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Syntax of the Imp Language

(intexp) e:x=01]1]...
| x
| -e | e+e | e-e | ...

(boolexp) b ::=true | false
| eze | e<e|e<e]| ...
| -b | bAb | bVb]|...
no quantified terms

(comm) c:=x:=¢
| skip
| c;c
| if bthen celsec
| while bdoc
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Denotational Semantics

def

[—1lbootexp € boolexp — ~ — B
[-Tlcomm €comm—¥ — ¥, v 'y u
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Denotational Semantics

def

[—1lbootexp € boolexp — ~ — B
[-Tlcomm €comm—¥ — ¥, v 'y u

[[X = e]]comm g = O-{X > [[e]]intexp O-}

[x := x * 6]lcomm {(X,7)}

{(X77)}{X ~> ([[X * 6]]intexp{(xe7)})}
{(x, 7)H{x ~ 42}

{(x,42)}
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Denotational Semantics

def

[~lintexp € intexp — ¥ — Z Y =var—Z
[—1lbootexp € boolexp — ~ — B
[-Tlcomm €comm—¥ — ¥, v 'y u

[[X = e]]comm g = O-{X > [[e]]intexp O-}

[x := X * 6]lcomm {(X, 7)}

{( )}{X > ([[X * 6]]intexp{(xe7)})}
{(x, 7)Hx ~ 42}
{

(x,42)}
[skipllcomm o (on
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Denotational Semantics

def

[~lintexp € intexp — ¥ — Z Y =var—Z
[—1lbootexp € boolexp — ~ — B
[-Tlcomm €comm—¥ — ¥, v 'y u

[[X = e]]comm g = O-{X > [[e]]intexp O-}

[x := X * 6]lcomm {(X, 7)}

{( )}{X > ([[X * 6]]intexp{(xe7)})}
{(x, 7)Hx ~ 42}
{

= {(x,42)}
[skipllcomm o o
o It if [¢lcomm o = L
[c;c’lcomm o = { ([[C/]]comm ° [[C]]comm) o otherwise
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Semantics of Sequential Composition

WeextendfeS—> T, tof, €S, - T,

£y def 1L ifx=1
L7 7 ) fx otherwise

This defines (=), € (S—>T.) > (S. > T.)

So [¢;¢ llcomm o = (ﬂclﬂcomm)ﬂ ([[C]]comm 0')-
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Semantics of Conditionals

[cillcomm o if [Blbooiexp o = true

[if b then c else c2]lcomm o = { [callcomm o if [Blboolexp o = false

Examples:

[if x < 0 then x = —x else skip]lcomm {(X, —3)}

= [x = —XTcomm {(X, —=3)} since [X < Ollpoolexp {(X, —3)} = true
{(X, _3)}{X ~> [[_X]]intexp {(X, _3)}}
={(x.3)}

[if x < 0 then x = —x else skiplcomm {(X,5)}
= [skipllcomm {(x,5)} since [X < Ollpoolexp {(X,5)} = false
={(x.5)}
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Semantics of Loops

Idea: define the meaning of while b do ¢ as that of
if b then (c;while b do c) else skip

That is,

[while b do cllcomm o
= [if b then (c;while b do c) else skiplcomm o

. ([while b do C]]comm)ﬂ ([clcomm o) i [blbooiexp o = true
| o otherwise

However, the semantic function is not syntax directed, as
[while b do c]comm itself shows as a sub-term on the right side of
the equation.
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Semantics of Loops

Actually we can view [while b do c]lcomm as a solution for this
equation:

[[while b do c]lcomm o
= [[if b then (c ; while b do c¢) else skipllcomm o

_ ([while b do C]]comm)ﬂ (LeDcomm o) if [b1lbootexp o = true
) oo otherwise

That is, [while b do c]comm is a fixed-point of

F def Afer =Y . loex. fu(ICheomm o) if [[b]]b‘?c”e’(p o = true
o otherwise

However, notevery F e (X - X ;) — (X — X, ) has a fixed-point,
and some may have more than one.

