nine. This is in accordance with our analysis.
We also observe that when the network radius increases,
the average residual energy of nodes grows very slowly.
6.3 Residual Energy Ratio
We illustrate the simulation results of the residual energy
ratio with different network radii in Fig. 7. We notice that
the residual energy ratio decreases rapidly at the beginning
but increases slowly when the network radius exceeds a
threshold. Nonetheless, the residual energy ratios of
different network radii in the simulations are all below
15 percent, even with a small q (for example, q ¼ 2),
achieving very high energy efficiency. On one hand, the
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Fig. 6. Average residual energy contrast between nodes in CR and
nodes not in CR , scaling with different radii.

rapid decrease can be explained as follows: The remaining
energy in the outermost corona when the network lifetime
ends can be computed as
Eresidual ¼ "NR 

"NR1
 ER :
ER1

From (2) and (13), we obtain
Eresidual ¼

"NR ðe1 þ e2 Þ
:
qe1 þ e2

ð16Þ

According to the previous analysis, there is no energy
remaining in the coronas except the outermost one if the
subbalanced energy depletion is achieved, so the remaining
energy in the network approximates to the value given by
(16). By (12), the total number of nodes in the network is
N ¼ NR  qR1 ;

q > 1:

ð17Þ

By (16) and (17), the residual energy ratio is
Eresidual
ðe1 þ e2 Þ
¼ R1
:
q
"N
 ðqe1 þ e2 Þ

ð18Þ

Clearly, the theoretical value of the residual energy ratio is a
fast decreasing function of the common ratio ðqÞ of the
geometric progression and the network radius ðRÞ. This
explains why the residual energy ratio reduces greatly
when the network radius expands within a range. On the
other hand, the growth of the residual energy ratio can be
explained in this way. When the network radius passes a
threshold, the sum of energy remaining in the coronas
CR1  C1 cannot be neglected as in the above approximation. This reveals that the approximation is only effective
when the network radius is constrained. We also observe
that the threshold value of the network radius is six when q
is three, less than that when q is two. This shows that we
cannot ignore the sum of energy unused in the inner
coronas at an earlier stage with a larger common ratio q
because the total number of nodes ðNÞ is an exponentially
increasing function of the common ratio ðqÞ. Meanwhile, the
residual energy ratio grows faster with a larger q, as shown
by (17). This is confirmed by the observation that the
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Fig. 7. Residual energy ratios as a function of the network radius and q.

residual energy ratio when q is two eventually surpasses
that when q is three with the growth of the network radius.

6.4

Comparison with Other Node Distribution
Strategies
We do not compare the proposed nonuniform node
distribution strategy with the ones proposed in [13] and
[14], because both of them assume that the added nodes
work as pure relays without sensing abilities. This could
reduce the network into a single-hop4 network; for example,
if there are eight nodes in the outermost corona, there
would be additional ðR  1Þ  8 pure relay nodes in the
remaining ðR  1Þ coronas. We refer to our proposed
nonuniform node distribution as Nonuniform Deterministic
Node Distribution in this part since we assume that the nodes
have been assigned in a way that forms q-ary trees. We have
performed simulations to compare the proposed strategy
with two other possible node distribution strategies:
1) Nonuniform Random Node Distribution, where the number
of nodes in each corona is regulated as in the proposed one,
but nodes are deployed randomly instead of being assigned
a priori, and 2) Uniform Node Distribution, where nodes can
appear at any place with equal probability, and different
from the two nonuniform node distribution strategies, the
number of nodes in each corona is not regulated. We deploy
eight nodes in the outermost corona when we implement
the two nonuniform node distribution strategies, including
the proposed one. The number of nodes in the inner coronas
increases in geometric progression with a common ratio of
q ¼ 2. We have examined the performance in terms of the
network lifetime, the residual energy ratio, and the data
delivery ratio, with the network radius increasing from
three to nine.
We have implemented two similar algorithms as the
q-Switch Routing in the networks with nonuniform random
node distribution and uniform node distribution for the
purpose of comparison. Their common basic idea is that
each node keeps forwarding its data to one of its neighbors
with maximum remaining energy.
4. This refers to the network in which all sensor nodes can directly
communicate with the sink.
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Fig. 8. Network lifetime of different node distributions.

