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SIFT

Example

SIFT: 128 dimensional histogram
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Low-level features

HOG (Histogram of Oriented Gradients)

Example

HOG: 3780 dimensional histogram for pedestrian detection

9 dimensional histogram in a cell
4 neighboring cells ⇒ 1 supercell, 105 overlapping supercells
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Low-level features

CENTRIST: CENsus TRansform hISTogram

Census Transform

32 64 96

32 64 96

32 32 96

⇒
1 1 0

1 0

1 1 0

⇒ (11010110)2 ⇒ CT = 214

Mostly equivalent to LBP8,1 (Local Binary Pattern)

CENTRIST

Histogram of CT values

Apply to arbitrary shaped image regions

Excellent performance on scene / place recognition

Similar to histogram of LBP

Jianxin Wu 6/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Low-level features

CENTRIST: CENsus TRansform hISTogram

Census Transform

32 64 96

32 64 96

32 32 96

⇒
1 1 0

1 0

1 1 0

⇒ (11010110)2 ⇒ CT = 214

Mostly equivalent to LBP8,1 (Local Binary Pattern)

CENTRIST

Histogram of CT values

Apply to arbitrary shaped image regions

Excellent performance on scene / place recognition

Similar to histogram of LBP

Jianxin Wu 6/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Low-level features

CENTRIST: CENsus TRansform hISTogram

Census Transform

32 64 96

32 64 96

32 32 96

⇒
1 1 0

1 0

1 1 0

⇒ (11010110)2 ⇒ CT = 214

Mostly equivalent to LBP8,1 (Local Binary Pattern)

CENTRIST

Histogram of CT values

Apply to arbitrary shaped image regions

Excellent performance on scene / place recognition

Similar to histogram of LBP

Jianxin Wu 6/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Low-level features

CENTRIST: CENsus TRansform hISTogram

Census Transform

32 64 96

32 64 96

32 32 96

⇒
1 1 0

1 0

1 1 0

⇒ (11010110)2 ⇒ CT = 214

Mostly equivalent to LBP8,1 (Local Binary Pattern)

CENTRIST

Histogram of CT values

Apply to arbitrary shaped image regions

Excellent performance on scene / place recognition

Similar to histogram of LBP

Jianxin Wu 6/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Low-level features

More examples ...

Color histogram, histogram of pixel intensities

Shape Context for shape matching and object recognition

Oriented histograms for hand gesture recognition

And many more

Jianxin Wu 7/74 SCE/NTU
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Higher-level representation

Bag of visual words

Representing an image
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Higher-level representation

Spatial Pyramid

Taking into account the position of visual words (implicitly
encoding spatial relationships among features)
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Higher-level representation

Spatial Pyramid – continued
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Higher-level representation

Spatial Pyramid – continued
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Higher-level representation

Pitch histogram

Representing MIDI musics by modeling pitch content

128 dimensional (bins) histogram indexed by the MIDI note
number

Application: MIDI music genre classification

Jianxin Wu 12/74 SCE/NTU
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Higher-level representation

Text, and more

Example (Text / web analysis : Term-Frequency)

NBA: 3 times

Jordan: 7 times

rebounds: 3 times

Is this article about
NBA game?

Jordan: 7 times

graphical: 8 times

non-parametric: 5 times

Is this article about
Machine learning?

And histograms in many other medias and domains ...

Jianxin Wu 13/74 SCE/NTU
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Background

Notations

R, R+ the set of real and non-negative real numbers

Z, Z+ the set of integer and non-negative integer numbers

x1, . . . , xn n examples, xi is d-dimensional

xi ,j Use i (or i ′) to index examples, j for dimensions

We use x for vectors and x for scalars or one dimension of a vector.

Jianxin Wu 15/74 SCE/NTU
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Background

Large-margin idea in SVM

Example
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Background

Linear SVM (dot-product kernel)

Primal (without bias)

min
w

1

2
wTw + C

n∑
i=1

ξ (w; xi , yi )

Classification boundary: wTx

Loss function: ξ(w; xi , yi ) = max
(
1− yiw

Txi , 0
)

If a bias b is needed: xTi → [xTi , 1] and wT → [wT , b]

C controls tradeoff between empirical error and max-margin

Critical to choose C using cross-validation!

