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Abstract Non-convex models, like deep neural networks, have been widely used in machine learning applications. Training non-convex models is a difficult task owing to the saddle points of models. Recently,
stochastic normalized gradient descent (SNGD), which updates the model parameter by a normalized gradient
in each iteration, has attracted much attention. Existing results show that SNGD can achieve better performance on escaping saddle points than classical training methods like stochastic gradient descent (SGD).
However, none of the existing studies has provided theoretical proof about the convergence of SNGD for
non-convex problems. In this paper, we firstly prove the convergence of SNGD for non-convex problems.
Particularly, we prove that SNGD can achieve the same computation complexity as SGD. In addition, based
on our convergence proof of SNGD, we find that SNGD needs to adopt a small constant learning rate for
convergence guarantee. This makes SNGD do not perform well on training large non-convex models in practice. Hence, we propose a new method, called stagewise SNGD (S-SNGD), to improve the performance of
SNGD. Different from SNGD in which a small constant learning rate is necessary for convergence guarantee,
S-SNGD can adopt a large initial learning rate and reduce the learning rate by stage. The convergence of
S-SNGD can also be theoretically proved for non-convex problems. Empirical results on deep neural networks
show that S-SNGD achieves better performance than SNGD in terms of both training loss and test accuracy.
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1

Introduction

Many machine learning models can be formulated as the following optimization problem:
min F (w) := E[f (w; a)],

(1)

w∈Rd

where w denotes the model parameter, a denotes a stochastic sample, and f (w; a) denotes the loss
function.
PnWhen a is uniformly sampled from a finite set {a1 , a2 , . . . , an }, F (w) can also be formulated
as 1/n i=1 f (w; ai ), where n is the number of samples. The formulation in (1) contains a broad family
of machine learning models, such as logistic regression and deep learning models.
Stochastic gradient descent (SGD) [1, 2] has been one of the most efficient optimization tools for
solving (1). In the t-th iteration, SGD randomly selects some samples It and calculates a mini-batch
gradient to update the model parameter, which is denoted by
wt+1 = wt − αgt ,

(2)

P

where gt = 1/|It | a∈It ∇f (wt ; a) is a mini-batch gradient and α > 0 is the learning rate. Compared to
traditional batch training methods like gradient descent (GD), SGD does not need to calculate the full
gradient ∇F (wt ) which often costs much computation time. Hence, SGD is more popular and has been
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Figure 1 (Color online) Smooth loss curve. The flatten minimum usually leads to a small generalization error [11]. In the
region of the saddle point, the gradient is small. In the region of the sharp minimum, the gradient is large. Intuitively, because
kwt+1 − wt k = α in SNGD, with a suitable α, normalized gradient can yield a faster escape of saddle points and sharp minimum
than unnormalized gradient.

widely used in machine learning applications. Many variants of SGD have been proposed [3–5] and there
are also many studies that analyze the convergence of SGD [6–8].
With the rapid growth of data, more and more large non-convex models are adopted in machine learning
applications for improving the generalization ability. One typical example is the deep neural network with
multiple layers, which has achieved success in many areas like image classification [9]. However, training
non-convex models is a difficult task, because there may be many saddle points and sharp local minimums
in non-convex models [10, 11], especially in those large models. When wt falls into the region of some
saddle points, the gradient will be small. When wt falls into the region of some sharp local minimums,
the gradient will be relatively large. Both of these two cases can lead to the inefficiency of (2). When
wt falls into the region of some flatten minimums, it usually leads to a small generalization error [11].
Figure 1 shows examples about saddle point, sharp local minimum and flatten minimum. Usually, we
need to carefully choose the initialization [12] to escape the saddle points and sharp local minimums.
Recently, stochastic normalized gradient descent (SNGD) [13–16] has attracted much attention for
solving non-convex problems. SNGD is the stochastic version of normalized gradient descent (NGD) [17,
18]. In each iteration, SNGD adopts a normalized gradient to update the model parameter. In particular,
SNGD can be written as
wt+1 = wt − α

gt
,
kgt k

(3)

P
where gt = 1/|It | a∈It ∇f (wt ; a), α > 0 is the learning rate, and k · k is the Euclidean norm. It is
easy to get that kwt+1 − wt k = α, no matter whether the gradient is large or small. Hence, SNGD has
better performance than SGD when wt is around saddle points and sharp local minimums. Theoretical
results show that normalized gradient can yield a faster escape of saddle points than SGD [14]. Although
the convergence of SNGD in (3) for strictly-locally-quasi-convex problems has been theoretically proved
in [13], none of the existing studies has provided theoretical proof about the convergence of SNGD in (3)
for non-convex problems. Furthermore, we find that SNGD does not perform well on training large
non-convex models in practice owing to the requirement of a small constant learning rate.
In this paper, we study on the convergence and improvement of SNGD. The main contributions of this
paper are outlined as follows.
• We theoretically prove the convergence of SNGD for non-convex problems. In particular, we prove
that SNGD can achieve the same computation complexity (total number of gradient computation) as
SGD for non-convex problems.
• We propose a new method, called S-SNGD, to improve the performance of SNGD. Different from
SNGD which necessarily adopts a small constant learning rate for convergence guarantee, S-SNGD can
adopt a large initial learning rate and reduces the learning rate by stage. The convergence of S-SNGD
can also be theoretically proved for non-convex problems.
• Empirical results on deep neural networks show that S-SNGD achieves better performance than
SNGD in terms of both training loss and test accuracy.
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Preliminary and related work
Preliminary