Example: for any ¢”, Ao~ ¢’ is a solution for

[while true do x := x + 1]lcomm-
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Semantics of Loops

[while b do clcomm is a fixed-point of

F def AMeY 5Y, . o€ Z.{ fu(ICheomm o) if [[b]]b‘?o’ex" o = true
o otherwise

However, notevery F € (X - X ;) — (X — X, ) has a fixed-point,
and some may have more than one.

We need to lay some structures over the set ¥ — ¥, to ensure
that F has at least one fixed-point.
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Partially Ordered Sets

A relation pis reflexive on S iff Vx € S.xpx

transitive iff XpyAypz=xpz
antisymmetric iff xpy Aypx=x=y
symmetric iff xpy=ypx
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Partially Ordered Sets

A relation pis reflexive on S iff Vx € S.xpx

transitive iff XpyAypz=xpz
antisymmetric iff xpy Aypx=x=y
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C is a preorder on S iff C is reflexive on S and tansitive
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Partially Ordered Sets

A relation pis reflexive on S iff Vx € S.xpx

transitive iff XpyAypz=xpz
antisymmetric iff xpy Aypx=x=y
symmetric iff xpy=ypx

C is a preorder on S iff C is reflexive on S and tansitive

C is a partial order on S iff C is a preorder on S and antisymmetric

A poset S S with a partial orderC on S

A discretely ordered S S with Ids as a partial order on S
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Partially Ordered Sets

A relation pis reflexive on S iff Vx € S.xpx

transitive iff XpyAypz=xpz
antisymmetric iff xpy Aypx=x=y
symmetric iff xpy=ypx

C is a preorder on S iff C is reflexive on S and tansitive

C is a partial order on S iff C is a preorder on S and antisymmetric

A poset S S with a partial orderC on S

A discretely ordered S S with Ids as a partial order on S

fis monotone from Sto T ifffe S —> T
andVx,ye SxCy=fxC'fy

y is upper bound of X VxeX.xCy
whereye Sand X C S
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Least Upper Bounds

yisalubof X € Sif y is an upper bound of X,
andVYz e S. zis an upper bound of X = y C z.

If Sis aposet and X C S, there is at most one lub of X (U X) .
L = 1, the least element of S (if exists).
Let X € P(S) such that LI X exists for all X € X. Then

LU X | XGX}:I_I(UX)

if either of these lub exists.
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Domains

A chain C is a countably infinite non-decreasing sequence
XEXTE....
We may also use C to represent the set of elements on the chain.

The limit of a chain C is the lub of all its elements when it exists.

A chain C is interesting if (LIC) ¢ C.
(Chains with finitely many distinct elements are uninteresting.)

A poset D is a predomain (or complete partial order — cpo) if every
chain of elements in D has a limit in D.

A predomain D is a domain (or pointed cpo) if D has a least
element L.
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D, is a lifting of the predomain D if:

@ L¢D,and
@ xLCp, yiffeitherx = LorxCpy

D, is a domain.

Any set S can be viewed as a predomain with discrete partial
def
order C = Ids.

D is a flat domain if D — {1} is discretely ordered by C.
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Continuous Functions

If D and D’ are predomains, f € D — D’ is a continuous function
from D to D’ if it maps limits to limits:

f(LC)=L'{fx; | x; € C}for every chain Cin D

Continuous functions are monotone: consider chains xCyC y...
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Continuous Functions

If D and D’ are predomains, f € D — D’ is a continuous function
from D to D’ if it maps limits to limits:

f(LC)=L'{fx; | x; € C}for every chain Cin D

Continuous functions are monotone: consider chains xCyC y...

There are non-continuous monotone functions:
Suppose C = xgC xy C xo C ... is an interesting chain in D with a
limit x, and D’ = {1, T} such that L C’ T. Then

_ 1 ifyeC
f_/ly.{T ify = x

is monotone but not continuous: L'{fx; | x;€ C} = L # T = f(LC)
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Monotone vs Continuous Functions

A monotone function f € D — D’ is continuous iff for all interesting
chains xg C x1 C ..., we have f(|I7, xi) C LIIZ(f xi).

Proof.
The right-direction implication is obvious following the definition of
continuous functions. We prove the left-direction implication.

