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Abstract—In many real-world applications, different types of misclassification usually suffer from different costs, but the accurate cost
is often hard to be determined and usually one can only get an interval-estimation like that one type of mistake is about five to ten times
more serious than the other type. On the other hand, there are usually abundant unlabeled data available, leading to great research
effort about semi-supervised learning. It is noticeable that cost interval and unlabeled data usually appear simultaneously in practice
tasks; however, there is rare study tackling them together. In this paper, we propose the cisLDM approach which is able to handle
cost interval and exploit unlabeled data in a principled way. Rather than maximizing the minimum margin like traditional large margin
classifiers, cisLDM tries to optimize the margin distribution on both labeled and unlabeled data when minimizing the worst-case total-
cost and the mean total-cost simultaneously according to the cost interval. Experiments on a broad range of datasets and cost settings
exhibit the impressive performance of cisLDM. In particular, cisLDM is able to reduce 47% more total-cost than standard SVM and 27%
more total-cost than cost-sensitive semi-supervised SVM which assumes the true cost value is known in advance.

Index Terms—Margin distribution, cost interval, semi-supervised learning.
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1 INTRODUCTION

IN many real-world applications, different misclassifica-
tions can lead to different losses, which can be described

by costs. For example, the cost of misdiagnosing a patient
as healthy may be much larger than that of misdiagnosing
a healthy person as sick, because the former may cause
regretful death. The costs are often provided by domain
knowledge such as expert opinions and are taken as some
precise values. However, in reality it may be infeasible to
obtain such precise cost value. In many cases, we can only
get an estimation that one type of mistake is about five to
ten times more serious than the other types. Fortunately, cost
interval may be available, which are estimated as ranges of
cost and can be obtained from natural bounds, confidence
intervals and opinions of experts [25]. For example, it is a
common case in the disciplines of medicine that the con-
fidence intervals have to be included in standard analysis
reports, thus they are easy to access and be used as cost
intervals. Under such circumstances with cost interval, we
expect to learn a classifier minimizing the total-cost for a
certain unknown cost.

On the other hand, there are usually abundant unlabeled
instances available in real-world tasks, because obtaining
labels may be expensive. In the previous disease diagnosis
example, the acquisition of labeled data requires expensive
physician diagnosis whereas the collection of unlabeled data
is much cheaper, hence many of the training examples may
remain unlabeled. It is meaningful to exploit these abundant
unlabeled instances in addition to a few labeled examples to
generate a strong classifier with a better performance.

Many efforts have been devoted to cost-sensitive learn-
ing to deal with precise costs in recent years. Meanwhile,
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to exploit unlabeled instances, semi-supervised learning has
attracted much attention as well. Moreover, there exist meth-
ods to work with both cost-sensitive and semi-supervised
learning settings. However, none of existing methods deal
with cost interval and unlabeled instances simultaneously.
It is notable that taking both of them into account leads
to a huge hypothesis space, because the cost information is
given as an interval but not a precise value, and the labels of
unlabeled instances remain undefined thus a great diversity
of assignments exists.

Therefore, to learn with cost interval and unlabeled
data, we study in this paper cost-interval-sensitive semi-
supervised learning. We propose the cisLDM (Cost Interval
Semi-supervised Large margin Distribution Machine) to ad-
dress such problem effectively, and achieve a better perfor-
mance from the margin distribution benefits. Experiments
on data sets of a broad range of scale show the superiority of
cisLDM to both cost-interval-sensitive methods using only
the labeled data and semi-supervised methods using any
particular value in the interval as misclassification cost.

The rest of this paper is organized as follows. Section 2
briefly introduces some related work and Section 3 formu-
lates the problem. Section 4 presents the cisLDM method
and Section 5 reports our experiments. Section 6 describes
the application to microcalcification cluster detection and
Section 7 concludes the paper.

2 RELATED WORK

MANY efforts have been devoted to cost-sensitive learn-
ing during the past few years. The learning process

may involve many kinds of costs, such as the test cost,
teacher cost, intervention cost [36], among which the most
common cost is the misclassification cost. Furthermore,
misclassification cost can be categorized into two types,
i.e., example-dependent cost and class-dependent cost. The
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former assumes that the costs are relevant to examples,
namely, every example has its own misclassification cost;
the latter assumes that the costs are relevant to class, namely,
examples from the same class share equal misclassification
cost. In practice it is much easier to get class-dependent cost
than example-dependent cost, hence class-dependent cost
has attracted more attention. In this paper, we will focus on
the class-dependent cost.

The most general approach to cost-sensitive learning
is rescaling, which tries to rebalance the distribution of
training data such that any standard classifier minimizing
error rate can be converted to a cost-sensitive classifier
minimizing total-cost. On two-class problems [14] proposed
the theoretical principle of rescaling approach, while on
multi-class problems [44] showed that rescaling approach
can only work well with consistent cost matrix. Generally,
rescaling can be realized in three typical ways, i.e., assigning
different weights to training examples [35], [43], resampling
the training examples [14], [26] and moving the decision
thresholds [12], [43].

Besides the universal rescaling approach, there are also
some embedded methods adapting particular classifiers
such as neural network, Adaboost and SVM to cost-sensitive
setting [5], [13], [15], [19], [23], [29]. Multi-class cost-sensitive
learning has been studied in recent years [32], [44].

Semi-supervised learning generates classifiers with bet-
ter performance by exploiting abundant unlabeled instances
in addition to a few labeled examples. In the past decade,
many semi-supervised learning methods have been pro-
posed, and can be categorized into four categories, i.e., gen-
erative methods [28], [30], S3VMs (Semi-Supervised Support
Vector Machines) [3], [8], [18], graph-based methods [1], [2]
and disagreement-based methods [4], [42].

S3VM [3] is built on the cluster assumption, which is one
of the two basic assumptions in semi-supervised learning.
The cluster assumption assumes that examples from the
same cluster should have similar labels. According to this
assumption, the decision boundary should go through the
low dense region to avoid classifying examples from the
same cluster into different classes. Therefore, S3VM tries
to use unlabeled instances to adjust the decision boundary
learned from labeled examples, while keeping the labeled
examples being correctly classified.

S3VM infers the interger-valued labels of the unlabeled
instances typically and directly, which results in a difficult
mixed-integer programming. Many efforts such as TSVM
[10], [18] have been devoted to speeding up the optimiza-
tion. However, TSVM iteratively solves a large number of
SVM, thus it is not scalable for medium scale data sets.
Recently, Li, Kwok and Zhou proposed the meanS3VM [21],
and showed that the labels mean of the unlabeled data,
which are simpler but also effective statistics than the set
of labels of all the unlabeled instances, can be very useful in
semi-supervised learning.