Jianxin Wu 17/74 SCE/NTU
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Background

Linear SVM (continued)

Dual form of linear SVM

min
α

g(α) =
1

2
αTKα− eTα

subject to 0 ≤ αi ≤ C , ∀i ,

K : kernel matrix. Kii ′ = xTi xi ′

e = [1 1 · · · 1]T

αi : Lagrange multiplier for example xi

w =
∑n

i=1 αiyixi

Classify a new example q: sign
(
wTx

)
= sign

(∑n
i=1 αiyix

T
i q
)

Jianxin Wu 18/74 SCE/NTU
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Background

SVM with non-linear kernels

Dual form of SVM with kernel κ

min
α

g(α) =
1

2
αTKα− eTα

subject to 0 ≤ αi ≤ C , ∀i ,

kernel matrix K : Kii ′ = κ(xi , xi ′)
For dot-product kernel, κLIN(xi , xi ′) = xTi xi ′ .
Classify a new example q: sign

(∑n
i=1 αiyiκ(xi ,q)

)

Jianxin Wu 19/74 SCE/NTU
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Background

Commonly used kernels

Kernels provides (maybe) better ways to measure similarity
between xi and xi ′ than dot-product

Polynomial kernel with degree d : (xTi xi ′ + 1)d

RBF (Radial Basis Function): exp
(
−γ ‖xi − xi ′‖2

)

And, of course, Histogram Intersection Kernel (HIK)

But not every function κ can be a valid kernel

Jianxin Wu 20/74 SCE/NTU
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Background

Positive definite kernel

Positive semi-definite kernel function

For any α1, · · · , αn in R, and x1, · · · , xn in Rd , the symmetric
function

n∑
i=1

n∑
i ′=1

αiαi ′κ(xi , xi ′) ≥ 0

Positive definite kernels can be safely used

e.g., SVM classification, Support vector regression, Kernel
k-means clustering, etc.

This can be used to prove a kernel is valid

i.e., prove that the kernel matrix is positive semi-definite

Jianxin Wu 21/74 SCE/NTU
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Background

Feature space

Mapping

If κ is a PD kernel, then there exists a function φ(x) such that

κ(xi , xi ′) = φ(xi )
Tφ(xi ′)

We call the space of φ(·) the feature space

It can be very high dimensional or infinite dimensional
A dot product is well defined in the feature space

Another way to prove PD (write out φ explicitly).∑n
i=1

∑n
i ′=1 αiαi ′κ(xi , xi ′) =

∑n
i=1

∑n
i ′=1 αiαi ′φ(xi )φ(xi ′) =

‖
∑n

i=1 αiφ(xi )‖2 ≥ 0

Linear SVM in the feature space should be equivalent to the
non-linear kernel SVM in the input space

Jianxin Wu 22/74 SCE/NTU
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Histogram Intersection Kernel

Histogram Intersection Kernel

Histogram Intersection Kernel: κHI(x, y) =
∑d

j=1 min(xj , yj)

Originally proposed by Swain and Ballard in vision

Object recognition: representing images as color histograms

Exhibited excellent performance when features are histograms

Higher accuracies than dot-product, RBF, polynomial kernels
In both classification and clustering
Examples:

Pedestrian detection [Maji and Berg, 2009, ICCV]
Scene recognition [Wu and Rehg, 2008, CVPR]

Jianxin Wu 24/74 SCE/NTU
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Histogram Intersection Kernel

Illustration

3

7

5

4

2

5

min 3 2 5+ + = 10

Jianxin Wu 25/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Histogram Intersection Kernel

Efficient HIK learning

We encounter bigger and bigger datasets, so scalable and efficient
learning is key:

Testing of HIK SVM made fast [Maji, Berg, and Malik, 2008,
CVPR] [Wu and Rehg, 2009, ICCV]

Kernel clustering using HIK as fast as k-means [Wu and Rehg,
2009, ICCV]

Stochastic primal SVM training [Maji and Berg, 2009, ICCV]
[Wang, Hoiem, and Forsyth, 2009, ICCV]

Dual coordinate descent [Wu, 2010, ECCV]

Feature mapping SVM training / testing [Vedaldi and
Zisserman, 2010, CVPR]

Jianxin Wu 26/74 SCE/NTU
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Histogram Intersection Kernel

A demo

The efforts are not worthless!

