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Abstract 
  Neural network ensemble is a learning paradigm 
where several neural networks are jointly used to 
solve a problem. In this paper, e-GASEN, a two-layer 
neural network ensemble architecture is proposed, in 
which the base learners of the final ensemble are also 
ensembles. Experimental results show that e-GASEN 
generalizes better than a popular ensemble method. 
The reason why e-GASEN works is also discussed. We 
believe that the different layers of e-GASEN attain 
good generalization ability for different reasons. The 
first layer ensembles profit from the selected 
individual neural networks that are moderately 
divergent but generalize well, while the second layer 
ensemble profits from the divergency among the first 
layer ensembles. 
 
 
1 Introduction 
 
  Since neural computing has no rigorous theoretical 
framework until now, whether a neural network based 
application will be successful or not is almost fully 
determined by the practitioner. In general, the more 
experienced the practitioner is, the more chances the 
application will have of being success. However, 
users are often with little knowledge on neural 
computing. Therefore the rewards that neural network 
techniques may return do not always appear. 
  In the beginning of the 1990’s, Hansen and 
Salamon showed that the generalization ability of a 
neural network system can be significantly improved 
through ensembling individual neural networks, i.e. 
training several neural networks and combining their 
results in some way[1]. Later, Sollich and Krogh 
defined neural network ensemble as a collection of a 
(finite) number of neural networks that are trained for 

the same task[2]. Since it behaves remarkably well 
and is vey easy to use, neural network ensemble is 
regarded as a promising methodology that can benefit 
not only experts in neural computing but also 
ordinary engineers. And neural network ensemble has 
already been used in many real domains such as 
handwritten digit recognition[3], scientific image 
analysis[4], face recognition[5][6], OCR[7], seismic 
signal classification[8], etc.  
  Many works have been done to investigat why and 
how neural network ensemble works. The classical 
one is Krogh and Vedelsby[9]’s work, in which they 
derived the famous equation AEE −= . It clearly 
demonstrates that the generalization ability of the 
ensemble is determined by the average generalization 
ability and the average ambiguity (divergency) of the 
individual neural networks that constitute the 
ensemble. 
  Many ensemble methods have been proposed in 
the literature. The most attractive methods mainly 
include simple ensemble[2], AdaBoost[10], and 
bagging[11]. These methods combine outputs of all 
the base learners at hand. Usually, the base learner is 
a neural network or a classification tree. 
  If a base learner is of high generalization error and 
low ambiguity, adding it into the ensemble will 
definitely deteriorate the ensemble’s generalization 
ability. However, there is no gurantee that such 
“bad” base learner will never appear. This means that 
in some circumstances using all the base learners at 
hand may not be the best choice. 
  GASEN (Genetic Algorithm based Selective 
ENsemble) was proposed in [12], which trains 
several neural networks and then employs genetic 
algorithm to select an optimum subset of those 
networks to constitute an ensemble. Experiments 



show that GASEN is superior to simple ensemble, 
even if it tends to select only a small quantity of 
neural networks.  
  In this paper, we argue that if we employ a 
two-layer ensemble architecture, i.e. when the base 
learner itself is also an ensemble, the final ensemble 
will have better generalization ability. The 
architecture we used in this paper is a simple 
ensemble of GASEN. The final ensemble is composed 
of several GASENs, and the final ensemble’s output is 
the average of all individual GASEN’s outputs. This 
architecture is abbereviated as e-GASEN. By 
analyzing the experimental results, we believe that 
GASEN and e-GASEN promotes the final ensemble’s 
generalization ability in different ways. 
  The rest of this paper is organized as follows. In 
Section 2, the equation AEE −= , i.e. relation 
between the generalization ability of the ensemble, 
the generalization ability of individual base learners 
and the average ambiguity of the base learners, is first 
explained. Then GASEN is briefly introduced. In 
Section 3, e-GASEN is proposed. Some experiments 
are aslo reported. In Section 4, The facts revealed by 
experiments are discussed. The reason about how and 
why such a two-layer ensemble architecture works is 
analysed. Finally in Section 5, conclusions are drawn 
and several issues for future work are indicated. 