The utilization of unlabeled instances in cost-sensitive
learning has been considered in a few studies [17], [27],
[24]. Most of them require an oracle, from which the
ground-truth labels of informative unlabeled instances can
be queried, and then refine the cost-sensitive model by
using the queried labels. Li, Kwok and Zhou proposed the
CS4VM [22] to address problems in cost-sensitive and semi-

supervised scenarios by adapting the approach of [21] to
the cost-sensitive setting. They used label means to reduce
the huge hypothesis space brought by unlabeled instances.
Nevertheless, it is infeasible to simply employ CS4VM to
work with cost interval.

The first study on the direction of learning with cost
interval is [25], and they proposed CISVM to work with cost
interval. However, [25] only focuses on supervised learning
setting, and it is also impracticable to bring unlabeled data
directly into CISVM.

3 FORMULATION

IN cost-interval-sensitive semi-supervised learning, de-
note X ∈ Rd as an input space, and Y as a class label

space with y ∈ {±1}. Data are drawn i.i.d. according to
the distribution Pr(X,Y ). We are given a set of labeled
data {(xi, yi)}li=1 and a set of unlabeled data {xi}l+ui=l+1,
where l and u are the numbers of labeled and unlabeled
instances, respectively. Let n = l + u, Il = {1, ..., l},
Iu = {l + 1, ..., n} and I = Il ∪ Iu. For unlabeled instance
xi, denote ŷi as its estimated label. Here we consider class-
dependent costs, and suppose that a correct prediction costs
0 while misclassifying a positive and negative example costs
c(+1) and c(−1), respectively. Without loss of generality,
we simplify the costs by fixing the cost of negative class so
that we only need to consider the cost of positive class, i.e.,
c(−1) = 1, c(+1) = c, where c is a constant and c > 0. Thus
for classifier h, the cost of misclassifying an example (x, y)
is

l(c, h(x), y) = cI(h(x) 6= y∧y = +1)+I(h(x) 6= y∧y = −1)
(1)

where I(·) is the indicator function. And the empirical total-
cost on training set is

R(h, c) =
∑
i∈Il

l(c, h(xi), yi) +
∑
i∈Iu

l(c, h(xi), ŷi) (2)

Existing cost-sensitive methods assume that the cost c is
a fixed value, and train a classifier h to minimize the empir-
ical total-cost, i.e., Eq. 2. Furthermore, in order to deal with
both unequal misclassification costs and unlabeled data,
CS4VM [22] was proposed to simultaneously optimize the
label assignments to the unlabeled instances and minimize
the total-cost on both labeled and unlabeled data. Then for
f(x) = w>φ(x) (where we have h(x) = sgn(f(x))), the
objective function of CS4VM can be derived as

min
ŷ∈B

min
w

1

2
w>w + C1

∑
i∈Il

Lcs4vm(yi, f(xi))

+ C2

∑
i∈Iu

Lcs4vm(ŷi, f(xi))
(3)

where B = {ŷ|ŷi ∈ {±1}, ŷ>1 = r}, r is the balance
constraint which avoids the trivial solution that assigns all
the unlabeled instances to the same class. Lcs4vm(y, f(x)) =
c(y)max{0, 1 − yf(x)} is the hinge loss function. C1 and
C2 are regularization parameters controlling the tradeoff
between the model complexity and the surrogate total-cost
on the labeled and unlabeled data.

However, when the true cost is unknown but just a
certain value in the cost interval [cmin, cmax], CS4VM cannot
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be applied directly, since our goal is changed to learn a
classifier h∗ minimizing the total-cost w.r.t. the unknown
true cost c∗, i.e.,

h∗ = arg min
h
R(h, c∗) s.t. c∗ ∈ [cmin, cmax] (4)

Unfortunately, Eq. 4 is rather difficult to solve, because in
such a case that the unavailable c∗ can be any value in
the interval, the true total-cost R(h, c∗) in Eq. 4 cannot
be obtained to guide the learning process. An effective
approach was proposed in [25], that is to choose a proper
value cs ∈ [cmin, cmax] as surrogate cost. By minimizing
the surrogate total-cost R(h, cs), we may learn a surrogate
classifier hs approximating h∗ to minimize the true total-
cost R(h, c∗), i.e.,

hs = arg min
h
R(h, cs)

hs ≈ h∗
(5)

In this paper, we adopt this procedure to handle cost in-
terval in semi-supervised learning. The details for choosing
the proper surrogate cost will be discussed in Section 4.2.
Here we just bring in cs to formulate the objective function.
In order to facilitate the equation derivation, we denote ci
as the cost of misclassifying i-th examples and have

ci =

{
csI(yi = +1) + I(yi = −1), i ∈ Il
csI(ŷi = +1) + I(ŷi = −1), i ∈ Iu

(6)

Thus given a surrogate cost cs, we make a modification of
Eq. 3, and then obtain a cost interval semi-supervised SVM:

min
ŷ∈B

min
w

1

2
w>w+C1

∑
i∈Il

L(ci, yi, f(xi))+C2

∑
i∈Iu

L(ci, ŷi, f(xi))

(7)
As can be seen, Eq. 7 works with a surrogate cost cs

whereas the fixed cost c(±1) is available in CS4VM. More-
over, a different hinge loss function from Lcs4vm(·) is used
in Eq. 7:

L(c, y, f(x)) = max{0, c− yf(x)} (8)

which is particularly designed in [25] to learn with imprecise
cost and shown to be more robust with cost interval than the
loss function of CS-SVM and CS4VM.

Traditional SVMs including Eq. 7 are motivated by the
basic idea of maximizing the minimum margin. According
to [11], [37], the margin of labeled example (xi, yi) is

γi = yif(xi),∀i ∈ Il. (9)

However, recent theoretical results disclosed that the
margin distribution, rather than the minimum margin, was
more crucial to the generalization performance [41]. Such
a conjecture has been recently proved by Gao and Zhou
[16]. Moreover, it was disclosed that rather than simply
considering a single margin, both the margin mean and
variance are important. Afterwards, [40] proposed the LDM,
which tries to achieve a stronger performance than SVM
by optimizing the margin distribution under the supervised
setting. Mathematically, on labeled examples, the objective
function of LDM is formulated as

min
w

1

2
w>w + C

∑
i∈Il

Lldm(yi, f(xi)) + λ1γ̂ − λ2γ (10)

where Lldm(y, f(x)) = max{0, 1− yf(x)} is the hinge loss
of LDM, γ = 1

l

∑
i∈Il γi and γ̂ = 1

l2
∑
i,j∈Il(γi − γj)

2 are
the margin mean and variance respectively, λ1 and λ2 are
regularization parameters for trading off the model com-
plexity with the margin variance and mean. As can be seen,
LDM optimizes the margin distribution by maximizing the
margin mean and minimizing the margin variance simul-
taneously, and the term w>w is a regularization function
restricting the complexity of the model.

Although LDM was proposed to obtain a better perfor-
mance in supervised learning, the intuition of optimizing
the margin distribution can be extended to semi-supervised
learning. The further details will be described in the follow-
ing paragraphs.