@ for uninteresting chains xp C X1 £ ... C Xp, Xp = [ |74 X;.
H H (o) 700
Since f is monotone, f(| |72 xi) = fxq = [11Z(f ;).

@ for interesting chains, suppose x = | |, x;. We know
fx; E fx holds for all i € N, following the monotonicity of f.
Therefore | ;= (f x;) C fx = f(|I;>, x;). Given assumption
F(LITZ o Xi) © LI (f xi), we know F(LIZ 5 xi) = LI (F Xi).
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The (Pre)domain of Continuous Functions

pointwise ordering of functions in P — P’, where P’ is a

predomain:

fc, g®vxeP.fxce gx

Proposition:

If both P and P’ are predomains, then the set [P — P’] of
continuous functions in P — P’ with partial orderC_, is a
predomain, such that for any chain fy C_, f{ C_, ..., we have

LIifi = Ax € P. LI/ (i x).

If P” is a domain, then [P — P’] is a domain with
1l,=AxeP.Lp.
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The (Pre)domain of Continuous Functions: Proof

To prove [P — P’] is a predomain, we need to prove
@ EverychainfpC_, ff £, ... in [P — P’] has a limit f; and
Q fisalsoin [P — P].
Proof:
Let f = Ax € P. | |7 (fi x). f is well defined, i.e. | [} (f; x) exists,
because P’ is a predomain, and fy x Cp: f; X Cps ... since
foCl, T ....
Then we prove
1.1 Itis an upper boundof b C_, fi T, .... in [P — P’] has a
limit f;
1.2 ltis the least upper bound;
2 ltis continuous, thus it is also in [P — P’].
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The (Pre)domain of Continuous Functions: Proof (cont'd)

Proof of 1.1: f is an upper bound.
fi C_, f because Vx € P.fix Cp: (L]} (fix)) = f x. Therefore f is an

upper boundof iy C, fi C, ....

Proof of 1.2: f is the least upper bound.
If g is another upper bound, then Vx € P.fix Ep: g x holds for all i.
Therefore Vx € P.fix Cp/ | |7 (fix) =fxCp gx,i.e. fC_, g.

Proof of 2: f is continuous, that is, for any chain xo C x1 ... in P,
f(Ll; x;) = LI:(F X))
We know
F(Ly %) =" LI (fi(Ly %)) =2 LI (Lj(fi xg)) =2 Lj (L7 (F xg)) =2
LI (fx;)

1. Definition of f 2. fi is continuous

3. property of lub 4. Definition of f
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Examples: Continuous Functions

For predomains P, P’ and P”,

e If f e P — P’ is a constant function, then f € [P — P’].

o Idp € [P P].

olffe[P— Plandge[P — P”],thengofe[P— P"].
o Iffe[P— P, then(—of)e[[P" - P"] > [P — P"].

@ lfge [P’ — P”],then(go-)€|[[P— P]— [P — P"]].
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Strict Functions and Lifting

If D and D’ are domains, f € D — D’ is strict if f L = 1’.

If P and P’ are predomains and f € P — P’, then the strict function

fx ifxeP

f
fL g /lxePl.{ U ifx— L

is the lifting of f to P, — P’,. If P’ is a domain, then the strict function

fx ifxeP

def
fi = /lxePl.{ U oifx— 1

is the source lifting of fto P, — P’.

If f is continuous, so are f, and f,.
(=), and (-), are also continuous.

Note the combinators shown in this slide and the previous one are those
used in our semantics functions of IMP. They allow us to compose
continuous functions.
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Least Fixed-Point

If xe S — S, then x € Sis a fixed-point of f if x = fx.

Theorem [Least Fixed-Point of a Continuous Function, a.k.a.
Kleene Fixed-Point Theorem]

If D is a domain and f € [D — D], then x & |_| (f' 1) is the least

fixed-point of f. (Note O = Idp and ™! = fo (f”)

Proof.
x is well-defined because L C f L C f> L C.... is a chain. (why?)

x is a fixed-point because

ix=1 (D)= D = s = 0o =

i=0 i=0 i=1 i=0

For any fixed-pointy of f, LCy = fLlLCfy=y.
By induction, we have Yi € N.f' L C y. So y is an upper bound of
thechain LCfLC... Sincexisalub,soxCy.
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The Least Fixed-Point Operator

Let -
Yo=afe[D— D] | |(f1)
i=0

then for each f € [D — D], Yp f is the least fixed-point of f.