 
 

2 GASEN 
 
  Suppose the learning task is to use an ensemble 
that comprises N base learners to approximate a 
function f: Rm → Rn. The predictions of the base 
learners are combined through weighted averaging, 
where a weight wi (i = 1, 2, …, N) is assigned to the 
individual base learner fi, and wi satisfies equation (1) 
and (2): 
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  The output of the ensemble is computed according 
to equation (3), where fi is the output of the i-th base 
learner. 
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  For convenience of discussion, here we assume 
that each base learner has only one output component, 
i.e. the function to be approximated is f: Rm → R. But 
note that it can be easily generalized to situations 
where each base learner has multiple output 
components.  
  Suppose x ∈  Rm is randomly sampled according to 
a distribution p(x). The expected output for x is d(x). 
Then the error Ei(x) of the i-th base learner on input x 
and the error E(x) of the ensemble on input x are 
respectively: 
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  Then the generalization error Ei of the i-th base 
learner on the distribution p(x) and the generalization 
error E of the ensemble on the distribution p(x) are 
respectively: 
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  The average error of the base learners on input x is: 
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  Then the average generalization error of the base 
learners on the distribution p(x) is: 

( )d ( )E xp x E x= ∫  (9) 

  Accordingly, the ambiguity of the i-th base learner 
on input x, the ambiguity of the i-th base learner on 
the distribution p(x), the average ambiguity of base 
learners on input x, and the average ambiguity of the 
base learners on the distribution p(x) are defined 
respectively as: 

( ) ( ) ( )( 2

i iA x f x f x= − )
x

 (10) 

( )d ( )i iA xp x A= ∫  (11) 

( ) ( )
1

N

i i
i

A x w A x
=

=∑  (12) 

( )d ( )A xp x A= ∫ x  (13) 

  After a few algebraic manipulations, Krogh and 
Vedelsby reached the famous formula (14) which 
states that the generalization ability of the ensemble 



is determined by the average generalization ability 
and the average ambiguity of the base learners that 
constitutes the ensemble. 

E E A= −  (14) 

Now we define the correlation between the i-th and 
the j-th individual base learner as: 
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  Then, according to [12] and [13], we have 
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  When the base learners are combined using the 
simple ensemble method, i.e. wi=1/N for every i, we 
have 
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  It is proved that when using the simple ensemble 
method and when formula (18) is satisfied, then 
omitting the k-th base learner will improve the 
ensemble’s generalization ability [12]. 
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  Now a conclusion is arrived that after the neural 
networks are trained, in some cases ensembling an 
appropriate subset of the neural networks is superior 
to ensembling all of them. The individual neural 
network that should be omitted satisfy equation (18). 
  This statement is also partly approved by Liu, Yao 
and Higuchi[14]. After trained several neural 
networks with negative correlation learning and 
evolutionary computation, they used the k-means 
algorithms to divide the individuals into different 
clusters. In every cluster, the fittest individual 
network is selected as a representative of the cluster. 
They compared the ensemble formed of these 
representatives and the ensemble formed of all the 
networks. No statistically significant difference is 
observed between them in their experiments. This 
observation implies that the ensemble does not have 
to use all the networks to achive good performance. 
  GASEN is proposed based on this conclusion, 
which first trains several individual neural networks 

independently and then employs genetic algorithm to 
select an optimum subset of individual networks to 
constitute an ensemble. The selected neural networks 
are combined toghther using simple averaging. 
However, experimental data show that GASEN is 
superior to using all the available networks at hand 
[12].  
  Although genetic algorithm is used in both 
methods of [14] and [12], they are quite different. In 
[14] genetic algorithm is used to evolve a population 
of neural networks that are negatively correlated, 
while in [12] genetic algorithm is used to select a 
subset of neural networks to constitute the ensemble. 