Jianxin Wu 27/74 SCE/NTU
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Histogram Intersection Kernel

Positive definite properties

Theorem

Given n examples x1, . . . , xn ∈ Rd
+, and any vector α ∈ Rn,

αTKα ≥ 0,

where Kii ′ = κHI(xi , xi ′).

Or, a simpler one (as sum of p.s.d. matrix is again p.s.d.)

Theorem

Given n real numbers x1, . . . , xn ∈ R+, and any vector α ∈ Rn,

αTKα ≥ 0,

where Kii ′ = min(xi , xi ′).

Jianxin Wu 28/74 SCE/NTU
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Histogram Intersection Kernel

A simple proof [Wu, 2010, ECCV]

Proof.

Without the loss of generality, let’s suppose that
0 ≤ x1 ≤ . . . ≤ xn. Now define the following matrices:

Rij =


1 if i = j

−1 if i = j − 1

0 otherwise

and Λij =


x1 if i = j = 1

xi − xi−1 if i = j > 1

0 otherwise

We now have that
Λ = RTKR

Since the diagonal matrix Λ is p.s.d. and R is full rank, K is also
p.s.d.

Looks non-intuitive?

Jianxin Wu 29/74 SCE/NTU
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Histogram Intersection Kernel

Example illustrating the proof – various matrices

Assuming n = 4, with 4 scalars a ≤ b ≤ c ≤ d .

Example

K =


a a a a
a b b b
a b c c
a b c d

 , R =


1 -1 0 0
0 1 -1 0
0 0 1 -1
0 0 0 1

 , and

Λ =


a 0 0 0
0 b-a 0 0
0 0 c-b 0
0 0 0 d-c

 ,

Jianxin Wu 30/74 SCE/NTU
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Example illustrating the proof – results
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When the world is Z+

The world is neat if it only contains non-negative integers

Suppose xi is an integer, xi ≥ 0 and xi ≤ v̄

Integer HIK feature space

B(x) : x 7→

1 · · · 1︸ ︷︷ ︸
x 1′s

0 · · · 0︸ ︷︷ ︸
v̄−x 0′s


Example

Suppose v̄ = 5, x1 = 3, x2 = 4.

B(x1) = [1 1 1 0 0]

B(x2) = [1 1 1 1 0]

B(x1)TB(x2) = 3 = min(x1, x2)

Jianxin Wu 32/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Histogram Intersection Kernel

When the world is Z+

The world is neat if it only contains non-negative integers

Suppose xi is an integer, xi ≥ 0 and xi ≤ v̄

Integer HIK feature space

B(x) : x 7→

1 · · · 1︸ ︷︷ ︸
x 1′s

0 · · · 0︸ ︷︷ ︸
v̄−x 0′s



Example

Suppose v̄ = 5, x1 = 3, x2 = 4.

B(x1) = [1 1 1 0 0]

B(x2) = [1 1 1 1 0]

B(x1)TB(x2) = 3 = min(x1, x2)

Jianxin Wu 32/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Histogram Intersection Kernel

When the world is Z+

The world is neat if it only contains non-negative integers

Suppose xi is an integer, xi ≥ 0 and xi ≤ v̄

Integer HIK feature space

B(x) : x 7→

1 · · · 1︸ ︷︷ ︸
x 1′s

0 · · · 0︸ ︷︷ ︸
v̄−x 0′s


Example

Suppose v̄ = 5, x1 = 3, x2 = 4.

B(x1) = [1 1 1 0 0]

B(x2) = [1 1 1 1 0]

B(x1)TB(x2) = 3 = min(x1, x2)

Jianxin Wu 32/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Histogram Intersection Kernel

When the world is R

The world still exists, not (completely) destroyed

Theorem (Conditionally positive definite)

Given n examples x1, . . . , xn ∈ Rd
+, and a vector c ∈ Rn with∑n

i=1 ci = 0, we have
cTKc ≥ 0,

where Kii ′ = κHI(xi , xi ′).

When a bias b is used in SVM,
∑n

i=1 αiyi = 0

HIK can be used along with SVM solvers that maintain this
property

Jianxin Wu 33/74 SCE/NTU
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Histogram Intersection Kernel

Generalized intersection kernels

Generalized intersection kernels [Boughorbel, Tarel, and
Boujemaa, 2005, ICIP]

κGHI(x, y) =
∑d

j=1 min(|xj |β , |yj |β) is p.d. for β ≥ 0.
If β = 1, provides an alternative proof.