Yp € [[D — D] — D]
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Get Back to Semantics of Loops

Recall our first attempt:

[[while b do cllcomm o

= [if b then (c ;while b do c) else skiplcomm o

- ([[Wh"e b do C]]comm)ﬂ ([[C]]comm 0') if [[b]]boolexp o = true
o otherwise

It implies that [while b do c]lcomm is a fixed-point of

F def Af e[ 5> X ] AoceX. fu(ICheomm o) if [[b]]b‘?"'ex" o = true
o otherwise

We pick the least fixed-point:

[while b do clleomm & Yszos, F
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Semantics of Loops: Intuition

wo % while true do skip Wollcomm = Ao, L

Wi & if b then (C ; Wi) else skip [Wit1 Ncomm = F [Willcomm

Suppose the loop while b do ¢ at state o evaluates the condition
(b) ntimes before it terminates. Then it behaves like w; for all i > n.

[while b do cllcommo ifi=n

[Willcomm o :{ 1 otherwise

If the loop never terminates:

Therefore

[e9)

Vo € 3. [while b do Clleomm o = | _|(IWillcomm )
i=0
So we have [[while b do ¢llcomm = Ysos F
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Variable Declarations

Syntax
C = newvarx :=einc

Semantics:

[newvar x := e in Cllcomm o
e ((=)x ~ o x}), ([clcomm(Tix ~ [ellintexp T}))

)
_ )+ if [clcomm(o{x ~ [€llintexp 0’}) = L
- o' {x~ ox} if [[C]]comm(o'{x ~> [[e]]/ntexp 0'}) o’

(newvar x := e in ¢) binds x in ¢, but not in e:

fv(newvar x := e in ¢) = (fv(c) — {x}) U fv(e)
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Free Variables and Assigned Variables

Free variables:

Veomm(x =€) =
fVeomm(skip) =

Veomm(C;¢") =

fveomm(if b then ¢, else ¢y) =
fVeomm(while b do ¢) =
fVeomm(newvar x := e in c)

Denotational Semantics

= (fVcomm(C)

{xtu fVlntexp(e)

0

Veomm(€) U Veomm(C”)

fv, boolexp(b) U Veomm(Co) U fVeomm(C1)
beooIexp(b) U fVeomm(C)

- {X}) ) fVintexp(e)



Free Variables and Assigned Variables

Free variables:

fVeomm(X == e
fVeomm(skip
fVcomm(C 5C

fveomm(if b then ¢, else cq
fveomm(wWhile b do ¢

)=
)=
)=
)=
) =
)=

{xtu fVlntexp(e)

0

Veomm(€) U fVeomm(c”)

fv boolexp(b) ) fVcomm(CO) ) fVcomm(C1)
beooIexp(b) U fVeomm(C)

fVeomm(newvar x := e in ¢) = (fVeomm(C) — {X}) U fVintexp(€)
Assigned variables:
fa(x :=e) = {x}
fa(skip) = 0
fa(c;c’) = fa(c) U fa(c’)
fa(if b then ¢ else cq) = fa(cp) U fa(cy)
fa(while b do c) = fa(c)
fa(newvar x := e in ¢) = fa(c) — {x}
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Coincidence Theorem for Commands

The meaning of a command now depends not only on the mapping
of its free variables:

[clcommo x = o x if [€lcommo # L and x ¢ fv(c)

(i.e. all non-free variables get the values they had before ¢ was
executed).

Coincidence Theorem:

@ Ifox =o' xforall x € fv(c), then
[clcommo = L = [€llcommo’, or
VX S fV(C) [[C]]C()mma-x - [[Cﬂcomm O-’ X.

