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¢« RAAZRNMIRAEZE PRI EE:

Courses and Teaching Assistant

Introduction to Advanced Machine Learning (For graduate students, Spring 2024; Spring 2023; Spring 2022; Spring 2021)
LMatrix Computation (For undergraduate students, Spring 2024; Spring 202j)
ntroduction to Machine Learning (For undergraduate students, Fall 2021; Fall 2020; Fall, 2019)

Digital Image Processing. (For undergraduate students, Spring, 2019; Spring, 2018, 2017, 2016, 2015, 2014)

Introduction to Data Mining. (For undergraduate students, Teaching Assistant, Spring, 2014)
Data Mining (081202B03). (For graduate students, Teaching Assistant, Fall, 08)

Discrete Mathematis. (For undergraduate students, Teaching Assistant, Spring, 07)
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RIEER . QQiBAZEEE: 398409602

$5B%iTE (Matrix Computation)

o BF: ZFIEHIZ (liyf@nju.edu.cn)
o BIRWHR: ATERFRSFERFINE
o R flI-101, BIRAZHUMHRE
o B18): |E—5-677 (14:00-15:50)
- SEHHM:
o SKETA, BN, (EMFERHEIENA) , BEAFHMT, 2015
o Charu C. Aggarwal, “Linear Algebra and Optimization for Machine Learning”, Springer International Publishing, 2020
o AfRIESE, (XEFFIR) , BEARF LR, 2004
o David C. Lay, “Linear Algebra and Its Applications”, Addison-Wesley, 2012
o Bh¥: EKTE (zhangdc@lamda.nju.edu.cn), HIEX (yangxw@lamda.nju.edu.cn)
o WRIZITIEQQEE: 398409602

Slides Page
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FTESED

1R, A&, (EHEaAAIEEA) , FEXF
Ak, 2015

2. Charu C. Aggarwal, “Linear Algebra and Optimization
for Machine Learning”, Springer International
Publishing, 2020

3. TR, (4EME®) , FRRFHmKA, 2004

4. David C. Lay, “Linear Algebra and Its Applications”,
Addison-Wesley, 2012

http://www.lamda.nju.edu.cn
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LRI T R

" 4

o LA RETHECR B BAR A 5V Oy T 28

o T HUEE TR S 426 R EE

« RN, MMHTE S,
SINFE 18 v A 2R LA
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BN

(1) HEPRE R AR 71,
(2) FEZEHEFIKR A,
(3) FEFETHE RN

Wil ARSI EAM S RFRERE . R
s wRESM . TR TGS SRR
PR ERN
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I CRIN
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ABFIEhIAR R

o (JLEEAR) (RO

o Seki Kowa (F¢Z£H1, 1683), Leibniz (1693)

—HEFERIAT 41 50

o Arthur Cayley
-A Memoir on the Theory of Matrices (1857)

o James J. Sylvester
o —{XKJTAERIHADN

o REIT KEHCERIE, 0“7 (18504E) .73

“B7 (EEMZE X ED A A5

http://www.lamda.nju.edu.cn
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Zh

The Matrix (1999)

http://www.lamda.nju.edu.cn
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MATLAB:

>> |oad gatlin
>> image(X)
>> colormap(map)

photo from the Gatlinburg conference on Numerical Algebra, 1964.
Wilkinson, Givens, Forsythe, Householder, Henrici, and Bauer

http://www.lamda.nju.edu.cn
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1. (RIS EFERIERNE

o TR I il > K A AR - ZR M T RE A

o FHFEE AR AR LN T FEH 5 T
e LA

o AR PAUREI, RIGRSEHIN, C
R EH, AR

http://www.lamda.nju.edu.cn
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SRESITHE

X
> = JRNENTE xz

o — P m4EnE (m-vector) E X H: x = |,
xm

o HHILHx; (=12, m) WEL, Blx; € R, Hm4EsLmE, W
faiid ~Ax € R™ = R™M*1,

o WRHITHAEE, Wiem4iEmE, idlix € C™

o — A mYEITINETE XX = [xq, Xp, o, x> WCA/Ex € RV™, B
x € RI*™,

o I mAERIFIFIEW TS HmdiT M=RFEEER, Hix =

[x1, X2, oo X ]T-

http://www.lamda.nju.edu.cn
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AEE5{TRIE