[Wu, 2010, ECCV] also provides an alternative proof for “GHI
is PD”.

Jianxin Wu 34/74 SCE/NTU
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Weighted sum of HIK expressions

Outline

1 Motivation for studying histograms and HIK
Low-level features
Higher-level representation

2 HIK and background
Background
Histogram Intersection Kernel

3 Fast evaluation of HIK summations
Weighted sum of HIK expressions
Applications

4 HIK SVM training
Representing histograms
ICD

5 Summary, Resources and References

Jianxin Wu 35/74 SCE/NTU
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Weighted sum of HIK expressions

The bottleneck

Weighted sum of HIK expressions [Wu, 2008, CVPR]

vector:
∑n

i=1 ciκHI(q, xi )

⇒ scalar:
∑n

i=1 ci min(q, xi )

xi (or xi ) are examples, ci are constant weights, q (or q) is a
query

Clustering: ci = 1
n

SVM testing: ci = αiyi

Gradient in SVM training: ci = αiyi

And more ...

Jianxin Wu 36/74 SCE/NTU
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Weighted sum of HIK expressions

Summary of methods

Fast computation

Real version (xi ∈ R): [Maji, Berg, and Malik, 2008, CVPR]

O(log n) exact computation;

O(1) if approximate

Quantized integer version (xi ∈ Z+): [Wu and Rehg, 2009, ICCV]

O(1) exact computation, less overhead

Approximation might exist in the quantization part

Jianxin Wu 37/74 SCE/NTU
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Weighted sum of HIK expressions

A simple idea

Split the data into halves according to the query

n∑
i=1

ci min(q, xi )

=
∑
i :q≥xi

ci min(q, xi ) +
∑
i :q<xi

ci min(q, xi )

=
∑
i :q≥xi

cixi +
∑
i :q<xi

ciq

=
∑
i :q≥xi

cixi + q
∑
i :q<xi

ci

Jianxin Wu 38/74 SCE/NTU
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Weighted sum of HIK expressions

When the world only contains non-negative integers

xi are non-negative integers: xi ∈ Z+, and 0 ≤ xi ≤ v̄

Limited possibilities for q: q ∈ {0, 1, · · · , v̄}
Create a table T ∈ Rv̄ to store the pre-computed results

Tk =
∑

i :k≥xi
cixi + k

∑
i :k<xi

ci
k ∈ {1, · · · , v̄} (T0 = 0)

Building T is quite simple

Making a histogram of all xi (O(n)), which has v̄ bins
Building T is then O(v̄) steps
T can be sequentially updated (Updating Tk+1 using Tk)
Do not need to store xi

Jianxin Wu 39/74 SCE/NTU
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Weighted sum of HIK expressions

Illustration

xi ci
x1 = 0 0.10
x2 = 1 0.05
x3 = 1 0.15
x4 = 2 0.10
x5 = 2 0.10
x6 = 3 0.25
x7 = 4 0.05
x8 = 5 0.20

T0 0.00
T1 0.90
T2 1.60
T3 2.10
T4 2.35
T5 2.55

A simple table lookup is O(1)

Now return to original
d-dimensional problem

T ∈ Rdv̄

d rows, one for a
dimension∑n

i=1 ciκHI(q, xi ) =∑d
j=1 Tj,qj

This is O(d)

Jianxin Wu 40/74 SCE/NTU
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Weighted sum of HIK expressions

Now back to R

xi ∈ R, i = 1, 2, . . . , n∑n
i=1 ci min(q, xi ) =

∑
i :q≥xi cixi + q

∑
i :q<xi

ci
First sort examples O(n log n) (Now assume x are sorted)
Second store Ai =

∑
i :q≥xi

cixi and Bi =
∑

i :q<xi
ci for distinct

xi (O(n))

Given a q, find appropriate position iq such that
xiq < q ≤ xiq+1 (O(log n) using binary search)
The result is Aiq + qBiq

Have higher storage and time cost than quantized version

Jianxin Wu 41/74 SCE/NTU
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Applications

Outline

1 Motivation for studying histograms and HIK
Low-level features
Higher-level representation

2 HIK and background
Background
Histogram Intersection Kernel

3 Fast evaluation of HIK summations
Weighted sum of HIK expressions
Applications

4 HIK SVM training
Representing histograms
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Applications

Testing of HIK SVM classifiers

HIK SVM classifier

sign

(
n∑

i=1

αiyiκHI(q, xi )+b

)

This is O(nd).