@ If [cllcommo # L, then [Cllcomm o x = o x for all x ¢ fv(c).
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Coincidence Theorem for Commands

The meaning of a command now depends not only on the mapping
of its free variables:

[clcommo x = o x if [€lcommo # L and x ¢ fv(c)

(i.e. all non-free variables get the values they had before ¢ was
executed).

Coincidence Theorem:

@ Ifox =o' xforall x € fv(c), then
[clcommo = L = [€llcommo’, or
VX S fV(C) [[C]]C()mma-x - [[Cﬂcomm O-’ X.

@ If [cllcommo # L, then [Cllcomm o x = o x for all x ¢ fv(c).

Renaming Theorem:
If x” ¢ fv(c) — {x}, then
[newvar x := e in Ccllcomm o = [newvar x’ := e in ¢[x"/X]llcomm o
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Abstractness of Semantics

Abstract semantics are an attempt to separate the important
properties of a language (what computations can it express) from
the unimportant (how exactly computations are represented).

The more terms are considered equal by a semantics, the more
abstract it is.

A semantic function [—]1 is at least as abstract as [—]|p if

Ye,c'.[clo = [c'lo = el = [’

Denotational Semantics



Soundness of Semantics

If there are other means of observing the result of a computation, a
semantics may be incorrect if it equates too many terms.

A context C is a command with a hole e.
A command c can be placed in the hole of C, yielding C[c] (not
substitution — name capture is allowed).

Example:
If C = newvar x := 11in e ;y := x;, then
Clx:=x+1]=newvarx :=1inx:=x+1;y :=x;

Let O be an observation, and O be a set of observations, i.e.
O € O C comm — outcomes.
Also we use C for the set of all contexts.

A semantic function [—] is sound (with respect to O) iff

Ye,c'. el =[] = YO e€O.VYC € C.O(C|c]) = O(C[c'])
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Soundness and Full Abstractness

A semantic function [-] is sound (with respect to O) iff

Ye,c'.[c] =[] = YO € O.YC € C. O(C|c]) = O(C][c'])

A semantic function [—] is fully abstract (with respect to O) iff
Ye,c'.[cl =[c'l © YO € O.VC € C.O(CJc]) = O(Clc'])

i.e. [—] is the “most abstract” sound semantics.
= (soundness): [—] cannot be too abstract;
<: [-]1 cannot be too concrete either

Proposition:
If [-1o and [—]1 are both fully abstract semantics with respect to
O, then [-1o = -1, i.e. Ye.[clo = [c]1.
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Full Abstractness of Semantics for Imp

def L if [cllcommo = L
L = Ac. .

et Orx ¢ { o’ x if [Clecommo = T
So O, is an observation, and O,.x € comm — Z
Let O be the set of all such observations, i.e.

/

O ={0Oyx | o€ X and x € var}

Proposition: [—]c.omm is fully abstract with respect to O.

@ [—Ilcomm is sound: By compositionality, if [¢]lcomm = [€’lcomm:
then for any context C, [C[c]|lcomm = [C[c’]Icomm (induction).
So Oyx(C[c]) = O,x(C][c’]) for any observation O, x.

@ [—lcomm is most abstract: consider the empty context C = e.
If Oyx(c) = Ogx(c’) holds for all x € varand o € ¥, we know
[clcomm = (¢’ Ncomm-
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Observing Termination of Closed Commands

Suppose we only care about termination of closed programs.
f if 3o —

Let O’ % 1c. alse if do- [[?]]comma n
true otherwise

Note that if ¢ is closed, whether [¢]lcomm o terminates or not is
independent with o.

O’ is an observation, with type comm — B

Let O’ = {O’}. [-1comm is fully abstract with respect to O’ if we
only consider closed environments, i.e.

Ye, ¢’.[clcomm = [€'comm ©

YO e O’ NC e C.f\\(Clc]) Ufv(C[c’]) =0
= O(C[c]) = O(C[c])
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Observing Termination of Closed Commands (cont’d)

The proof of soundness (=) is the same as before. We prove the
semantics is most abstract with respect to O’ (<).

Suppose [cllcomm # [’ 1comm, We could construct a context C
such that O’(C[c]) # O’(C[c]).