L1

A 2-vector A 3-vector

http://www.lamda.nju.edu.cn
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5]l

o — P mXnfifE (matrix) & XN

A=

[ d11
a1

o mXnFEfEAE HmATnd| BT,

FI L e

\|

_aml

a2
az2

Am?2

Amn |

il 171 W

[, FRINNA € R™T,

FoA] AR R plin 141 7] &

A =laqay, .., a,],

‘i%ﬁﬁﬂ[&l%j’ﬂal = (Clli, aAri, ...,ami)T, [ = 1, 2, ., 1.

http://www.lamda.nju.edu.cn
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AL =]

FHSIA—DNEERME S, 227 A (linear space) .

B XL T S R RTRE—DRES B X T IEE
Pz, HEOCRmE M ERAN, Bl va,pepr,vryes,
pE]

a(x+y)=ax + ay
(a + f)x = ax + Px

a(fx) = (ap)x

http://www.lamda.nju.edu.cn
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=g

Hspg Ao e =id i 2 Lt = |+ . 20
Bil1. 1 RMEM=sa], Hoe “hnyk” ‘”“”ﬁ)@'j

a + b — (al + bl' a, + sz . an + bn)T

ceeecesee ...-,...........(l.:..... Fovococomneacons

Hokia 5N

a — (Aal,ﬂ,az, ---;Aan)T

Hg = (aq,ay,...,ay)’,b = (by, by, ..., b)) 7T

http://www.lamda.nju.edu.cn
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75 AEngESZas(al gy, Zed A a) Ea b
HAEARR? ER AN BUE AFRR?

http://www.lamda.nju.edu.cn
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(1 — 0)a + 0b for different values of 6.

LB a+6-(b-a), O€[0, 1]
B Zk: at+6-(b-a), bR

http://www.lamda.nju.edu.cn
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=g

« HSHMQRINEMEZEE, HOcS, MIFRQASHIZE %145 A

(linear subspace) .

WL, 2 IRE<nBsE 250 Z T ) 2k
P D) ={ala=a A" +a,_ A" 1 +--+a;1l+ayaq; €ER}
Fe LR TH]

B s/ NS R4 IREOInHI Z AR R G 2
S anl LN

http://www.lamda.nju.edu.cn
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FFE SRS

« RS (x)A E X (domain) 5 {H I (range). € X2 HA E=x
FiA vl BUE A S EEUE B E X —Yl o= Brae 5 2 1Y
Fi A BB R EE S

* WA € R™TN— A mXnHilE, HATXMAA#Hy = Ax(x €
R™ I (R =S [R]) € LN

R(A) ={y e R™|y = Ax,x € R"}
Tl D)+ Ax = ORI R ix € RMARIAE S

N(A) ={x€eR"|Ax =0,x € R""}

http://www.lamda.nju.edu.cn
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EFESGR=E

1.3 457€ A € R™™, KIUER (4) 2R 1= [8] ; N (4) e R )45 [H] .
UEH] . ZE LA RS et 1], R EUEY]
Vx,y € S,Va,B €R, #iHax+ By € S.
N AERA R (4) 22& St 45 [A).
Wy, v, € R(A) € R™ a, B € R, RIERU) HIE X, WMAF
X1, X, € RMETGAX, = y1,Ax; =y,
=>ay; + fy, = aAx, + fAx, = A(axq + [x;)
WAHESYY,, v, € R(A) € R™ Va, B € RT3 %]ay, + By, € R(A).
FITCAR (4) & — T =518, [ A] LUEEAN (4) 72 2 25 1A]

http://www.lamda.nju.edu.cn
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EFNaS5GTE