In this paper, we use k · k to denote the Euclidean norm. For a random variable X, E[X] denotes the
expectation of X. For any two positive sequences {xn } and {yn }, yn = O(xn ) denotes that there exist
two positive constants c and N such that yn 6 cxn , ∀n > N . For any two positive integers a and b,
mod(a, b) = 0 denotes that a is divisible by b. For a function φ(w), ∇φ(w) denotes the gradient of φ(w)
at w and ∇2 φ(w) denotes the Hessian matrix of φ(w) at w.
We also give the following two definitions.
Definition 1. A function φ(w) is called an L-smooth function (L > 0) if ∀u, w,
φ(u) 6 φ(w) + ∇φ(w)T (u − w) +

L
ku − wk2 .
2

Definition 2. A function φ(w) is called a (L0 , L1 )-smooth function (L0 > 0, L1 > 0) if φ(w) is twice
differentiable and ∀w,
k∇2 φ(w)k 6 L0 + L1 k∇φ(w)k,
where ∇2 φ(·) denotes the Hessian matrix of φ(·) at w.
It is easy to find that if a function φ(w) is (L0 , 0)-smooth, it is also L0 -smooth. If a function φ(w) is
twice differentiable and L-smooth, it is also (L, 0)-smooth.
In this paper, we adopt the norm of gradient to measure the convergence. In particular, we call w an
ǫ-stationary point if k∇F (w)k 6 ǫ. The computation complexity of an algorithm is defined as the total
number of gradient computation. The iteration complexity of an algorithm is defined as total number of
model parameter updates.
2.2

Related work

NGD [17, 18] and its variants have attracted much attention for solving non-convex problems. In [14],
the authors proposed Saddle-NGD which can be formulated as

∇F (wt )


,
if mod(t, q) 6= 0,
 wt − α
k∇F (wt )k
(4)
wt+1 =
∇F (wt )


+ ξt , if mod(t, q) = 0,
 wt − α
k∇F (wt )k

where q > 0 is a constant integer, ξt is a Gaussian noise. Saddle-NGD is a variant of NGD which
combines the noise perturbations. The work in [10] shows that Saddle-NGD achieves better iteration
complexity (total number of model updates) than Noisy-GD [19].
The first work that analyzes the convergence of SNGD in (3) appears in [13]. In particular, it proves
that for strictly-locally-quasi-convex problems, SNGD needs O(1/ǫ2 ) iterations to achieve the result of
F (w̄) − F (w∗ ) 6 ǫ, where w̄ is the output of SNGD and w∗ is the optimal solution of (1). Hence, the
proved computation complexity to achieve F (w̄)− F (w∗ ) 6 ǫ is O(1/ǫ4 ) owing to a batch size of O(1/ǫ2 ).
Recently, in [15, 16], the authors proposed some mixture methods which combine SGD and SNGD. In
particular, their formulations can universally be written as
wt+1 = wt − ηt gt ,

(5)

where gt is some stochastic gradients, ηt = min{α/kgt k, β}, α > 0, β > 0. We can observe that when
kgt k is larger than α/β, the formulation in (5) is the same as that SNGD. Otherwise, the formulation in
(5) is the same as SGD. In [15], the authors proposed a method called SIPDER-SFO. Benefiting from
the stochastic path-integrated differential estimator which is defined as

1 X


[∇f (wt ; a) − ∇f (wt−1 ; a)] + gt−1 , if mod(t, q) 6= 0,

 |It |
a∈It
gt =
1 X


∇f (wt ; a), if mod(t, q) = 0.

 |It |
a∈It
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SPIDER-SFO achieves a computation complexity of O(1/ǫ3 ) under the criterion of k∇f (w̄)k 6 ǫ, which
is the best convergence result among existing first-order stochastic methods. However, whether gt /kgt k
can be adopted for small kgt k and the corresponding computation complexity is unknown. Furthermore,
owing to the requirement of a small constant learning rate α, we find that these mixture methods are not
efficient in practice.