Suppose [Cllcomm o # [€ lcomm o for some o. Let

{xilie[1,n]} o fv(c) U fv(c’), and k; be constants such that
K,‘ = O X].

Then by the Coincidence Theorem, for any o and o,

[cllcomm (U’{X1 ~ Ky, Xp ~o kn})
# [¢'Tcomm (O'II{X1 ~ Ki,...,Xp~> kn})
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Observing Termination of Closed Commands (cont’d)

Consider then the context C closing both ¢ and ¢’:

def . .
C £ newvar x; = k; in ... newvar x, = k, in e

First we show, for any o’ and o, it is impossible to have
[[C[C]]]comm o' = [[C[C']]]comm o’ = 1.
This is because

[Clc]lcomm o’ = fu ([Cllcomm (0{x1 ~> Ki,...,Xn ~> Kn}))
where f = (=){x1 ~ 07 X1,...,Xn ~> 0’ Xp}

So [C[c]lcomm o’ = [C[¢'[Tcomm " = L only if
[cTcomm (07/{X1 ~> ki,...,Xp~> kn}) =

(¢ Tcomm (0" {x1 ~> ki, ..., Xn ~> Kn}).

This cannot be true, as we show in the previous slide.
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Observing Termination of Closed Commands (cont’d)

@ Only one of C[c] and C[c’] terminates. Then
O’(C[c]) # O’(C|c’]). We are done.

@ Both CJc] and C[c’] terminate. So
[cllcommo # L # [¢"llcomm O
Since [¢llcomm o # [’ comm 0, there exist x and k such that
[cllcomm o x = k # [C"Tlcomm o X.

We construct another context C’:
, def . R
C’ = CJe;while x = k do skip],

so C’[c] diverges, but C’[c’] doesn’t. Therefore
O’(C’[c]) = false # true = O’(C’[c']).
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Extension: The fail Command

Syntax: ¢ ::= fail

To give semantics to fail, we need to extend our semantic domains,
just like we lift X to X, to give semantics to diverging programs.

We define & ey u {abort} x ¥, and ¥, def (Z)L

NOW [[C]]comm € Z i iJ_.

Semantics:

[[fa"]]comm(f d—ef (abort o)

[c; C]]commo' = ([[C ]]comm) ([[C]]commo')

where f, is aliftingof fe X >3, to Y, - 3,.
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Semantics with fail Command

Semantics:

[[fa"]]comm(f d—ef (abort o)

[c; C]]commo' = ([[C ]]comm) ([[C]]commo')

where f, is alifingof fe ¥ > % 03, » 3,:

f, L %!
def

f. (abort, o) = (abort, o)
def

f.o = fo

[while b do cllcomm < Yisos F

([[C]]comm 0') if [b1lbootexp o = true

where F & Af a0 { ™ ;
o otherwise

How to define semantics of newvar x := e in ¢?
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Local Declarations with Failure: Problem

Recall the semantics of local declarations:

[newvar x := e in ¢llcomm o

e ((=)ix ~ O'X})Jl([[c]]comm(o'{x ~> [e]lintexp a}))
The naive generalization in the presence of failure:

[newvar x := e in Cllcomm o

o ((_){X ~> U'X})* ([[C]]comm(o'{x ~> I[e]]intexp 0'}))

doesn’t quite work: if ¢ fails, the result shows the state when ¢
failed:

[newvar x := 1 in failcomm o = (abort, o{x ~ 1})

so names of local variables can be exported out of scope.
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Local Declarations with Failure

Naive semantics means renaming does not preserve meaning:

x := 0;[newvar x := 1 in fail]lcomm o = (abort, o-{x ~ 1})
x := 0;[newvar y := 1 in fail]comm o = (abort, o{x ~ 0,y ~> 1})

Solution: The old bindings of local variables must be restored even
when the result is in {abort} x X

Use yet another I|ft|ng function to restore bindings: if fe ¥ — %,
then f; eZL - Zl

frl =1
f: (abort, o) = (abort, f o)
fT o=fo

Then [newvar x := e in cllcomm o

o ((_){X ~> O'X})T ([[C]]comm(o'{x ~> [[e]]intexp 0'}))
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