(57l ol 1IN S 74 s AR 111 v B2 N 1 B IR AW SEL 1
I, 2 BARE S AR DBt 5 AR ] AL 2
fift, FUTH R YRR A TS e e B 2

http://www.lamda.nju.edu.cn
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RE5 %= g

mRA e R™M, I

(1) ARIZEZE) N(A) = {x € R" | Ax = 0,x € R"} c R", HiZ
VLN (A) AEndk s &= 2B E 125 18], N(A) H I R n 4 F) &= ;
(2) AW 28] R(A) = {x € R™ |y = Ax,V¥x € R"} c R™, il
2 VLR (A) AZm4ESE 2 B 1200, R(A) H B H & 2 mE ]

.

i CHI =D € R(A), M—@EfFEM=Ex, H15b = Ax.
A, 2t AHEHAx = b S H s AR IS A
= Ab € R(A).

http://www.lamda.nju.edu.cn
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RE5 %= g

“In) BRI AE RS A7
WA —HINE Rxy, X, oo, Xy FHoHx; ER™Y =12, ..k, N
X—HERN AL ERES:
S={y€eER™|y=a1x1 + ayx, + -+ apxy,Vay, ay, ..., A}

B o UEWSAER— AT 238, BRI 2] & R B AR RS T

(Span) ,

A

BT EARI R 2 1A], a2 AR A1 Tm) 5K R ) =5 ]

http://www.lamda.nju.edu.cn
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ZIEERSEMETK

 [ME AL R TR, BAEFEL &
&
Xt T2a e —d M &= R {xy, o, ooy X}, VX; € R™, U0 RANAY
Haq, Ay, o, A BBNFERS, HEVEHE

aA1X1 + arxy + -+ amxm = 0,

NEEAR A B R {0y, Xg, v, X PEZRIETC R, R HRALNE
FHIEH o
 [HERAZLMEMAERE, BUELMELRH], MEMtxR
HIRE & RIIE R . FEREIRR (rank), 25 8] Y 4EH0 A %

Ll

EINL

http://www.lamda.nju.edu.cn



http://www.lamda.nju.edu.cn/

ZIEERSEMETK

s MR RSHAEA N ELMETLR, MR n+11
2 AR O, NIFRZ R SHI4EEL (dimension) Nn, FFid
Hdim(S)=n.

o FSHeE AEHOER E 22 m], HSHRImE R

(X1, %2, o, Xy HF T L SR

1. {xq, X, o, X YERPE TR

2.Vx € S, xH ] LR IR ix = aqxy + azxy + -+ apxy, WK
b 5 2R X1, Xy, oory Xpoe DIBISH)—2ZH ALK (basis) o

http://www.lamda.nju.edu.cn
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A R ERIRR x = agxq + agxy + o+ apgx, ARG

2 aAiX; = 2 bl-xl-
[

i

E(Gi —b;) x; =0

a; = bi' Vi

http://www.lamda.nju.edu.cn
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Im\;-i%

. 232‘@"?@% “5_5” . “3‘_1]:» . “ﬂgn» . ((Ej;%
A7 YR Ia S E XUTh

TNV ={x|x€THx eV}

TUV ={x|x € Tsx € V}
T+V={x|x=y+zyeT,zeV}

TOV ={y|ly=x+v,xe€T,veV, TNV ={0}}

B UL, AR T A 2

http://www.lamda.nju.edu.cn
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Im\;-i%

s HLETNV,

wvx,y ETNV = x,y e THx,y €V, #iVa,B € R,ax + By €
THax + Ly €V = ax+ Ly € TNV = TNV & T =],

- EETUV,

Lbinid T = {x|x = (x1,0),x; ERL,V ={x | x = (0,x,),x, €ER} ,
Nvx,y e TUV, BLAFRTREX +y & TUV, Xf Tl 5E R
ANEEHWM. FTATUVARRF2SE,  (L0) + (0.1) = (L1)

(L)eT,(L1)eV

HEG. BEET +V. TRV TZFE)E?

http://www.lamda.nju.edu.cn
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ID\;-%