Setting ci = αiyi and pre-compute T (This is O(d).)

Quantized version

sign

 d∑
j=1

Tj ,qj +b



Jianxin Wu 43/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Applications

Testing of HIK SVM classifiers

HIK SVM classifier

sign

(
n∑

i=1

αiyiκHI(q, xi )+b

)

This is O(nd).

Setting ci = αiyi and pre-compute T (This is O(d).)

Quantized version

sign

 d∑
j=1

Tj ,qj +b


Jianxin Wu 43/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Applications

Examples

Pedestrian detection
example by [Maji, Berg,
and Malik, 2008, CVPR]

Time to classify 10000

examples in seconds

LIBSVM: 659.1
Binary search fast
method: 2.57
Approximation
(similar to
quantization):
0.34

HIK SVM has higher accuracies than
linear SVM in above figure

When features are histograms, HIK has
higher accuracies than RBF ([Wu and
Rehg, 2008, CVPR] and others)

Jianxin Wu 44/74 SCE/NTU
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Applications

Kernel K-means clustering

K-means clustering (Yes, without kernel, for now)

Input: Examples x1, . . . , xn ∈ Rd , number of clusters K

Output: Cluster centers: m1, . . . ,mK ∈ Rd

Initialization: Randomly pick K examples as initial centers

Iterate through the following two steps

1 Find which center you belong to:

m(xi ) = arg min
k
‖xi −mk‖2

2 Update the centers:

mk =

∑
i :m(xi )=k xi

nk

Jianxin Wu 45/74 SCE/NTU
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Applications

Kernel K-means clustering – HIK

HIK can provide a better similarity metric for histograms

Similarity metric in K-means is the Euclidean distance
(dot-product kernel)

Remember φ(xi )
Tφ(xi ′) = κ(xi , xi ′)

Perform K-means in the space of φ(·)
For HIK the φ(·) is unary representation function B(·)

New equations

m(xi ) = arg mink ‖B(xi )−mk‖2

mk =

∑
i :m(xi )=k B(xi )

nk

Jianxin Wu 46/74 SCE/NTU
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Applications

Intuitions

There are a few difficulties:

1 mk and B(xi ) are now in high dimensional feature space (dv̄
for HIK)

2 Storing B(xi ) is too costly

Do not store B(xi ). Instead, use the kernel trick
Do not store mk . Instead, use the table T .

mk ⇐⇒ T

m and T are both dv̄ dimensional

More relationships to come

Jianxin Wu 47/74 SCE/NTU
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Applications

Kernel trick

arg min
k

(
‖B(xi )−mk‖2

)
= arg min

k

∥∥∥∥∥∥B(xi )−
1

nk

∑
i′:m(xi′ )=k

B(xi′)

∥∥∥∥∥∥
2

= arg min
k

‖B(xi )‖2 +
1

n2
k

∥∥∥∥∥∥
∑

i′:m(xi′ )=k

B(xi′)

∥∥∥∥∥∥
2

− 2

nk

∑
i′:m(xi′ )=k

B(xi )
TB(xi′)


= arg max

k

1

nk

 ∑
i′:m(xi′ )=k

κHI(xi , xi′)



Do not need to store xi or mk

Set ci = 1
nk

to find the closest center using table T

Update table T (no center updating)

This is also the equation to find closest center when new data
comes in
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Applications

Example

HIK K-means visual codebook [Wu and Rehg, 2009, CVPR]

1 Extract features from 16x16 windows in the training images

2 Learn HIK Kernel K-means (i.e., a visual codebook) with
K = 200

3 For a new testing image, extract features in 16x16 windows
from it

Every feature vector is converted to a integer – index of the
closest center
If the center index is k , we say this feature is the k-th type
Build bag of visual words using spatial pyramid matching
Classify using HIK SVM

4 Consistent higher accuracies than K-means visual codebook
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Representing histograms