3

Convergence of SNGD

We briefly present SNGD [13] in Algorithm 1. We can observe that SNGD is as simple as SGD. In
each iteration, SNGD only needs to calculate a normalized mini-batch gradient to update the model
parameter with a constant learning rate α. Different from SGD in which the stochastic gradient is an
unbiased estimation of ∇F (w), the stochastic gradient in SNGD is a biased one. That means


gt
E
wt 6= ∇F (wt ).
kgt k
Hence, the update direction is not necessarily the direction of −∇F (wt ) in expectation and this makes
the convergence analysis difficult.
Algorithm 1 SNGD
1:
2:
3:
4:
5:
6:
7:

Initialization: w0 , α, b, T ;
for t = 0, 1, . . . , T − 1 do
Randomly choose b samples, denoted by It ;
P
Calculate a mini-batch gradient gt = 1b
a∈It f (wt ; a);
g
wt+1 = wt − α kgt k ;
t
end for
Return w̄, which is randomly chosen from {w0 , w1 , . . . , wT }.

First, we make the following assumption which is common in stochastic optimization.
Assumption 1. F (w) > 0 and the stochastic gradient of F (w) has a σ-bounded variance (σ > 0), i.e.,
Ek∇f (w; a) − ∇F (w)k2 6 σ 2 ,

∀w.

If F (w) is L-smooth, we have the following lemma which captures a general property in normalized
gradient descent.
Lemma 1. Assume F (w) is L-smooth (L > 0). For any w, g ∈ Rd , we define w+ as follows:
w+ = w − α

g
,
kgk

(6)

where α > 0. Then we have
k∇F (w)k 6
Proof.

F (w) − F (w+ ) Lα
+
+ 2k∇F (w) − gk.
α
2

Since F (w) is L-smooth, we obtain
F (w+ ) 6 F (w) − α∇F (w)T g/kgk +

Lα2
2

= F (w) − α(∇F (w) − g)T g/kgk − αkgk +
6 F (w) + αk∇F (w) − gk − αkgk +

Lα2
2

Lα2
.
2

Combining the fact that k∇F (w)k 6 kgk + k∇F (w) − gk, we obtain
k∇F (w)k 6

F (w) − F (w+ ) Lα
+
+ 2k∇F (w) − gk.
α
2

According to Lemma 1, we can set w, w+ , g in (6) as wt , wt+1 , gt respectively. Then we can obtain
the following convergence result.
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Theorem 1. Assume F (w) is L-smooth (L > 0). Let {wt } be the sequence produced by Algorithm 1,
b = σ 2 /ǫ2 . Then we have
T

1 X
F (w1 )
Lα
Ek∇F (wt )k 6
+
+ 2ǫ.
T + 1 t=0
α(T + 1)
2

(7)

Furthermore, let w̄ denote the output of Algorithm 1. By setting α = 2ǫ/L and T = LF (w1 )/(2ǫ2 ),
we obtain Ek∇F (w̄)k 6 4ǫ. Hence, the iteration complexity and computation complexity to achieve an
ǫ-stationary point of SNGD are O(1/ǫ2 ) and O(1/ǫ4 ), respectively.
Proof. According to Lemma 1, we obtain
E[F (wt ) − F (wt+1 )]
α
E[F (wt ) − F (wt+1 )]
6
α
E[F (wt ) − F (wt+1 )]
6
α
E[F (wt ) − F (wt+1 )]
=
α

Ek∇F (wt )k 6

Lα
2
Lα
+
2
Lα
+
2
Lα
+
2
+

+ 2Ek∇F (wt ) − gt k
p
+ 2 Ek∇F (wt ) − gt k2
r
σ2
+2
b
+ 2ǫ,

(8)

where the second inequality uses the fact that (E[x])2 6 E[x2 ] and the third inequality uses the fact that
Ek∇F (wt ) − gt k2 = Ek∇F (wt ) − ∇f (wt ; a)k2 /b 6 σ 2 /b. Summing up (8) from t = 0 to T , we obtain
T

1 X
F (w1 )
Lα
Ek∇F (wt )k 6
+
+ 2ǫ.
T + 1 t=0
α(T + 1)
2
By setting α = 2ǫ/L, T = LF (w1 )/(2ǫ2 ), we obtain
Ek∇F (w̄)k 6 4ǫ.
Hence, the iteration complexity is T = O(1/ǫ2 ) and the computation complexity is T b = O(1/ǫ4 ).
The result in Theorem 1 implies that SNGD achieves the same computation complexity as SGD for
smooth non-convex problems [6]. Furthermore, when F (w) is L-smooth and F (w) > 0, we can obtain
that ∀w,
F (w) − F (w∗ ) >

1
k∇F (w)k2 ,
2L

where w∗ ∈ arg minw F (w). If F (w) further satisfies the strictly-locally-quasi-convex property [13], then
the computation complexity to achieve an ǫ-stationary point in [13] is actually O(1/ǫ8 ), which is much
higher than O(1/ǫ4 ) for small ǫ. Hence, our convergence result for SNGD is better than that in [13] for
strictly-locally-quasi-convex problems.
If F (w) is (L0 , L1 )-smooth, we can get the following result in normalized gradient descent.
Lemma 2. Assume F (w) is (L0 , L1 )-smooth (L0 > 0, L1 > 0). For any w, g ∈ Rd , we define w+ as
follows:
w+ = w − α

g
,
kgk

where α > 0. Then we have


F (w) − F (w+ ) (1 + αL1 eαL1 )L0 α
αL1 αL1
e
k∇F (w)k 6
+
+ 2k∇F (w) − gk.
1−
2
α
2
Proof.