B1.5 HE 4= EZL vV, = {(2t,t+1) |t €R},
B e A LR TR] ) (R 2

y A

(2t, t+1)

e

P

=V

http://www.lamda.nju.edu.cn
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2 JEfE SRS

n (LEFEAR) « RSP TTREHMA

SEER (SR =G, FRA-F, FA R LSBT =1
Sy ERCF, BAREE, FAF, RSN} EAF PR
—F, FA=F, Lt Wl b, FR-F% L2

S5 BTN, RN, TR, SHTH30 Kk SR
2. PERERIE. TR, SUTH3K B LSRR, P
FEOAR, TERE3HM, JUITH263K. 1 R2ERE. bR, FAR
AT HE 20 3K 2

3r+2y+ 2 =39
2r +3y+ 2 =3
r + 2y + 32 = 26.

k. BEER GRllH £

http://www.lamda.nju.edu.cn
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ST

PSS iEHE

Rt 5 TREH B VR 2 n) AR a] DLl I 20 @ A il —
Mt TR

ax11X1 + a12X> + .-+ A1nXn = b1
Az1X1 + XXz + o+ + AopXy = by (2.1)

Xe P Hm AT REn N AR A E AR 2T FE A

SREIY

2 (2. 1) T L7 B AT 1 J ) 2 1)

Ax = b (2.2)

http://www.lamda.nju.edu.cn
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ST
[IT]
I
dIT
e

Hrp
a1
a
A=
_aml

AFRN ZBUERE, - bR A i I,

Am?2

a
mnlmxn

AnX1

b =

“-mx1

XARN BRI AR FA 7] 5

RIGRIETTFEA NI AR, wlae ZE g LR H B bhTEA
I8 R & R ZRPE RN R RUONEE AR A 1) & 1 50

A — [al, az, ...,an], )I_\“Jjﬁ‘:

aq1X1 —+ arXo e AnXn = b

LU Ax = bR Ry, xp, ..o, X 18575

(2.3)

http://www.lamda.nju.edu.cn
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PSS iEHE

ST

LN HAx = DN TR AL E, BEEAMEER
FAWBLNERGHITT 5K, XRINZRGHH AT
il CARRDRD bR hy, CRDBD . Fresk
PETTFEH Ax = bRISRAE R &R AT LBUA . iR AR
ZVE R RSB SR, SRR S AU -

http://www.lamda.nju.edu.cn
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ST

PSS iEHE

XS FEAH I R BUE AR A =Fh B2
(D) m>nif EARMEREAR “RAERE" , MMM FEH i

E T FEH (overdetermined systems) ;

(2) m=nBfFEFEARR N

(3) m<nBIFEFFEAFERRN “FEHFE” , #H
€ 7 #2241 (underdetermined systems) o
HITFEHAx = bHFERER B =MEal, UXEER ERZE

A, FFA R

LA (TR TEAREE) B2

- 7 %A % (square matrix) ;

N2 AE T R 2H N IE

NPVl

http://www.lamda.nju.edu.cn
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THENAFRRE

A TR WHI A EAA AL
(D) PpaE: ZRRERMA, XA RPEE, W, IEE. %

ATaN
~F S

@) JUfHE: VB EN TR, F ST RSEBERR, K
Al LB N LA R . BN, v = R A B, HE R4, & RNB;
() A E: JU R ERRBE AR, flm, LU Ry =
ap- WIS AT AETR N (ay, az), A BRIAESRN (b, by), WZJ LA 1A & AT ELA

Rty R By = [ T R EOE R F R U A A
]
R IR IS TT LA M A RRBRL

i

http://www.lamda.nju.edu.cn
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THENBFRNRE

1 14
( W )
(0 B
AR B o
b
LR

JUAR] 1) & A2 VD 3 [ & 1 AT AR RO
K& E ] EERYE M ER A T

http://www.lamda.nju.edu.cn
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THENAFRRE

Bl S

0.2

0.1

=

-0.1

-0.2

0.15

0.1

0.05

-0.05

-0.1F

Instrumental pIay)