Many literatures have pointed out that semi-supervised
learning may be not safe in some cases [39], [6], [7]. Simi-
lar phenomenon can also be observed when cost-sensitive
learning is combined with semi-supervised learning. A sim-
ple example is shown in Figure 1. Suppose we are trying to
separate two categories of data points, i.e., red circles and
blue triangles, and misclassifying a red circle and a blue
triangle costs 3 and 1 respectively. Figure 1(a) shows the de-
cision boundaries of SVM and cost-sensitive SVM learning
with only a few labeled examples. It can be seen that cost-
sensitive SVM forces the decision boundary of SVM away
from the red circles with more cost to decrease the total-
cost. Figure 1(b) shows the decision boundaries of semi-
supervised SVM and cost-sensitive semi-supervised SVM
learning with additional unlabeled instances. It indicates
that by utilizing unlabeled instances, semi-supervised SVM
adjusts the decision boundary of SVM to go through the
less dense region to guarantee a lower error rate. We can see
that the total-cost of semi-supervised SVM is higher than
that of cost-sensitive SVM, which is reasonable since semi-
supervised SVM is cost-blind. To take misclassification cost
into account, cost-sensitive semi-supervised SVM adjusts
the decision boundary of semi-supervised SVM further to
make it away from high cost red circles. However, the result
showed in figure 1(b) reveals that the total-cost of cost-
sensitive semi-supervised SVM is even higher than that of
cost-sensitive SVM.

As mentioned previously, common semi-supervised
SVMs including Eq. 7 focus on learning one optimal deci-
sion boundary going through low dense region by optimiz-
ing the label assignments to the unlabeled instances and
maximizing the minimum margin simultaneously. How-
ever, given a few labeled data and abundant unlabeled
data, there usually exist more than one large margin low
density decision boundaries. Because only a single margin,
i.e., the minimum margin is considered, it is hard for semi-
supervised SVMs to decide which one is the best. Though
these low-density decision boundaries all coincide with
the limited labeled data well, they are often diverse and
therefore, a wrong selection may result in a degenerated
performance. This is the reason why semi-supervised SVMs
failed in some cases.

To make more effective use of unlabeled instances, we
turn to involve all the margins of both labeled and unlabeled
instances and optimize the margin distribution, which can
promote the robustness of the selection. Figure 1(c) sim-
ply illustrates this motivation. After optimizing the margin
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(ground-truth is positive)
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(ground-truth is negative)
(ground-truth is negative)?

a) The error rate and total-cost of A 
are 0.50 and 7 respectively, whereas 
for B the error rate is still 0.50 but 

the total cost has reduced to 3.

b) The error rate and total-cost of C 
are 0.33 and 6 respectively, whereas 
for D the error rate and total cost 

are 0.33 and 4 respectively.

c) The error rate and total-cost of E 
are 0.17 and 3 respectively, whereas 

for F the error rate and total cost 
are 0.17 and 1 respectively. cost-sensitive semi-supervised LDM

SVM

cost-sensitive SVM

semi-supervised SVM

cost-sensitive semi-supervised SVM

LDM

A

B
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Figure 1. A simple illustration of cost-sensitive semi-supervised LDM and its relation with other approaches. The cost ratio of positive (red) vs.
negative (blue) is 3:1.

distribution on the basis of cost-sensitive semi-supervised
SVM, cost-sensitive semi-supervised LDM will favor the
chain line as decision boundary, as all the margins are
considered and the variance of them is smaller.

For the purpose of optimizing margin distribution in
cost-interval-sensitive semi-supervised learning, we define
a new weighted margin given surrogate cost cs by extending
Eq. 9 such that the example with larger misclassification cost
has a larger margin:

γwi =

{
ciyif(xi), ∀i ∈ Il
ci|f(xi)|, ∀i ∈ Iu

(11)

Hence the weighted margin mean is

γw =
1

n

∑
i∈I

γw
i =

1

n

(∑
i∈Il

ciyif(xi) +
∑
i∈Iu

ci|f(xi)|
)
, (12)

and the weighted margin variance is

γ̂w =
1

n2

∑
i∈I

∑
j∈I

(γw
i − γw

j )2

=
2

n2

(
n
∑
i∈I

(
cif(xi)

)2 − (∑
i∈Il

ciyif(xi) +
∑
i∈Iu

ci|f(xi)|
)2)

.

(13)

Then cisLDM optimizes the margin distribution on both
labeled and unlabeled data by maximizing the weighted
margin mean and minimizing the weighted margin variance
simultaneously, such a procedure has been used in LDM
[40]. In detail, on the basis of Eq. 7, we add a positive term
w.r.t. weighted margin variance γ̂w and a negative term
w.r.t. weighted margin mean γw. Therefore the objective
function of cisLDM can be finally formulated as

min
ŷ∈B

min
w

1

2
w>w + C1

∑
i∈Il

L(ci, yi, f(xi))+

C2

∑
i∈Iu

L(ci, ŷi, f(xi)) + λ1γ̂
w − λ2γ

w
(14)

4 THE CISLDM APPROACH

S INCE we have taken both cost interval and unlabeled
data into account, the hypothesis space is huge. In this

section, we first handle the difficult mixed-integer program-
ming problem in semi-supervised learning by estimating the
label means of unlabeled instances and introducing them
into Eq. 14. On the other hand, we present the cisLDM
algorithm to cope with the infinite constraints brought by
cost interval. Then inspired by the optimization of LDM in
[40], we propose two optimization methods for cisLDM on
regular scale and large scale data sets, respectively.

4.1 Estimating and Introducing Label Means
Note that Eq. 14 directly estimates the labels for the un-
labeled instances, which leads to a difficult mixed-integer
programming problem and is often inefficient when the
number of unlabeled instances is large. [21] showed that
rather than involving all the labels of unlabeled instances,
the label means of the unlabeled data which are simpler
but also effective statistics can be useful in semi-supervised
learning, so that we will introduce this observation into
cisLDM.

From the balance constraint r in Eq. 14, we can obtain
the number of positive and negative examples as u+ = u+r

2
and u− = u−r

2 , respectively. The default value of r can be set
priorly from labeled examples. For SVM f(x) = w>φ(x),
assuming the ground-truth of the unlabeled instance xi is
y∗i , the true means of the positive and negative classes are
then m∗+ = 1

u+

∑
y∗i =1 φ(xi) and m∗− = 1

u−

∑
y∗i =−1 φ(xi)

respectively, which are referred as label means.
To estimate the label means of unlabeled instances, [21]

proposed a margin-based framework such that the mar-
gin between the means is maximized. [22] extended this
framework to the cost-sensitive setting, where the class with
larger misclassification cost is given larger weight in margin
computation. Furthermore, we modify the latter framework
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to work with cost interval by using the surrogate cost cs
instead of the fixed cost c(±), and Eq. 8 as loss function
instead of Lcs4vm(·). Mathematically, the objective function
for estimating label means is formulated as:

min
d∈∆

min
w,ρ

1

2
w>w + C1

∑
i∈Il

L(cs, yi,w
>φ(xi))− C2ρ

s.t. w>
(∑

i∈Iu diφ(xi)

u+

)
≥ csρ

w>
(∑

i∈Iu(1− di)φ(xi)

u−

)
≤ −ρ

(15)

where d = [di; i ∈ Iu], ∆ = {d|di ∈ {0, 1},d>1 = u+}, and
2ρ is the margin between the two label means.