Let r(t) = t(w+ − w) + w, t ∈ [0, 1], p(t) = k∇F (r(t))k. Since kw+ − wk = α, we have
p(t) = k∇F (r(t))k =

Z

0

t

∇2 F (r(c))r′ (c)dc + ∇F (r(0))

(9)
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k∇2 F (r(c))kkw+ − wkdc + k∇F (r(0))k

0

6α

Z

t

L0 + L1 k∇F (r(c))kdc + k∇F (w)k
Z t
6 αL0 + k∇F (w)k + αL1
k∇F (r(c))kdc,
0

0

i.e.,
p(t) 6 αL0 + k∇F (w)k + αL1

Z

t

p(c)dc.

0

According to Gronwall’s inequality, we obtain ∀t ∈ [0, 1],
p(t) 6 (αL0 + k∇F (w)k)eαL1 .
Since F (w) is twice differentiable, we obtain that ∃ξ ∈ [0, t] such that
t2
(w+ − w0 )T ∇2 F (r(ξ))(w+ − w0 )
2
kw+ − wk2 t2
6 F (r(0)) + t∇F (r(0))T (w+ − w) +
(L0 + L1 p(ξ))
2
kw+ − wk2 t2
6 F (r(0)) + t∇F (r(0))T (w+ − w) +
(L0 + L1 ((αL0 + k∇F (w)k)eαL1 )).
2

F (r(t)) = F (r(0)) + t∇F (r(0))T (w+ − w) +

Let t = 1, we obtain
α2
g
+
(L0 + L1 ((αL0 + k∇F (w)k)eαL1 ))
kgt k
2
α2
(L0 + L1 ((αL0 + k∇F (w)k)eαL1 ))
6 F (w) − α(∇F (w) − g)T g/kgk − αkgk +
2
α2
6 F (w) − αk∇F (w) − gk − αkgk +
(L0 + αL0 L1 eαL1 + L1 eαL1 k∇F (w)k).
2

F (w+) 6 F (w) − α∇F (w)T

Combining the fact that k∇F (w)k 6 kgk + k∇F (w) − gk, we obtain


αL1 αL1
F (w) − F (w+ ) (1 + αL1 eαL1 )L0 α
1−
e
k∇F (w)k 6
+
+ 2k∇F (w) − gk.
2
α
2
According to Lemma 2, we can set w, w+ , g in (9) as wt , wt+1 , gt respectively. Then we can obtain
the following convergence result.
Theorem 2. Assume F (w) is (L0 , L1 )-smooth (L0 > 0, L1 > 0). Let {wt } be the sequence produced
by Algorithm 1, αL1 6 1/2, b = σ 2 /ǫ2 . Then we have
T

1 X
2F (w1 )
Ek∇F (wt )k 6
+ 2L0 α + 4ǫ.
T + 1 t=0
α(T + 1)

(10)

Furthermore, let w̄ denote the output of Algorithm 1. By setting α = ǫ/L0 , T = L0 F (w1 )/ǫ2 , we obtain
Ek∇F (w̄)k 6 8ǫ. Hence, the iteration complexity and computation complexity to achieve an ǫ-stationary
point of SNGD are O(1/ǫ2 ) and O(1/ǫ4 ), respectively.
Proof. According to Lemma 2 and αL1 6 1/2, we obtain
k∇F (wt )k 6

2(F (wt ) − F (wt+1 ))
+ 2L0 α + 4k∇F (wt ) − gt k.
α

Similar to the proof of Theorem 1, we obtain
Ek∇F (wt )k 6

2E[F (wt ) − F (wt+1 )]
+ 2L0 α + 4ǫ.
α
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Summing up the above inequality from t = 0 to T , we obtain
T

1 X
2F (w1 )
Ek∇F (wt )k 6
+ 2L0 α + 4ǫ.
T + 1 t=0
α(T + 1)
By setting α = ǫ/L0 , T = L0 F (w1 )/ǫ2 , we obtain
Ek∇F (w̄)k 6 8ǫ.
Hence, the iteration complexity is T = O(1/ǫ2 ) and the computation complexity is T b = O(1/ǫ4 ).
Compared to the L-smooth assumption in Theorem 1, the (L0 , L1 )-smooth assumption is more general.
In particular, if F (w) is twice differentiable and L-smooth, then it must be (L, 0)-smooth. Furthermore,
the (L0 , L1 )-smooth assumption implies that when L1 6= 0, the gradient of F (w) may change drastically,
which is a common phenomenon in machine learning models [16]. When we apply SGD on these models in
practice, we usually need to clip gradients to avoid gradient explosion. Existing theoretical results about
the convergence of SGD need the gradient norm to be bounded if F (w) does not satisfy the L-smooth
property in Definition 1 [20]. On the contrary, the result in Theorem 4 shows that SNGD can deal with
the (L0 , L1 )-smooth problems without bounded gradient assumption and the corresponding computation
complexity to achieve an ǫ-stationary point is O(1/ǫ4 ).