MMW

Speech (play)

n-vector x represent audio
signal over some time interval

x; 1s (scaled) acoustic pressure
attime =1, ... ,n

x; 1s called a sample

typical sample rates are
44100/sec or 48000/sec

stereophnic audio signal
consists of a left and a right
audio signal

http://www.lamda.nju.edu.cn
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THENAFRRE

#l: 2 HE1%{5 5 (Monochome images)

original original + 0.5 (original - 0.4) * 10

S L
« 3

S

U

N - peal oy

"

e Typically 0 < x; < 1 where 0 is black and 1 is white
e values outside [0, 1] are clipped
e negative image 1s given by 1-x

o y; = xg/ 1s called y-correction

http://www.lamda.nju.edu.cn
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THENAFHNFRE

pumpkins flowers (pumpkins+flowers)/2

http://www.lamda.nju.edu.cn
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THENAFHNFRE

.t E18 155 (Color images)

(1,0,0)

(0,1,0) (0,0,1)
(1,1,0)

(1,0.5,0.5)  (0.5,0.5,0.5)

Fig. Six colors and their RGB vectors

http://www.lamda.nju.edu.cn
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THENAFRRE

original

G SHHIRGBY =

green blue

http://www.lamda.nju.edu.cn
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THEMNFE

original

Bt

green blue

yi = 0’ (1, gi, by)

http://www.lamda.nju.edu.cn
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3. FePERIE

L AR R &

%A%_é* Mm X nf R, WAREEE (transp(_)se) TP En X mHEfE,

a1 A1z

a a
A = :21 :22
_aml amz

i
13

A1n T
Aon

amn i

= AT

mxn

a1
aq2

| A1n

a1
az2

Aon

Am1’
Am2

amn i

nxm

AR P m X n B, WARILYEH B (conjugate transpose) HiRF

n X mia i,
(11 Q412
a a
A= :21 :22
Am1 Am2

-mxn

= AH

— %
a1
%
aii

%k
_aln

k
azq

k
Ao

k
Aon

*k -
Am1

k

Am2

*
Amn-

nxm

http://www.lamda.nju.edu.cn
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REPFRRRE. A, KX

i B REAR = (A0T= (4T,
A = ATWIIE 7 M BERRONS TR B, IX & — R B B AR R AR R
A= A", WFRANHermitiankh [F (B SLHO FRFERE) .

2. FEFE ) oV is A
RS hR A WA = [agj]mxny @ DEGRE) , W5E Xad = [aay]

%Elgigj f@%i‘ﬁﬁ &A — [aij]an y X = (xl,XZ, ...,xn)T, Ij\“J
[AX]l = ijl al-jxj,i = 1,2, e, M

http://www.lamda.nju.edu.cn
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AEPFRVRRE. A, KX

SRR m X n i REA S r X sSFEFEBIARAB R4 =
n=rif A AFAE, Ere— P m X TR Ul 9 FE R AR 3R H

H HAK)HEL '?BE’MT@LUFHj@HTZL mI3fe, FF HAN e A HAE,
RPAB# BA.

n
[(AB)U]mXS zk_ Qebrj,i=12,..,m;j =12, ..,5.

http://www.lamda.nju.edu.cn



http://www.lamda.nju.edu.cn/

AEPFRVRRE. A, KX

/b/ X, +b,x, :\j)\

Bx =y | byyx, +bp % =y, |

1—51_1'_1_732362

C X, TCLX, =a,y, +4a,y, ta;y;
Cy\ Xy TCyXy =ay, ), T Ay Y, T4y ),

Cy 1 X TCpXy, =0y ), TAy), TAy);

n
Cij = (AB);;j= 2 Ajk by

k=1

http://www.lamda.nju.edu.cn
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REPFRRRE. A, KX

FERE KR 1% (inverse)
XtFnXnFfEA, WMRAGFEnXnfEMEB, $13AB = BA =1, WIBFHRNAK
W, 10RATY o IXFEXT TR T FEHAx = bR FL AT LLE Alix = A7 1b.