 
 

3 e-GASEN 
 
  It is well known that in order for an ensemble to 
work well, the individual neural networks should 
respond as independent as possible to an input. If the 
independency requirement is satisfied, the ensemble’s 
generalization error will decrease when more neural 
networks are added into it. However, the marginal 
error reduced by every newly added neural network 
tends to decrease when the ensemble grows larger 
and larger[13][15]. 
  The GASEN method underwent a genetic algorithm 
based selection process. After selection, GASEN’s 
size, i.e. the number of neural networks survived the 
selection process, is rather small. Experimental data 
in [12] show that if N neural networks are trained, 
averagely GASEN will select only about N/4 among 
them to form an ensemble.  
  The benefits brought by the genetical selection 
process is enjoyable. However, we believe that if 
more neural networks are included, in some cases the 
generalization error of the ensemble may be further 
reduced. 
  This is the motivation of e-GASEN, which is a 
natural extension of GASEN. Given a learning task, 
we may train several ensembles using the GASEN 
algorithm first. Then, an e-GASEN is formed by 
combining these GASENs by using the simple 
ensemble method, i.e. averaging the output of several 
GASENs’ on an input to form the e-GASEN’s output. 
  The e-GASEN is a two-layer ensemble architeture. 
Since e-GASEN is formed by averaging several 
GASENs and every GASEN is constructed by 
averaging several single neural networks, e-GASEN 



Table 1  Experimental results on simple ensemble, GASEN, and e-GASEN 

simple ensemble GASEN e-GASEN Data set 

error deviation Error deviation error deviation 

Friedman#1 1.33 0.35 0.49 0.15 0.36 0.048 
Boston Housing 12.25 1.06 10.71 0.62 10.10 0.33 

Ozone 22.85 1.30 20.42 1.66 19.18 0.47 
Servo 0.22 0.035 0.25 0.08 0.21 0.036 

Table 2  The mean error-ambiguity decomposition of generalization error 

simple ensemble GASEN e-GASEN Data set 

E E  A  E E  A  E E  A  
Friedman#1 1.33 2.97 1.64 0.49 1.10 0.61 0.36 1.14 0.79

Boston Housing 12.25 18.11 5.86 10.71 14.37 3.66 10.10 14.09 3.99
Ozone 22.85 32.75 9.90 20.42 26.05 5.63 19.18 25.94 6.76
Servo 0.22 0.48 0.25 0.25 0.40 0.14 0.21 0.39 0.18

may be viewed as averaging some selected single 
neural networks. So we may define the size of an 
e-GASEN as the number of single neural networks 
contained in it. In this sense, the size of an e-GASEN 
equals the sum of sizes of all its component GASENs. 
  We use four regression problems that were used in 
[12] to compare the performance of simple ensemble, 
GASEN and e-GASEN. 
  The first problem is Friedman#1 proposed by 
Friedman [16]. There are 5 continuous attributes. The 
data set is generated according to equation (19) where 
the noise item ε satisfies normal distribution N(0, 1) 
and xi (i =1, 2, …, 5) satisfies uniform distribution 
U[0, 1]. In our experiments the size of the training set 
and the test set are respectively 200 and 1000. 
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  The second problem is Boston Housing from UCI 
machine learning repository[17]. There are 11 
continuous attributes and 1 categorical attribute. The 
data set comprises 506 examples among which 400 
examples make up the training set and the rest 106 
examples make up the test set in our experiments. 
  The third problem is Ozone proposed by Breiman 
and Friedman [18]. There are 9 continuous attributes. 
The data set comprises 366 examples. Since the 
intention of the experiments is not to compare the 
ability of dealing with missing values, 1 attribute and 
36 examples that has missing values are omitted. 