4

Stagewise stochastic normalized gradient descent

In both Theorems 1 and 2, we observe that SNGD needs a small constant learning rate α = O(ǫ) to
achieve an ǫ-stationary point. The small constant learning rate may slow down the convergence rate and
make SNGD inefficient in practice. Here, we propose a new method, called S-SNGD, to improve the
performance of SNGD. The details of S-SNGD are presented in Algorithm 2.
Algorithm 2 S-SNGD
1: Initialization: w̃0 , b, S, T, {αt }, {pt }. Here, {pt } is a positive increasing sequence.
2: for t = 0, 1, . . . , T − 1 do
3:
wt,0 = w̃t ;
4:
Mt = S/αt ;
5:
for m = 0, 1, . . . , Mt − 1 do
6:
Randomly choose b samples, denoted by It ;
P
∇f (wt,m ; a);
7:
gt,m = 1b
a∈I
t,m

8:

g

wt,m+1 = wt,m − αt kgt,m k ;
t,m

9:
end for
10:
Choose w̄t+1 randomly from {wt,0 , . . . , wt,Mt −1 };
11:
w̃t+1 = wt,Mt ;
12: end for
P
13: Return w̄, which equals to w̄i with probability pi / T
t=1 pt , i = 1, . . . , T .

S-SNGD consists of T stages. In the t-th stage, S-SNGD runs SNGD with Mt iterations and the
learning rate αt . After each stage, S-SNGD randomly chooses a vector from {wt,0 , wt,1 , . . . , wt,Mt −1 }
to be w̄t+1 and sets w̃t+1 = wt,Mt . Different from SNGD in which a small constant learning rate is
necessary for convergence guarantee, S-SNGD allows using a large initial learning rate and then reduces
the learning rate by stage. Intuitively, according to (7), a larger initial learning rate can reduce the value
of F (w1 )/αT more fastly. After several model parameter updates, S-SNGD reduces the learning rate so
that it can reduce the value of Lα/2. In particular, for L-smooth loss function, we have the following
convergence result for S-SNGD.
Theorem 3. Assume 0 < F (w) 6 δ is L-smooth, and 0 < pt 6 pt+1 , ∀t > 1. w̄ denotes the output of
Algorithm 2. Let S > 0, Mt = S/αt , b = σ 2 /ǫ2 . Then we have
PT
L t=1 αt−1 pt
δpT
+
+ 2ǫ.
(11)
Ek∇F (w̄)k 6 PT
PT
S t=1 pt
2 t=1 pt
Proof.

According to Lemma 1, we obtain
k∇F (wt,m )k 6

F (wt,m ) − F (wt,m+1 ) Lαt
+
+ 2k∇F (wt,m ) − gt,m k.
αt
2
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Summing up the above inequality from m = 0 to Mt − 1, we obtain
Mt −1
1 X
E[F (wt,0 ) − F (wt,Mt )] Lαt
Ek∇F (wt,m )k 6
+
+ 2ǫ.
Mt m=0
Mt αt
2

Since S = Mt αt , we obtain
E[F (w̃t ) − F (w̃t+1 )] Lαt
+
+ 2ǫ.
S
2

Ek∇F (w̄t+1 )k 6

(12)

Then we obtain
r !
T −1
T
−1
X
σ2
1 X
Lαt
pt+1 E[F (w̃t ) − F (w̃t+1 )] +
+2
pt+1
pt Ek∇F (w̄t )k 6
S t=0
2
b
t=0
t=1
"
# T −1
r !
T
−1
X
X Lαt
1
σ2
6
p1 F (w̃0 ) +
(pt+1 − pt )F (w̃t ) +
+2
pt+1
S
2
b
t=1
t=0
r !
T
−1
X
Lαt
σ2
δpT
6
+
+2
pt+1 .
S
2
b
t=0

T
X

Since w̄ = w̄i with probability pi /

PT

t=1

pt , we obtain

Ek∇F (w̄)k 6

S

δpT
PT

t=1

pt

+

L

PT

t=1

2

αt−1 pt

PT

t=1

pt

+ 2ǫ.

If F (w) is (L0 , L1 )-smooth, we have the following convergence result for S-SNGD.
Theorem 4. Assume 0 < F (w) 6 δ is (L0 , L1 )-smooth (L0 > 0, L1 > 0), and 0 < pt 6 pt+1 , ∀t > 1. w̄
denotes the output of Algorithm 2. Let αt L1 6 1/2, S > 0, Mt = S/αt , b = σ 2 /ǫ2 . Then we have
Ek∇F (w̄)k 6
Proof.