The non-convex optimization problem in semi-
supervised learning has been transformed to the bilinear
constraint between d and w in Eq. 15, which can be solved
by alternating optimization. Firstly, we fix d and solve a
SVM problem, then fix the SVM and update d, and then
alternates between these two steps until convergence. After
obtaining d, the label means can be estimated with m+ =
1
u+

∑
i∈Iu diφ(xi) andm− = 1

u−

∑
i∈Iu(1−di)φ(xi), which

are estimates of m∗+ and m∗−, respectively. In the following,
we will introduce the estimated label means into Eq. 14.

The labels of unlabeled instances are unknown, but
should be as same as the signs of the predictions, i.e,
ŷi = sgn(w>φ(xi)),∀i ∈ Iu. Substituting this into Eq. 14,
we obtain

min
w

1

2
w>w + C1

∑
i∈Il

L(ci, yi,w
>φ(xi))+

C2

∑
i∈Iu

L(ci, ŷi,w
>φ(xi)) + λ1γ̂

w − λ2γ
w

s.t. ŷi = sgn(w>φ(xi)), i ∈ Iu;
∑
i∈Iu

sgn(w>φ(xi)) = r.

(16)

Similarly, the cost of misclassifying i-th example ci is ad-
justed to

ci =

{
cs+1

2 + yi
cs−1

2 , i ∈ Il
cs+1

2 + sgn(w>φ(xi))
cs−1

2 , i ∈ Iu
(17)

To deal with the loss function in Eq. 16, we introduce
slack variables ε = [ε1, ..., εl]

> for labeled examples, p+ =
[p+
l+1, ..., p

+
l+u]> and p− = [p−l+1, ..., p

−
l+u]> for unlabeled

instances, then Eq. 16 can be reformulated as

min
w

1

2
w>w + C1

∑
i∈Il

εi + C2

∑
i∈Iu

(
p+
i + p−i + ci−

|w>φ(xi)|
)

+ λ1γ̂
w − λ2γ

w

s.t. yiw>φ(xi) ≥ ci − εi, εi ≥ 0, ∀i ∈ Il;
w>φ(xi)− cs ≤ p+

i , −w
>φ(xi)− 1 ≤ p−i ,

p+
i , p

−
i ≥ 0, ∀i ∈ Iu;

∑
i∈Iu

sgn(w>φ(xi)) = r.

(18)

Proposition 1. Eq. 18 is equivalent to Eq. 16.

Proof: The key is to show that the loss functions in
Eq. 16 and Eq. 18 are the same. When 0 ≤ w>φ(xi) ≤ cs,
both p±i are zero and the loss of xi is cs −w>φ(xi), which

is equal to the loss in Eq. 16. When w>φ(xi) ≥ cs, p+
i =

w>φ(xi) − cs, p
−
i = 0, and thus the overall loss is zero,

which is also equal to the loss in Eq. 16. A similar proof
holds for w>φ(xi) < 0.

Since we have obtained the estimated label means m+

andm−, some terms w.r.t. unlabeled instances in Eq. 18 can
be easily rewritten as∑
i∈Iu

(
ci − |w>φ(xi)|

)
=
cs + 1

2
u+

cs − 1

2
(u+ − u−)−w>(u+m+ − u−m−)

(19)

γw =
1

n

(∑
i∈Il

ciyiw
>φ(xi) +

∑
i∈Iu

ci|w>φ(xi)|
)

=
1

n

(∑
i∈Il

ciyiw
>φ(xi) +w(csu+m̂+ − u−m̂−)

)
(20)

γ̂w =
2

n2

(
n
∑
i∈I

(ciw
>φ(xi))

2 −
(∑
i∈Il

ciyiw
>φ(xi)

+
∑
i∈Iu

ci|w>φ(xi)|
)2)

=
2

n2

(
n
∑
i∈I

(ciw
>φ(xi))

2 −
(∑
i∈Il

ciyiw
>φ(xi)

+w>(csu+m̂+ − u−m̂−)
)2)

(21)

Substituting Eq. 19-21 into Eq. 18, we finally introduce
the label means into the objective function of cisLDM:

min
w,ε,p±

1

2
w>w + C1

∑
i∈Il

εi + C2

∑
i∈Iu

(p+i + p−i )− C2w
>(u+m+−

u−m−) +
2λ1

n2

(
n
∑
i∈I

(ciw
>φ(xi))

2 −
(∑
i∈Il

ciyiw
>φ(xi)+

w(csu+m+ − u−m−)
)2)− λ2

n

(∑
i∈Il

ciyiw
>φ(xi)+

w>(csu+m+ − u−m−)
)

s.t. same as that in Eq. 18
(22)

4.2 The Algorithm
Since the true cost c∗ is unknown, the true total-cost w.r.t.
c∗ cannot be obtained to guide the learning process. In
section 3, we have proposed an intuitive approach that is
to choose a proper value cs as surrogate cost, and then
learn a surrogate classifier hs by minimizing the surrogate
total-cost R(h, cs). hs is expected as an approximation of
h∗ to minimize the true total-cost R(h, c∗). On this basis,
we formulate the cisLDM and handle the difficult mixed-
integer programming problem in semi-supervised learning
by introducing the label means of unlabeled instances.

As previously mentioned, each cost corresponds to a
classifier, and the key problem now is how to choose the
surrogate cost cs to make the classifier hs as close as possible
to h∗. Unfortunately, h∗ is not available. As a result, Eq. 5
cannot guide the choice of cs either. Notice that the true cost
lies within the known cost interval, thus one direct way is to
consider all possible total-cost. Specifically, in order to learn
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a surrogate cost cs and the corresponding classifier hs to
make any possible total-cost small enough, [25] formulated
the problem of learning with cost interval as

min
h,cs

R(h, cs)

s.t. p(R(h, c) < ξ) > 1− δ, ∀c ∈ [cmin, cmax],

cmin ≤ cs ≤ cmax

(23)

where ξ is any sufficient small positive constant, δ is a
positive constant in [0, 1] and p(R(h, c) < ξ) > 1− δ means
that the total-cost is small enough with probability 1− δ.