Fig. 10. Data delivery ratios of different node distributions.

Fig. 8 shows the lifetime of the network using the
three strategies. We observe that the networks with a
uniform node distribution strategy and a nonuniform
random node distribution strategy decrease with the
growth of the network radius, whereas the network with
our proposed strategy enjoys a quite stable lifetime. Note
that the strategy of nonuniform random node distribution
performs better than that of uniform node distribution,
offering some hints on the application of our theory with
less difficulty in real node deployment. The fact that the
network lifetime is longer and steadier shows the better
scalability of the proposed strategy in terms of the network
lifetime.
The residual energy ratios of networks using the
strategies are shown in Fig. 9. We observe that the residual
energy ratios of networks with nonuniform random node
distribution and uniform node distribution are more than
three times greater than that of the network with the
proposed nonuniform node distribution. Nevertheless, the
network with nonuniform random node distribution performs better than that with uniform node distribution in
most simulations. This also implies the effectiveness of the
proposed strategy.

Fig. 10 presents the performance of the strategies in
terms of the data delivery ratio. Clearly, the network
with the proposed strategy performs the best, followed
by the network with nonuniform random node distribution and then the network with uniform node distribution, demonstrating again the usefulness of the proposed
strategy.

Fig. 9. Residual energy ratios of different node distributions.

7

DISCUSSIONS

Although the nonuniform node distribution strategy appears to be quite energy efficient, it incurs some costs. The
total number of nodes in the network grows exponentially
with the number of nodes increasing from the outer
coronas to the inner ones in geometric progression.
Consequently, the cost of sensor nodes needs to be reduced
significantly in order for this nonuniform node distribution
strategy to be more practical. One alternative is to equip
nodes with different initial energy budgets, as in [26].
However, it would be much more difficult to increase the
energy density in the space-constrained battery than to
increase the node density in the field for sensor node
deployment. Another option is to deploy multiple sinks in
the field and divide the network into multiple subnetworks.
Then, the radius ðRÞ of each subnetwork can be restricted,
thus achieving both energy efficiency and network scalability. Introducing sink mobility into the network is also a
possible method for mitigating the energy hole problem
in WSNs.
We have confined our discussion to a circular network and
proposed a nonuniform node distribution strategy with a
corresponding routing algorithm. In fact, if a single q-ary tree
is built as suggested in Section 5 for covering a particular area,
ideally, only the root of the tree has energy remaining when
the network lifetime ends. Therefore, the circularity of the
network can be relaxed to any shape or even a threedimensional structure if the nodes in the network construct
a number of special q-ary trees. These trees can be of different
depths and different values of q, depending on the size of the
area covered by each tree. As an illustration, the area P1
should be covered by trees with larger depths, compared with
the area P2 in Fig. 11.
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By dropping L, Ni Niþ1 e1 , and ðe1 þ e2 Þ in sequence,
we have
"

#

R
X

Ni Niþ1 e1 þ

Nk ðe1 þ e2 Þ

k¼iþ2

"

¼ Niþ1 Ni e1 þ

#

R
X

Nk ðe1 þ e2 Þ ;

k¼iþ1

Ni Niþ1 e1 þ Ni

R
X

Nk ðe1 þ e2 Þ

k¼iþ2
R
X

¼ Niþ1 Ni e1 þ Niþ1

Nk ðe1 þ e2 Þ;

k¼iþ1

Fig. 11. Different areas are covered by q-ary trees of different depths.

Another assumption we have made is that there is an ideal
node deployment and network initialization scheme ensuring that the nodes are organized into special q-ary trees.
Advances in robotics and automation have made automatic
node deployment possible [28]. The IDs of parent-children
pairs can be preprogrammed before the deployment or
reprogrammed after the deployment in order to form the
q-ary trees. We can also deploy the nodes randomly and
simplify the network initialization as in the nonuniform
random node distribution strategy when this assumption
does not hold.

8

Ni

R
X

¼ Niþ1

APPENDIX
TRANSITION FROM (9) TO (10)

Ni

R
X

"

k¼iþ2

¼ Niþ1 L Ni e1 þ

R
X
k¼iþ1

Nk ðe1 þ e2 Þ :

R
X

Nk :
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Then,
R
P
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¼ R
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