S

2δpT
PT

t=1

pt

+

2L0

PT

t=1

PT

t=1

αt−1 pt
pt

+ 4ǫ.

(13)

The proof is similar to that of Theorem 3. According to Lemma 2, we obtain
k∇F (wt,m )k 6

2(F (wt,m ) − F (wt,m+1 ))
+ 2L0 αt + 4k∇F (wt,m ) − gt,m k.
αt

Summing up the above inequality from m = 0 to Mt − 1, we obtain
Mt −1
1 X
2E[F (wt,0 ) − F (wt,Mt )]
Ek∇F (wt,m )k 6
+ 2L0 αt + 4
Mt m=0
Mt αt

r

σ2
.
b

Since S = Mt αt , we obtain
2E[F (w̃t ) − F (w̃t+1 )]
Ek∇F (w̄t+1 )k 6
+ 2L0 αt + 4
S

r

σ2
.
b

Then we obtain
r !
T −1
T
−1
X
σ2
2 X
pt+1 E[F (w̃t ) − F (w̃t+1 )] +
2L0 αt + 4
pt+1
pt Ek∇F (w̄t )k 6
S t=0
b
t=0
t=1
"
# T −1
r !
T
−1
X
X
2
σ2
6
p1 F (w̃0 ) +
(pt+1 − pt )F (w̃t ) +
2L0 αt + 4
pt+1
S
b
t=1
t=0
r !
T
−1
X
2δpT
σ2
6
+
2L0 αt + 4
pt+1 .
S
b
t=0

T
X

(14)
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pt , we obtain

Ek∇F (w̄)k 6

S

2δpT
PT

t=1

pt

+

2L0

PT

t=1

PT

t=1

αt−1 pt
pt

+ 4ǫ.

PT
PT
According to the second term in the right side of (11) or (13), i.e., O( t=1 pt αt / t=1 pt ), we observe
that reducing the learning rate is necessary for P
the convergence guarantee. According to the first term
T
in the right side of (11) or (13), i.e., O(δpT /(S t=1 pt )), we can set a relatively large S, which means
S-SNGD can update the model parameter with a large learning rate for many iterations. Below, we give
some specific {αt } and {pt } to show the convergence of S-SNGD.
Corollary 1. With the assumptions and settings in Theorem 3 or Theorem 4, and for any ǫ > 0, let
T = O(1/ǫ), αt = ρ/(t + 1), pt = 1/αt−1 , where ρ > 0 is a constant. Then we have Ek∇F (w̄)k 6 O(ǫ).
PT
Proof.
Since αt = ρ/(t + 1), pt = 1/αt−1 , where ρ > 0 is a constant, we obtain that
t=1 pt =
PT
T (T + 1)/(2ρ) and t=1 αt−1 pt = ρT . By plugging the two summation terms into (11) or (13), we obtain
that


1
Ek∇F (w̄)k 6 O
+ ǫ = O(ǫ),
T
where the inequality uses the fact that T = O(1/ǫ).
Corollary 2. With the assumptions and settings in Theorem 3 or Theorem 4, and for any ǫ > 0, let
T = O(log(1/ǫ)), S = O(1/ǫ), αt = ρt , pt = 1/(2ρ)t , where ρ ∈ (0, 0.5) is a constant. Then we have
Ek∇F (w̄)k 6 O(ǫ).
PT
Proof.
Since αt = ρt+1 , pt = 1/(2ρ)t , where ρ ∈ (0, 0.5) is a constant, we obtain that t=1 pt =
P
T
(1/(2ρ)T − 1)/(2ρ − 1) and
t=1 αt−1 pt 6 1. Similar to the proof of Corollary 1, we plug the two
summation terms into (11) or (13), and obtain that Ek∇F (w̄)k 6 O(ǫ).
Remark 1. In Theorems 3 and 4, we assume that the objective value F (w) is bounded. In practice, we
find that F (wt,m ) does be bounded. Furthermore, if we do not make this assumption, the convergence
can also be guaranteed. In particular, we can directly sum up (12) or (14) (the two equations do not
need the bounded value assumption), and set αt = O(1/t). Then we obtain


T
1 X
2F (w̃0 )
log T
Ek∇F (w̄t )k 6
+O
+ O(ǫ).
T t=1
TS
T
Although the convergence rate is slightly worse than that in Corollary 1 owing to the logarithm term
log T , we can observe that the convergence rate does not rely on the upper bound constant δ of the
objective function defined in Theorems 3 and 4.