However, it is notable that Eq. 23 is intractable to get
optimal solutions with infinite constraints, so we can only
find some effective subgoals as a relaxation. According to
[25], it is appropriate to minimize the worst-case total-cost
and the mean total-cost simultaneously, where the former
is the upper bound of the total-cost w.r.t. any c in the
interval and the latter is the total-cost w.r.t. the mean cost
cµ = 1

2 (cmin + cmax). On one hand, the optimal solution
of minimizing the worst-case total-cost can make all con-
straints in Eq. 23 hold; On the other hand, [25] showed
that the mean total-cost has the smallest maximal distortion,
which can reflect how good a classifier performs on the
entire cost interval. Moreover, [25] also showed that the
worst-case total-cost is achieved when cs = cmax.

We try to minimize the worst-case total-cost and the
mean total-cost simultaneously via paramter selection. Such
an approach was proposed in CISVM [25] to handle cost in-
terval. In detail, we optimize the worst-case total-cost which
take cs in Eq. 22 with cmax and learn a series of cisLDM
with different parameters, then select the one minimizing
the mean total-cost on the validation set as the final output.
In this way, both the worst-case and the mean total-cost are
optimized. The pseudo code of cisLDM is shown in Alg. 1.

Algorithm 1 cisLDM
Input:

SL = {(xi, yi)}i∈Il : labeled training set
SU = {(xi)}i∈Iu : unlabeled training set
V = {(xi, yi)}: validation set
[Cmin, Cmax]: cost interval
{(C1, C2, λ1, λ2)}: a set of parameters

1: For each (C1, C2, λ1, λ2), train a cisLDM fi = w>φ(x)
assigning cmax to cs, which includes two steps:
1.1: Estimate label means by solving Eq. 15 based on
alternating optimization.
1.2: Solve Eq. 22 with estimated label means.

2: Obtain a series of classifier hi = sgn(fi) minimizing the
worst-case total-cost.

3: Evaluate the mean total-cost R(hi, cµ) on validation set
V for each hi, where R(·) is defined in Eq. 2.

Output: h(x) = arg minhi R(hi, cµ).

4.3 Kernel Version
To solve Eq. 22 effectively, we propose the dual coor-
dinate descent method for kernel cisLDM. Formally, de-
note X as the matrix whose i-th column is φ(xi), i.e.,
X = [φ(x1), ..., φ(xn)], Xl = [φ(x1), ..., φ(xl)], Xu =
[φ(xl+1), ..., φ(xn)] and X:i is the i-th column of X . To

facilitate the equation derivation, let yi = 2di − 1, i ∈ Iu,
y = [y1, ..., yn]>, yl = [y1, ..., yl]

> and yu = [yl+1, ..., yn]>

are column vectors. Y and C are n × n diagonal matrices
with y1, ..., yn and c1, ..., cn as the diagonal elements, re-
spectively. Now we have

u+m+ − u−m− =
∑
i∈Iu

(1− 2di)φ(xi) = Xuyu (24)

csu+m+ − u−m− =
∑
i∈Iu

ci(1− 2di)φ(xi) =
∑
i∈Iu

ciyiφ(xi)

(25)

Substituting Eq. 24-25 for Eq. 22, we can get an objective
function with matrix form, which is more simplified as
below

min
w,ε,p±

1

2
w>w + C1e

>ε+ C2e
>(p+ + p−)− C2w

>Xuyu

+
2λ1

n2
(nw>XCCX>w −w>XCyy>CX>w)−

λ2

n
w>XCy

s.t. yiw>X:i ≥ ci − εi, εi ≥ 0, ∀i ∈ Il;
w>X:i − cs ≤ p+

i , −w
>X:i − 1 ≤ p−i ,

p+
i , p

−
i ≥ 0, ∀i ∈ Iu.

(26)

where e is the all-one vector.
To cope with the inefficiency caused by the high dimen-

sionality of φ(·), inspired by the representer theorem in [33],
the optimal solutionw∗ for Eq. 26 admits a representation of
the form w∗ =

∑n
i=1 αiφ(xi) = Xα, where α = [α1, ..., αn]

are the coefficients. Therefore, Eq. 26 can be rewritten as

min
α,ε,p±

1

2
α>Qα+ q>α+ C1e

>ε+ C2e
>(p+ + p−)

s.t. yiα>X>X:i ≥ ci − εi, εi ≥ 0, ∀i ∈ Il;
α>X>X:i − cs ≤ p+

i , −α
>X>X:i − 1 ≤ p−i ,

p+
i , p

−
i ≥ 0, ∀i ∈ Iu.

(27)

where Q = X>X + 4λ1

n2 (nX>XCCX>X −
X>XCyy>CX>X) and q = −C2X

>Xuyu− λ2

n X
>XCy.

By introducing Lagrange multipliers β = [βi; i ∈ Il] and
ρ± = [ρ±i ; i ∈ Iu] for the constrains in Eq. 27, its dual can
be cast as:

max
β,ρ±

− 1

2
α>Qα+ (

cs + 1

2
e+

cs − 1

2
yl)
>β − cse>ρ+ − e>ρ−

s.t.0 ≤ βi ≤ C1, ∀i ∈ Il; 0 ≤ ρ±i ≤ C2, ∀i ∈ Il.
(28)

where α = Q−1(X>XlY β − X>Xuρ
+ + X>Xuρ

− − q).
Due to the simple decoupled box constraints and the convex
quadratic objective function, as suggested by [38], Eq. 28 can
be efficiently solved by the dual coordinate descent method.

4.4 Fast Linear cisLDM

The proposed method in Section 4.3 can be computation-
ally prohibitive on large scale data sets. To get over this
difficulty, we adopt the average stochastic gradient descent
(ASGD) method [31] for fast linear cisLDM.
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Letm = u+m+−u−m−, andmc = csu+m+−u−m−.
For linear kernel, Eq. 22 can be rewritten as

min
w

g(w) =
1

2
w>w − C2w

>m+
2λ1

n2

(
nw>XX>w−

w>Xlyly
>
l X
>
l w − 2w>Xlylm

>
c w−

w>mcm
>
c w

)
− λ2

n
(Xlyl −mc)

>w+

C1

∑
i∈Il

max{0, cs + 1

2
+ yi

cs − 1

2
− yiw>xi}+

C2

∑
i∈Iu

max{0,w>xi − cs,−w>xi − 1}

(29)

The subgradient of g(w) is

∇g(w) =w − C2m+
4λ1

n2

(
nXX>w −Xlyly

>
l X
>
l w−

2Xlylm
>
c w −mcm

>
c w

)
− λ2

n
(Xlyl +mc)+

C1

∑
i∈I1

yixi + C2

∑
i∈I2

xi − C2

∑
i∈I3

xi

(30)

where I1 = {i|i ∈ Il ∧ yiwxi < ci}, I2 = {i|i ∈ Iu ∧wxi >
cs} and I3 = {i|i ∈ Iu ∧ wxi < −1}. As we see, the
calculation of Eq. 30 involves all the instances in the training
set, which is ineffective when the scale of dataset is large.
Fortunately, the following theorem presents an approach
to find an unbiased estimation of the subgradient ∇g(w)
such that we can employ ASGD method to accelerate the
optimization of Eq. 29.