Outline

1 Motivation for studying histograms and HIK
Low-level features
Higher-level representation

2 HIK and background
Background
Histogram Intersection Kernel

3 Fast evaluation of HIK summations
Weighted sum of HIK expressions
Applications

4 HIK SVM training
Representing histograms
ICD

5 Summary, Resources and References
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Representing histograms

Normal and sparse representation in Z+

Unary representation

Recall that if 0 ≤ xi ≤ v̄ and xi ∈ Z+, then xi 7→ B(xi )

Example: v̄ = 5, then [3 4] 7→ [1 1 1 0 0 1 1 1 1 0]

ICD [Wu, 2010, ECCV] and SIKMA [Wang, Hoiem, and
Forsyth, 2009, ICCV] uses this representation

Sparse representation – φ1 in [Maji and Berg, 2009, ICCV]

Only record the last 1 so that it becomes sparse

Example: v̄ = 5, then [3 4] 7→ [0 0 1 0 0 0 0 0 1 0]

One can easily convert this sparse representation to the
normal feature space vector above

Jianxin Wu 51/74 SCE/NTU
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Representing histograms

PWLSGD: Transforming learning target

Sparse mapping φ1 in 1-D: φ1(3) = [0 0 1 0 0]

And the classifier is ŵTφ1(q)

Compare with natural feature space B(3) = [1 1 1 0 0].

And the classifier is wTB(q)

Now we see that we want to ensure

wTB(q) = ŵTφ1(q)

Jianxin Wu 52/74 SCE/NTU
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Representing histograms

Connecting sparse and natural feature space

Relating w to ŵ in 1-D: ŵk =
∑k

t=1 wt

Example:
[0.1 − 0.3 0.4 0.2 0.1]T [1 1 1 0 0]

=[0.1 − 0.2 0.2 0.4 0.5]T [0 0 1 0 0]

In fact ŵ = T ∈ Rdv̄ . More details to follow.

Now relates wTw to ŵT ŵ

wTw = ŵTHŵ, where H =



1 −1
−1 2 −1

−1 2 −1
· · ·
−1 2 −1

−1 1



Jianxin Wu 53/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Representing histograms

Connecting sparse and natural feature space

Relating w to ŵ in 1-D: ŵk =
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Representing histograms

PWLSGD [Maji and Berg, 2009, ICCV]

Given a dataset {(xi , yi )}ni=1 where yi ∈ {−1,+1}, its
corresponding dataset in the feature space is {(B(xi ), yi )}ni=1.

Primal problem in the feature space

min
w

1

2
wTw + C

n∑
i=1

ξ (w;B(xi ), yi )

where ξ (w;B(xi ), yi ) = max(1− yiwTB(xi ), 0).

Now do the translation (and train with PEGASOS):

PWLSGD

min
ŵ

1

2
ŵTHŵ + C

n∑
i=1

ξ (ŵ;φ1(xi ), yi )
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Representing histograms

Feature mapping [Vedaldi and Zisserman, 2010, CVPR]

Recall that κ(x1, x2) = φ(x1)Tφ(x2)

For HIK, φ(·) = B(·), which can be high dimensional (v̄)

Find an approximate mapping Ψ such that
κ(x1, x2) ≈ Ψ(x1)TΨ(x2) for any x1, x2 ∈ R

Only applies to additive kernels κ(x1, x2) =
∑d

j=1 κ̂(x1,j , x2,j)
And the kernel needs to be homogeneous:
∀ c ≥ 0, κ(cx1, cx2) = cκ(x1, x2)
You can control the degree of Ψ, for example Ψ(·) is in R7

Using any fast linear SVM solver to solve {(Ψ(xi ), yi )}ni=1

Jianxin Wu 55/74 SCE/NTU
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Representing histograms

More about approximate feature mapping

Using kernel signature to
find an approximate
mapping

Can control the number
of dimension
Example kernels

HIK: κHI(x1, x2) =
min(x1, x2)
Hellinger’s kernel:√
x1x2

χ2(x1, x2) = 2x1x2
x1+x2

0 20 40 60 80 100
2.5

3

3.5

4

4.5

5

5.5

6

6.5

 

 

Actual kernel value

Approximation

x∗, x1, . . . , x100 ∈ R10,
uniform in [0 1]