5

Comparison with SPIDER-SFO

We briefly present SPIDER-SFO [15] in Algorithm 3. SPIDER-SFO also consists of several stages and
it adopts the constant learning rates α and β throughout the whole algorithm. SPIDER-SFO updates
the model parameter by the normalized gradient when kµt,m k is larger than α/β. Otherwise, it updates the model parameter by the unnormalized gradient. Hence, SPIDER-SFO keeps the relation
kwt,m − wt,m−1 k 6 α. In [15], the authors theoretically proved that for L-smooth loss functions,
SPIDER-SFO can achieve a computation complexity O(1/ǫ3 ) by setting α = O(ǫ/L), β = O(1/L),
B = O(1/ǫ2 ), b = O(1/ǫ), M = O(1/ǫ), T = O(1/ǫ). Owing to the technique of the stochastic
path-integrated differential estimator, SPIDER-SFO achieves faster convergence rate than other variance reduction methods like SVRG [21], SCSG [22] and Natasha2 [23]. The work in [24] also points out
that those variance reduction methods are ineffective for some non-convex optimization problems like
deep learning. In fact, SPIDER-SFO theoretically achieves the best computation complexity among all
existing first-order stochastic methods [15].
Comparing the convergence conditions of SPIDER-SFO and SNGD, we can find that both of them
require a small constant learning rate α = O(ǫ/L). However, when training small non-convex models (e.g.,
neural networks with one hidden layer), we empirically find that SNGD can adopt a relatively large
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Algorithm 3 SPIDER-SFO [15]
Initialization: w̃0 , α, β, B, b.
for t = 0, 1, . . . , T − 1 do
Randomly choose B samples, denoted by It ;
P
1
Calculate a mini-batch gradient µ̃t = B
a∈It ∇f (w̃t ; a);
wt,0 = wt,1 = w̃t ;
µt,0 = µ̃t ;
for m = 1, 2, . . . , M do
Randomly choose b samples, denoted by It,m ;
P
µt,m = 1b
a∈It,m (∇f (wt,m ; a) − ∇f (wt,m−1 ; a)) + µt,m−1 ;
if kµt,m k 6 α/β then
wt,m+1 = wt,m − βµt,m ;
else
µ
wt,m+1 = wt,m − α kµt,m k ;
t,m

end if
end for
w̃t+1 = wM +1 ;
end for
Return w̄, which is randomly chosen from {wt,m }t=0,1,...,T ;m=1,2,...,M .

constant learning rate with good convergence property, and SPIDER-SFO with a large constant learning
rate does not perform well. This interesting phenomenon can be explained as follows. According to the
proofs in [15], we can obtain that the µt,m in Algorithm 3 is an unbiased estimation of ∇F (wt,m ), i.e.,
E[µt,m |wt,m ] = ∇F (wt,m ). Furthermore, if f (w; a) is L-smooth, then the variance of µt,m is bounded
as follows: ∀t, 1 6 m 6 M ,


M α2 L2
σ2
1
2
2
Ekµt,m − ∇F (wt,m )k 6
+
=O α +
,
(15)
b
B
B
where M = Θ(b) for O(1/ǫ3 ) computation complexity guarantee. According to (15), we can observe
that the variance of the stochastic gradient µt,m is related to four hyper-parameters B, b, α, M , and a
large learning rate α may yield a large variance in the learning process. Hence, a small learning rate is
necessary for SPIDER-SFO in real applications. On the contrary, the variance of gt in Algorithm 1 is
only related to the hyper-parameter b and the learning rate will not affect the variance of gt . Hence,
SNGD can empirically adopt a relatively large constant learning rate. Owing to the same reason that
the learning rate does not affect the variance of gt,m in Algorithm 2, S-SNGD can successfully adopt
stagewise learning rate reducing strategies with a large initial learning rate.

6

Experiments

We conduct experiments on PyTorch platform (version 1.4.0) with an NVIDIA V100 GPU (cuda version
10.0). As stated in Section 5, the work in [15] has verified that SPIDER-SFO is better than existing
stochastic optimization methods including some variance reduction methods like Natash2. Hence, we
mainly adopt SPIDER-SFO as the baseline for comparison. In addition, we also compare our method
with SGD to show that SNGD can more easily escape the saddle points or sharp minimums of the
non-convex problems.
6.1

Small non-convex model

First, we use the handwritten digits dataset MNIST1) and a fully connected 3-layer network to compare
SNGD and SPIDER-SFO. In MNIST, the training set includes 60000 samples and the testing set includes
10000 samples. Since each sample in MNIST is a 28 × 28 gray picture, we scale the pixels in each picture
to [0, 1] as that in the website2) . The dimensions of input and output layers of this network are 784
and 10, respectively. The hidden layer of this network contains 100 units. We use the exponential linear
unit (ELU) as activation function. In SPIDER-SFO, we set β = 1, B = 1024, M = B/(2b). For both
SNGD and SPIDER-SFO, we set α ∈ {0.1, 0.001}, b ∈ {32, 128}. The results are presented in Figure 2.
Comparing the blue dotted line to the yellow solid line in Figures 2(a) and (c), we can observe that when
a small learning rate is adopted for these two methods, SPIDER-SFO converges faster than SNGD in
1) http://yann.lecun.com/exdb/mnist/.
2) https://github.com/pytorch/examples/tree/master/mnist.
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(Color online) Training loss and test accuracy of a small non-convex model.