Theorem 1. Assuming two examples (xi, yi) and (xj , yj) are
sampled from training set ramdomly, then

∇g(w,xi,xj) = w − C2m+ 4λ1(xix
>
i w −

1

n2
mcm

>
c w)−

λ2

n
mc −

(
4λ1yiyjxix

>
j w − (

8λ1

n
m>c w + λ2)yixi

)
|i,j∈Il+

nC1yixi|i∈I1 + nC2xi|i∈I2 − nC2xi|i∈I3
(31)

is an unbiased estimation of the subgradient ∇g(w).

Proof: Note that

Exi
[xix

>
i ] =

1

n

n∑
i=1

xix
>
i =

1

n
XX>

Exi
[yix

>
i |i∈Il ] =

1

n

l∑
i=1

yix
>
i =

1

n
Xlyl

(32)

According to the linearity of expectation, the independence

Table 1
Cost Intervals

Cost Intervals
[1, 5], [6, 10], [11, 15], [16, 20], [21, 25], [26, 30]
[1, 11], [5, 15], [10, 20], [15, 25], [20, 30]
[1, 16], [5, 20], [10, 25], [15, 30]

between xi and xj , and with Eq. 32, we have

Exi,xj
[∇g(w,xi,xj)]

=w − C2m+ 4λ1(Exi
[xix

>
i ]w − 1

n2
mcm

>
c w)− λ2

n
mc−

4λ1Exi [yixi|i∈Il ]Exj [yjxj |j∈Il ]>w − (
8λ1

n
m>c w + λ2)

Exi [yixi|i∈Il ] + nC1Exi [yixi|i∈Il ] + nC2Exi [yixi|i∈I2 ]−

nC2Exi [yixi|i∈I3 ]

=w − C2m+ 4λ1(
1

n
XX>w − 1

n2
mcm

>
c w)− λ2

n
mc

− 4λ1

n2
Xlyl(Xlyl)

>w − (
8λ1

n2
m>c w +

λ2

n
)Xlyl+

nC1
1

n

∑
i∈I1

yixi + nC2
1

n

∑
i∈I2

xi − nC2
1

n

∑
i∈I3

xi

=∇g(w)
(33)

It is shown that ∇g(w,xi,xj) is an unbiased estimation of
the subgradient ∇g(w).

According to [31], with Theorem 1 the stochastic gradient
update can be formed as

wt+1 = wt − ηt∇g(w,xi,xj)

where ηt is a decreasing step size parameter as a function of
t. After T iterations, we output

w =
1

T

T∑
t=t0

wt

5 EXPERIMENTS

5.1 Settings
We evaluate the effectiveness of cisLDM on 15 regular scale
data sets, i.e., promoters, parkinsons, colic.ORIG, sonar, vote,
house, heart, haberman, vehicle, clean1, wdbc, isolate, credit-a,
australian, german and 8 large scale data sets, i.e., adult-
a, w8a, cod-rna, ijcnn1, MiniBooNE, skin, covtype, rcv1, the
sizes of which are ranged from 106 to 581,012 and the
dimensionalities are ranged from 3 to 47236. All features are
normalized into [0, 1]. 15 cost intervals with different widths
are used, which are shown in Table 1.

For regular scale data sets, 30 times stratified hold-out
tests are carried out, with 2/3 data as training set and 1/3
data as testing set. Each training set contains ten labeled
examples. We compare kernel cisLDM with the following
approaches: 1) a cost-blind SVM using only labeled training
examples as baseline; 2) a cost-bind LDM using only labeled
training examples; 3) a semi-supervised TSVM without
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regard for cost; 4) three versions of CS4VM: CS4VMMAX,
CS4VMMEAN and CS4VMMIN setting cost as cmax, cµ and
cmin, respectively; 5) a CISVM using only labeled training
examples with cost interval; 6) a degenerated version of
cisLDM without the margin distribution terms, referred as
cisSVM for short in the following. All methods use gaussian
kernel. Parameters (C for SVM and CISVM; C1, C2 for
TSVM and CS4VMs; C , λ1, λ2 for LDM; C1, C2, λ1, λ2 for
cisLDM) are all selected for every cost interval on the la-
beled training examples from the set of [0.01, 0.1, 1, 10, 100].

For large scale data sets, settings are similar to that for
regular scale data sets. The differences are: 1) experiments
are repeated for 10 times; 2) each training set contains
a hundred labeled examples; 3) TSVM and CS4VMs are
computationally prohibitive for large scale data sets, so that
we do not compare the proposed method with them; 4) fast
linear cisLDM is evaluated.

Since the true cost is unknown and the performances of
a classifier in different situations need to be evaluated, we
consider quadrisection points of an interval as the true cost
in turn: cmin+(cmax−cmin)×{0, 0.25, 0.5, 0.75, 1}. We call
them test points P1-P5.

5.2 Results

For each method, on each data set we train a classifier on
the training set given a cost interval shown in Table 1, and
then we evaluate the classifier on the testing set at each test
point using Eq. 2. Since experiments are repeated for 30 (for
regular scale data sets) or 10 times (for large scale data sets),
the average total-cost as well as the standard deviation is
recorded. In total, on 15 data sets, 15 cost intervals and 5
test points, we can obtain 1125 records for each method.

Due to page limit, we can only show parts of the results,
and more results will be reported in supplementary files. 1

5.2.1 Results on Regular Scale Data Sets

Figure 2 shows the average total-costs of each method on
colic.ORIG, heart and german at P1, P3 and P5. x-axis shows
cost intervals and y-axis is the ratio of the average total-cost
of each method against that of SVM. The lower the value is,
the better the performance becomes.

On each data set, at each test point for each cost interval,
paired t-tests are carried out among the compared methods.
Table 2 summarizes results of paired t-tests and sign-tests
for each test point separately. For a given test point and
method, the sum of the win/tie/loss equals 225 (15 data
sets × 15 cost intervals). The computation of the values in
sub-table ’All’ involves all the 5 test points, thus the sum
of the win/tie/loss in this sub-table equals 1125, which is
exactly the number of records for each method.

Table 3 counts the number of significantly best perfor-
mance (SBP) achieved by each method at some test points
for each cost interval. SBPs are the best performances and
there is no significant difference among them according to
t-tests results.

Table 4 shows the improvement ratio of the average
total-costs of cisLDM and CS4VMs vs. standard SVM for
each cost interval and each test point. The meaning of ’All’
in the sub-table is the same as that in Table 2.

From Figure 2 we can roughly see that cisLDM performs
better than other compared methods. The three versions of
CS4VMs have similar performance and they can sometimes
beat CISVM and cisSVM but sometimes not. All above
methods are better than the baseline SVM, while the per-
formance of LDM and TSVM is similar to that of SVM.

From Table 2, we can obtain more detail information.