Therefore in our experiments there are 8 continuous 
attributes and 330 examples among which 250 
examples make up the training set and the rest 80 
examples make up the test set. 
  The fourth problem is Servo from UCI machine 
learning repository. There are 4 categorical attributes. 
The data set comprises 167 examples among which 
130 examples make up the training set and the rest 37 
examples make up the test set in our experiments. 
Note that some researchers [19] believe that this 
problem is very difficult because it involves some 
kind of extreme nonlinearity. 
  For each problem we use bagging on the training 
set to generate 20 single-hidden-layered BP networks. 
The simple ensemble method is formed by averaging 
these networks. After performing genetical selection, 
a GASEN is constructed by averaging the selected 
networks. For every problem we perform 20 runs and 
record the average mean squared error and the 
standard deviations of these errors on the test set. An 
e-GASEN is formed by averaging 4 GASENs. So there 
are totally 5 runs of e-GASEN. The average mean 
squared error and corresponding standard deviation is 
also recorded. Experimental results are shown in 
Table 1. 
  Statistical tests show that on the Friedman#1, 
Boston Housing, and Ozone data sets, GASEN’s 
generalization error is significantly lower than that of 
the simple ensemble method, and e-GASEN attains 
still lower generalization errors than GASEN. On the 



Servo data set, GASEN is slightly inferior to simple 
ensemble. The e-GASEN method’s performance, 
however, has no significant difference with that of the 
simple ensemble method. 
  From the aforementioned statistics we may 
conclude that e-GASEN is superior to both GASEN 
and simple ensemble. 

 
 

4 Discussion 
 
  Until now, we are not very clear through what 
mechanism e-GASEN works so well. 
  Following formula (14), the generalization error of 
an ensemble (E) can be decomposed as difference of 
the mean error part E  and the mean ambiguity part 
A . The mean error-ambiguity decomposition of 
simple ensemble, GASEN and e-GASEN on the four 
data sets are tabulated in Table 2. The mean error part 
E  is calculated by averaging the error of the 
individual neural networks that consist the ensemble 
on the test set. Then, The mean ambiguity part A  is 
calculated from formula (14) with the help of E . 
  It is clear that the mean error part E  of GASEN is 
quite smaller than that of simple ensemble. The mean 
ambiguity part A  of GASEN is also smaller than 
that of simple ensemble, the decrease in E  is more 
significant. It means that GASEN may attain better 
generalization ability by selects base learners that are 
of only moderate ambiguity but are well-generalized. 
This analysis is somewhat different from our 
previous one in [12], in which we believe that 
GASEN’s genetical selection process will increase 
ambiguity. 
  Since every GASEN has a relatively small 
generalization error, e-GASEN is hard to get smaller 
error by further lowering the mean error part E . 
From Table 2 we can find that the mean error of 
GASEN and e-GASEN has no obvious difference, 
while e-GASEN has a higher mean ambiguity. 
Therefore we believe that e-GASEN mainly profits 
from the divergence among different GASENs. 

 
 

5 Conclusions and future work 
 
  In this paper, we re-examined the GASEN, i.e. 
Genetic Algorithm based Selective ENsemble method 
and proposed e-GASEN, a natural extension of 
GASEN, which combines several GASENs by using 

simple averaging. Through analyses of experimental 
results, a conjecture on how and why e-GASEN 
works is proposed. We believe that GASEN works by 
selecting neural networks that are of only moderate 
ambiguity but are well-generalized. And, the 
e-GASEN method gains from the divergence among 
different GASENs. However, analyses presented in 
this paper are very preliminary. More experiments 
and theoretical works are still needed to clarify the 
rules behind GASEN and e-GASEN. For theoretical 
analysis, we believe that the bias-variance 
decomposition may be helpful [20]. Moreover, 
whether other kinds of ensembles, e.g. weighted 
averaged one, can play the roles of GASEN in 
e-GASEN, is an interesting issue for future 
exploration. 
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