terms of both training loss and test accuracy after 20 epochs. However, by comparing the four subfigures
in Figure 2, we can observe that SNGD with the relatively large learning rate α = 0.1 achieves better
performance than SPIDER-SFO with α = 0.1 or 0.001. Furthermore, according to the learning curves in
Figures 2(b) and (d), we can observe that SPIDER-SFO suffers large variance if we adopt a large learning
rate for it, while the learning curves of SNGD are smooth. This empirical phenomenon is consistent with
the theoretical analysis in Section 5. We also try some other B and M for SPIDER-SFO and similar
phenomenons are observed.
6.2

Large non-convex model

Next, we evaluate S-SNGD by training ResNet20 and ResNet56 [25] on the dataset CIFAR10 [26]. In
CIFRA10, the training set includes 50000 samples and the testing set includes 10000 samples. Since each
sample in CIFAR10 is a 32 × 32 RGB picture, we scale the pixels in each picture to [0, 1] as that in the
website3) . These two models contain more parameters than the previous fully-connected network. We
set the weight decay of the two models as 0.0001. In both SPIDER-SFO and SNGD, we set the constant
learning rate α ∈ {0.5, 0.1}. In SPIDER-SFO, we still set β = 1, B = 1024, M = B/(2b). In S-SNGD,
we set two different kinds of learning rate strategies: (1) poly power learning rate, i.e., αt = α(1 − t/T )r ,
α = 0.5 and r = 1.1; (2) multi-step learning rate, i.e., the initial α = 0.5 and α is divided by 10 at the
80th and 120th epochs. S-SNGD with the poly power learning rate strategy is denoted by S-SNGD(v1),
and S-SNGD with the multi-step learning rate strategy is denoted by S-SNGD(v2). We set the batch size
to be 128 for these methods. The results are shown in Figure 3. We can observe that both S-SNGD(v1)
and S-SNGD(v2) achieve better performance than SNGD and SPIDER-SFO with different learning rates.
Since S-SNGD(v2) and SNGD with α = 0.5 are almost the same before 80 epochs, by comparing the
learning curves of S-SNGD(v2) and SNGD with α = 0.5, we get that if we adopt a large initial learning
rate in S-SNGD, then reducing learning rate is necessary for S-SNGD to achieve better performance.
3) https://github.com/kuangliu/pytorch-cifar/blob/master/main.py.
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Figure 3 (Color online) Training loss and test accuracy of two large non-convex models. (a) Training loss of ResNet20; (b) test
accuracy of ResNet20; (c) training loss of ResNet56; (d) test accuracy of ResNet56.
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Furthermore, we can observe the large variance in the learning curves of SPIDER-SFO, which is similar
to that in the experiments on the small non-convex model.
We also compare S-SNGD with stagewise SGD (S-SGD) [27] by training ResNet20 on CIFAR10. Here,
we adopt S-SGD rather than standard SGD for comparison because existing studies [9,25,27] have shown
that S-SGD can achieve better performance than standard SGD. In each stage, S-SGD runs SGD with
a fixed learning rate and it decreases the learning rate by stage as that in S-SNGD. S-SGD has been
widely used in many deep learning applications [9, 25]. The work in [11] empirically shows that when
the batch size is large, S-SGD will make w fall into the region of saddle points or sharp minimums and
lead to a worse test accuracy. Hence, we set the batch size as 4096 for both S-SGD and S-SNGD to
show that S-SNGD can more easily escape the saddle points or sharp local minimums than S-SGD. We
adopt the poly power learning rate strategy for both S-SNGD and S-SGD, i.e., αt = α(1 − t/T )r , where
r = 1.1. We respectively tune the initial learning rate α for S-SNGD and S-SGD to guarantee that both
of them achieve the best training loss. The weight decay is 0.0001. The results are presented in Figure 4.
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We can observe that S-SNGD achieves better performance than S-SGD on both training loss and test
accuracy, which verifies that S-SNGD can more easily escape the saddle points or sharp local minimums
than S-SGD.

7

Conclusion

In this paper, we theoretically prove the convergence of SNGD for non-convex problems. Furthermore,
we propose a new method, called S-SNGD, to improve the performance of SNGD. Different from SNGD
in which a small constant learning rate is necessary to guarantee the convergence, S-SNGD can adopt a
large initial learning rate and reduce the learning rate by stage. The convergence of S-SNGD can also
be guaranteed for non-convex problems. Empirical results on deep neural networks show that S-SNGD
achieves better performance than SNGD in terms of both training loss and test accuracy.
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