• At P1. The true cost is cmin. CS4VMMIN learns
with the true cost, thus is significantly better than
CS4VMMEAN and CS4VMMAX. CISVM are slightly bet-
ter than CS4VMs, while cisLDM is significantly better
than them all.

• At P3. The true cost is cµ. CS4VMMEAN learns
with the true cost, and is significantly better than
CS4VMMIN while is slightly better than CS4VMMAX.
Note that CS4VMMIN and CS4VMMAX respectively
overestimates and underestimates the true total-cost,
yet the performance of CS4VMMIN is significantly
worse than CS4VMMAX, which reflects that the under-
bias can cause more harm in the cost-interval-sensitive
learning. Again, cisLDM performs significantly best.

• At P5. The true cost is cmax. CS4VMMAX, CISVM,
cisSVM and cisLDM perform better than other meth-
ods relatively, because they all learn with the true
cost. However, CS4VMMAX is not significantly better
than CS4VMMEAN. The performance of cisLDM is still
significantly best.

• Over all test points, cisLDM beats all other
compared methods. Among three CS4VM meth-
ods, CS4VMMEAN performs significantly best while
CS4VMMIN is worst. We can see that CS4VMMEAN is
better than CS4VMMAX at P1-P3, and is not signifi-
cantly worse than CS4VMMAX even at P5. This result
can be explained by the theorem in [25] that the mean
total-cost has the smallest maximal distortion, which
can reflect how good a classifier performs on the
entire cost interval. Furthermore, rather than learning
with some single cost in the interval, CISVM and
cisSVM take the whole interval into consideration, so
their overall performances are significantly better than
those of CS4VMs.

Note that learning with the true cost is not always the best,
e.g., CS4VMMIN is worse than cisLDM at P1. The reason
might be because that the best choice for cs value is usually
unequal to the true cost indicated by [9], [34].

From Figure 2 and Table 3 we can see that when the
cost intervals are [1,5], [1,11] and [1,16] and the testing
point is P1, cisLDM and CISVM do not work well. This
is easy to understand because when the testing point is P1
for the cost intervals [1,5], [1,11] and [1,16], the true cost is
1, i.e., the misclassification costs are equal and thus cost-
sensitive learning is not needed. In this case, the cost-blind
methods, e.g., SVM, LDM and TSVM perform pretty well,
while by learning with the true cost (equivalent to cost-
blind methods) and utilizing unlabeled data, CS4VMMIN is
significantly best. However, in real tasks the users usually
know whether unequal cost exists.

1. Code and detailed experimental results are available at
http://lamda.nju.edu.cn/files/cisLDM.zip
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Figure 2. Some results of learning with cost interval. X-axis shows cost intervals. Y-axis is the ratio of the total-cost of each method against that of
SVM. The lower the value is, the better the performance becomes.

Table 4 shows that cisLDM is able to reduce 47% more
total-cost than standard SVM, and it can also be calculated
that cisLDM reduces 27% more total-cost than CS4VM that
assumes the true cost value is known in advance. From P1 to
P5 the improvement ratio of cisLDM vs. SVM is increasing.
Moreover, it is notable that when the cost intervals are [1,5],
[1,11] and [1,16] and the testing point is P1, only CS4VMMIN
can significantly improve the performance based on SVM,
which agrees with the same case explained above in Figure
2 and Table 3.

5.2.2 Results on Large Scale Data Sets
Table 5 shows the average total-cost of each method on the
large scale data sets at P1, P3 and P5 for some cost intervals.
The SBP counts achieved by each method at each test point
for each cost interval on large scale data sets are further
summarized in Table 6. The meaning of ’All’ in the sub-table
is the same as that in Table 2.

From Table 6 we can see that when the testing point is P1
for the cost intervals [1,5], [1,11] and [1,16], the performance
of cost-blind SVM and LDM is significantly better than
CISVM and cisLDM considering cost, which is in accord

with the experiments for regular scale data sets. As can be
seen, the overall results of cisLDM are superior to other
compared methods. The performance of LDM and SVM is
almost the same. Although CISVM is no better than LDM or
SVM, it is more stable.

5.2.3 Time Cost
On the fifteen regular scale data sets, we compare the cpu
time of kernel cisLDM, CS4VM and TSVM for once training.
The three methods are comparable because they are all semi-
supervised methods utilizing abundant unlabeled instances.
All the experiments are performed with MATLAB 2014a on
a machine with 4×2.60 GHz CPUs and 4GB main memory.
The average CPU time (in seconds) on each data set is
shown in Table 7. As can be seen, in general the time cost of
cisLDM is comparable to that of CS4VM, and both of them
are much faster than TSVM.

5.3 Discussion
We have compared the proposed cisLDM with its closely
related methods, i.e., CS4VM, CISVM and LDM experimen-
tally. In this section, we review the relationship of cisLDM
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Table 2
Win/Tie/Loss Counts of Method-in-row vs. Method-in-column after t-tests at 95% Significance Level on Regular Scale Data Sets.

Bold/Italic hightlights significantly better/worse of sign-tests results at 95% significance level.

SVM LDM TSVM CS4VMMIN CS4VMMEAN CS4VMMAX CISVM cisSVM
cisLDM 177/12/36 154/35/36 146/20/59 104/67/54 107/71/47 106/75/44 111/61/53 94/90/41
cisSVM 175/15/35 151/43/31 142/24/59 107/45/73 109/53/63 106/60/59 97/59/69
CISVM 139/35/51 141/31/53 126/29/70 101/41/83 98/52/75 93/55/77

P1 CS4VMMAX 160/39/26 122/84/19 155/27/43 22/153/50 9/184/32
CS4VMMEAN 163/37/25 123/85/17 154/32/39 23/155/47
CS4VMMIN 174/42/9 132/87/6 167/29/29
TSVM 71/88/66 86/55/84
LDM 82/107/36
cisLDM 199/22/4 181/37/7 173/21/31 131/73/21 127/81/17 123/90/12 112/64/49 107/91/27
cisSVM 202/16/7 174/43/8 165/23/37 129/55/41 122/57/46 118/65/42 90/64/71
CISVM 162/45/18 168/38/19 148/35/42 121/54/50 109/61/55 108/63/54

P2 CS4VMMAX 179/45/1 139/84/2 178/21/26 47/159/19 14/189/22
CS4VMMEAN 181/43/1 139/85/1 181/20/24 49/158/18
CS4VMMIN 171/46/8 134/80/11 169/26/30
TSVM 74/91/60 87/51/87
LDM 91/105/29
cisLDM 210/15/0 188/35/2 180/20/25 144/67/14 134/79/12 132/84/9 113/60/52 103/96/26
cisSVM 210/12/3 179/42/4 173/22/30 139/55/31 127/57/41 128/58/39 89/59/77
CISVM 173/37/15 180/30/15 156/30/39 135/46/44 122/54/49 118/60/47