Ψ(x) ∈ R7, and Ψ(x) ∈ R70

χ2(x∗, xi ) vs. Ψ(x∗)TΨ(xi )
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ICD

Outline

1 Motivation for studying histograms and HIK
Low-level features
Higher-level representation

2 HIK and background
Background
Histogram Intersection Kernel

3 Fast evaluation of HIK summations
Weighted sum of HIK expressions
Applications

4 HIK SVM training
Representing histograms
ICD

5 Summary, Resources and References
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ICD

Table T , revisited

Now consider integer histograms in HIK SVM, the classifier is

HIK SVM classifier

f (q) =
∑n

i=1 αiyiκHI(q, xi )− b

Simplifying to 1-dimensional,

HIK SVM classifier in 1-d

f (q) =
∑n

i=1 αiyi min(q, xi )− b = Tq − b

Jianxin Wu 58/74 SCE/NTU
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ICD

Integer HIK feature space

xi ∈ Z+, and 0 ≤ xi ≤ v̄

B(x) : x 7→

1 · · · 1︸ ︷︷ ︸
x 1′s

0 · · · 0︸ ︷︷ ︸
v̄−x 0′s


classifier w = [w1 w2 · · · wv̄ ]

We have an equivalent classifier in the feature space,

1-d Classifier in the feature space

f (q) = B(q)Tw − b =
∑q

k=1 wk − b

Jianxin Wu 59/74 SCE/NTU
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ICD

“Physical meaning” of T

Input space:

f (q) =
n∑

i=1

αiyi min(q, xi )− b

= Tq − b

Feature space:

f (q) = B(q)Tw − b

=

q∑
k=1

wk − b

Relating T to w

Tk =
∑k

t=1 wt = ŵk

Further derivation also show that

Relating T , w, and R

T = (R−1)Tw

Jianxin Wu 60/74 SCE/NTU
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Further derivation also show that

Relating T , w, and R

T = (R−1)Tw

Jianxin Wu 60/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

ICD

“Physical meaning” of T

Input space:

f (q) =
n∑

i=1

αiyi min(q, xi )− b

= Tq − b

Feature space:

f (q) = B(q)Tw − b

=

q∑
k=1

wk − b

Relating T to w

Tk =
∑k

t=1 wt = ŵk
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ICD

HIK SVM training mapped to linear SVM

Given a dataset {(xi , yi )}ni=1 where yi ∈ {−1,+1}, its
corresponding dataset in the feature space is {(B(xi ), yi )}ni=1.

Primal problem in the feature space

min
w

1

2
wTw + C

∑n

i=1
ξ (w;B(xi ), yi )

where ξ (w;B(xi ), yi ) = max(1− yiwTB(xi ), 0).

The dual

min
α

g(α) =
1

2
αTQα− eTα

subject to 0 ≤ αi ≤ C ,∀i ,

where Qij = B(xi )TB(xj), e = [1 · · · 1].
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ICD

Dual Coordinate Descent

A hypothetical algorithm for HIK SVM in the feature space. This
is a simplified presentation of the dual coordinate descent method
in [Hsieh et al., 2008, ICML].

1: w← 0. (Initialization, the classifier is w =
∑

i αiyiB(xi )).
2: while α is not optimal do
3: for i = 1, . . . , n do
4: G = yiw

TB(xi )− 1 (Computing the gradient)
5: ᾱi ← αi

6: Compute new αi based on the gradient G
7: w← w + (αi − ᾱi )yiB(xi ) (Gradient descent update)
8: end for
9: end while

Jianxin Wu 62/74 SCE/NTU
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5: ᾱi ← αi

6: Compute new αi based on the gradient G
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ICD

Do the translation, literally ...

Solve linear SVM in the feature space, but without storing B(xi ).

w← 0

G = yiw
TB(xi )− 1

w← w+(αi−ᾱi )yiB(xi )

Tj ,k ← 0,∀ j , k
G = yi

∑d
j=1 Tj ,xi,j − 1

Tj ,k ←
Tj ,k + (αi − ᾱi )yi min(xi ,j , k),
∀j , k

This results in the Intersection Coordinate Descent (ICD)
algorithm. Detailed derivations in [Wu, 2010, ECCV].

Jianxin Wu 63/74 SCE/NTU
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Tj ,k + (αi − ᾱi )yi min(xi ,j , k),
∀j , k

This results in the Intersection Coordinate Descent (ICD)
algorithm. Detailed derivations in [Wu, 2010, ECCV].