SFTRERE SR, L B AL AR B 2 DL T B
(A+B)'=A*+B* (A+B)'=A"+B" (A+B)"=A"+B"
SFTRE R ALYE . % B AL H R B o R
(AB)T= BT AT (AB)H = BH AH
(AB) 1= B714A™Y (4, BNW]ISHI[ERY IE 7 )

http://www.lamda.nju.edu.cn
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WA=

SREROH:

ST

"BETH

[y

F+ 1.3.1 EERIMREIERR

P REFRAR it A 1 e
—r/¢. " HEL R A I E S e
13150 RS e éd
FFfE{E FFER AT Stk I YEA A U R ST
23 FEREXS M TG L AFHEE 2 AN
S 1T (B31) Z ARt TooctE; Gty iid e ik
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REFFRI1THI

« — /X nlE T HREARIAT %150 (determinant) 10/E det(4)B% | 4] .
St FhrneEa, Hdet(a) = a.

* FEREANAT H) AT EEliz%.T’él‘éj%'atH:

det(4) = ) (—1)"*a;;det(4;))
; J J

H EPAl]jﬂﬁﬁﬁiAﬂﬂUih%lﬁffFﬂ%]ﬁUEE/‘J (n—1) X (n—1) FHR%E,

http://www.lamda.nju.edu.cn
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o JE X ATHIAAETF RO AR R

o AT 5N
(1) det(l) = 1;
(2) det(A) = det(4D), (HZ det(4?) = [det(AD)]* = det(4)*;
(3) det(4AB) = det(A) det(B);
(4) det(cA) = c"det(A);
(5) HAEZH, det(4™1) = 1/det(4)

http://www.lamda.nju.edu.cn
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m Sylvester’s Determinant Theorem

for A, an m X n matrix, and B, an n X m matrix
det(l,,, + AB) = det(l,, + BA)

n HHEIR:
e For the case of column vector ¢ and », each with m
components
det(l,, +cr’) =1 +r'c
o For any invertible m X m matrix X
det(X + AB) = det(X) det(l, + BX~1A4)

http://www.lamda.nju.edu.cn
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4 SERFRY R

Fa R — X 2 (Quadratic form)

o fERE—EIXIRAE FE B L HERE B (Rl Hermitian) #H5
BEAR R B UxH Ax, Hebx i LRAT B AEE
.

\|

o FHFER] IR xH Ax BN SEHL, W] LAFIZE ELBR /N

http://www.lamda.nju.edu.cn
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). WP IN G R G FHm X nfE EARAL, HA A 7 & A,
B E SRy = Ax, N TIHIMEEEE T, LRGN
TR R R AN iR =

J(x) = lIyll? = y"y = (Ax)" (Ax) = x" A" Ax

B R MR H AR (x) = xHBx RN IR B £, oA
B = AYANnXn HermitianF 4
« SEHERTEZM IR BT AXFRONIEE Z IR B, 52 6]
nXn HermitianE FERR N IR EFEFE . RN AT Ik B xcH Ax €
M HermitianFE FEH - 1E e M Foe R 0E P .
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E XA T — X nB YIS FRAFEARR A -
(1) 1IE € H FE (positive definete) : #5 Vx # 0, — kM x"Ax >0,

1E4EA>0;
(2) - 1EEHBE (positive semi-definite,
KBxHAx > 0, 184EA>0;

PSD): HXfVx#0, —

(3) FUESERE: 0V =0, —UxHAx < 0, 184/EA<O0:
(4) B EBHE R RV #0, I Bx"Ax <0, 12/EA<0;

(5) ANEFERE: 5 Z Ik B x Ax BEPTEL L

REPR TSR
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RESEMFEL

o [)EE, ERE
o ZRPREE], 2T (]
o FZA], B
o ZEPREAHOC, ZRPEEOR
o FAIRI4ER SRR
o FREREARIEHE
. %HE, P E
o FHIE, Kl

o FEFEREUERIE
o 1T, IR, ¥
fit{d, trace, rank
» NASTEHL
o [METEEN
o FPFEIEEK
s A
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