Jianxin Wu 63/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

ICD

Do the translation, literally ...

Solve linear SVM in the feature space, but without storing B(xi ).

w← 0

G = yiw
TB(xi )− 1

w← w+(αi−ᾱi )yiB(xi )

Tj ,k ← 0,∀ j , k
G = yi

∑d
j=1 Tj ,xi,j − 1

Tj ,k ←
Tj ,k + (αi − ᾱi )yi min(xi ,j , k),
∀j , k

This results in the Intersection Coordinate Descent (ICD)
algorithm. Detailed derivations in [Wu, 2010, ECCV].
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ICD

Simple quantization for non-histograms

If the feature vectors are integer histograms, nothing is to be
changed.

If the feature vectors are negative, or real-valued, a feature
value v is mapped (quantized) to an integer in [0 v̄ ] as follows

v → (int)
v̄ × (v − vmin)

vmax − vmin

vmin: minimum feature value
vmax: 97.5-th percentile of all training feature values
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ICD

ICD is robust to C
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ICD

Exposure to the wild outside
Quantize and apply ICD to non-histogram problems

Table: Properties of the non-histogram datasets.

train size test size dimension #class

ijcnn1 4,990 91,701 22 2

shuttle 43,500 14,500 9 7

acoustic 78,823 19,705 100 3

rcv1 677,399 20,242 47,236 2

Some datasets are so large that cross-validation SVM
parameter selection is infeasible
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ICD

Performance with default parameters

ijcnn1 shuttle acoustic rcv1

Time Acc Time Acc Time Acc Time Acc

ICD 0.5 s 94.86% 0.6 s 99.50% 123.9 s 82.89% 66.1 s 97.90%

LIBSVM+HIK39.6 s95.27% 2.6 s 99.57%1292.0 s83.15%> 50000 s n/a

mapping+χ2 3.7 s 91.34% 3.3 s 82.84% 124.0 s 82.89% n/a

mapping+HIK 3.0 s 91.35% 2.8 s 80.84% 22.3 s 77.66% n/a

LIBLINEAR 0.3 s 91.79% 0.5 s 92.35% 13.2 s 80.18% 5.7 s 97.96%

LIBSVM+LIN44.1 s92.12% 5.5 s 97.10%1696.0 s80.46%> 50000 s n/a

LIBSVM+RBF55.0 s92.79%12.0 s97.23%1775.0 s79.69%> 50000 s n/a
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Outline

1 Motivation for studying histograms and HIK
Low-level features
Higher-level representation

2 HIK and background
Background
Histogram Intersection Kernel

3 Fast evaluation of HIK summations
Weighted sum of HIK expressions
Applications

4 HIK SVM training
Representing histograms
ICD

5 Summary, Resources and References
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Software package

libHIK (ICD)

From my homepage www.ntu.edu.sg/home/jxwu

C++ source code, for Linux and Windows

Feature mapping in VLFeat

http://www.vlfeat.org/

Matlab code with mex implementation for speed

PWLSGD

http:

//www.cs.berkeley.edu/~smaji/projects/add-models/

Matlab code with mex implementation for speed

SIKMA

https://netfiles.uiuc.edu/gwang6/www/sikma.htm

Matlab code with mex implementation for speed
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Summary

HIK is good

It is good when features are histograms
It is good (in many cases) if you quantize non-histograms

Structures in HIK

HIK has unique structure (the R matrix, and the T table)
Thus weighted sum of HIK expressions is very fast

Application of Fast HIK evaluation

HIK SVM testing as fast as linear SVM
HIK Kernel K-means almost as fast as K-means (but with
higher quality)
Fast HIK SVM training

Jianxin Wu 70/74 SCE/NTU



Motivation HIK and background Fast evaluation HIK SVM training Summary

Summary – continued

Various fast HIK SVM training methods

ICD
Feature mapping
PWLSGD
SKIMA
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Comparing HIK SVM solvers

ICD Feature mapping PWLSGD

Speed Very fast Medium Fast

Accuracy High High Medium

Quantization Needed Not needed Needed

Re-encode data No Yes Yes

Memory use Low High Low

Scalability High Low Medium

Insensitive to C Yes Yes No
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