P3 CS4VMMAX 184/41/0 139/86/0 189/12/24 54/155/16 18/188/19
CS4VMMEAN 186/39/0 139/86/0 187/15/23 58/151/16
CS4VMMIN 168/49/8 130/82/13 171/26/28
TSVM 73/92/60 85/51/89
LDM 97/98/30
cisLDM 214/11/0 187/36/2 181/21/23 146/65/14 142/73/10 136/79/10 114/56/55 98/103/24
cisSVM 216/9/0 184/41/0 176/21/28 152/46/27 135/56/34 137/55/33 88/58/79
CISVM 177/33/15 185/25/15 161/27/37 141/45/39 131/46/48 122/59/44

P4 CS4VMMAX 184/41/0 139/86/0 192/11/22 61/152/12 18/189/18
CS4VMMEAN 186/39/0 141/84/0 189/15/21 63/146/16
CS4VMMIN 167/49/9 130/79/16 171/28/26
TSVM 72/93/60 85/50/90
LDM 99/96/30
cisLDM 213/12/0 188/35/2 182/22/21 153/58/14 146/67/12 136/80/9 113/55/57 95/102/28
cisSVM 220/5/0 187/38/0 181/17/27 156/45/24 142/54/29 141/55/29 87/65/73
CISVM 178/32/15 187/23/15 161/27/37 143/43/39 134/45/46 129/53/43

P5 CS4VMMAX 186/39/0 138/87/0 192/13/20 64/150/11 20/188/17
CS4VMMEAN 186/39/0 137/88/0 191/14/20 65/145/15
CS4VMMIN 166/50/9 129/79/17 171/27/27
TSVM 69/96/60 84/51/90
LDM 101/94/30
cisLDM 1013/72/40 898/178/49 862/104/159 678/330/117 656/371/98 633/408/84 563/296/266 497/482/146
cisSVM 1023/57/45 875/207/43 837/107/181 683/246/196 635/277/213 630/293/202 451/305/369
CISVM 829/182/114 861/147/117 752/148/225 641/229/255 594/258/273 570/290/265

All CS4VMMAX 893/205/27 677/427/21 906/84/135 248/769/108 79/938/108
CS4VMMEAN 902/197/26 679/428/18 902/96/127 258/755/112
CS4VMMIN 846/236/43 655/407/63 849/136/140
TSVM 359/460/306 427/258/440
LDM 470/500/155

Table 3
Number of Significantly Best Performances (SBPs) on Regular Scale Data Sets.

M1-M9:,SVM,LDM,TSVM,CS4VMMIN,CS4VMMEAN,CS4VMMAX,CISVM,cisSVM,cisLDM. Boldface highlights the largest counts.

M1 M2 M3 M4 M5 M6 M7 M8 M9 M1 M2 M3 M4 M5 M6 M7 M8 M9 M1 M2 M3 M4 M5 M6 M7 M8 M9
[1,5] 6 5 4 9 1 1 0 0 0 0 0 2 1 4 3 3 4 6 0 0 2 0 2 2 7 2 8

[6,10] 0 0 2 1 3 2 5 1 8 0 0 2 1 1 1 8 2 8 0 0 2 1 1 1 8 2 8
[11,15] 0 0 2 0 0 0 7 1 8 0 0 2 0 0 0 7 1 8 0 0 2 0 0 0 7 1 8
[16,20] 0 0 2 0 0 0 7 1 9 0 0 2 0 0 0 6 2 9 0 0 2 0 0 0 7 2 9
[21,25] 0 0 2 0 0 0 7 2 9 0 0 1 0 0 0 7 2 9 0 0 1 0 0 0 7 3 10
[26,30] 0 0 1 0 0 0 6 3 8 0 0 1 0 0 0 6 3 8 0 0 1 0 0 0 6 4 8
[1,11] 8 5 4 8 1 1 0 0 0 0 0 2 1 2 1 5 1 10 0 0 2 1 1 1 8 2 9
[5,15] 0 0 2 2 2 4 5 6 9 0 0 2 0 0 0 7 1 9 0 0 2 0 0 0 7 1 8

[10,20] 0 0 2 0 0 0 6 1 9 0 0 2 0 0 0 7 1 9 0 0 2 0 0 0 7 2 9
[15,25] 0 0 2 0 0 0 7 2 9 0 0 2 0 0 0 7 2 9 0 0 1 0 0 0 7 3 10
[20,30] 0 0 2 0 0 0 6 3 7 0 0 1 0 0 0 6 3 8 0 0 1 0 0 0 6 4 8
[1,16] 8 5 4 8 1 0 0 0 0 0 0 2 1 2 3 6 2 9 0 0 1 1 0 0 7 2 8
[5,20] 0 0 2 1 2 3 4 6 8 0 0 2 0 0 0 7 1 9 0 0 2 0 0 0 7 2 8

[10,25] 0 0 2 1 1 1 8 4 8 0 0 2 0 0 0 7 2 9 0 0 1 0 0 0 7 3 10
[15,30] 0 0 2 0 0 0 6 3 8 0 0 1 0 0 0 6 3 8 0 0 1 0 0 0 6 4 8

sum. 22 15 35 30 11 12 74 33 100 0 0 26 4 9 8 95 30 128 0 0 23 3 4 4 104 37 129
P1 P3 P5
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Table 4
Improvement Ratio (%) of cisLDM, CS4VMMAX, CS4VMMEAN and CS4VMMIN vs. standard SVM on Regular Scale Data Sets.

M1-M4:CS4VMMIN,CS4VMMEAN,CS4VMMAX,cisLDM. Boldface highlights the largest ratio.

M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4

[1,5] 12.18 -0.72 1.67 -15.10 12.29 11.29 13.05 7.57 11.79 16.74 18.35 17.91
[6,10] 26.09 25.63 26.26 35.85 27.20 26.78 27.53 38.84 28.03 27.64 28.49 41.14

[11,15] 29.83 30.57 30.94 47.16 30.17 30.96 31.35 48.41 30.45 31.28 31.68 49.47
[16,20] 32.37 32.78 32.14 54.73 32.51 32.94 32.27 55.50 32.62 33.07 32.37 56.18
[21,25] 32.52 32.71 33.28 58.90 32.54 32.74 33.33 59.41 32.54 32.75 33.36 59.88
[26,30] 33.32 32.10 31.78 61.32 33.31 32.06 31.74 61.66 33.29 32.02 31.69 61.99
[1,11] 12.18 0.84 -3.34 -28.03 11.50 20.91 19.92 22.75 10.08 26.09 25.90 36.71
[5,15] 23.44 24.50 24.72 31.34 26.27 28.04 28.51 40.57 27.69 29.79 30.43 45.64

[10,20] 29.79 30.43 30.32 47.32 30.75 31.53 31.37 51.18 31.30 32.18 31.97 53.87
[15,25] 32.18 31.97 32.56 54.58 32.58 32.32 32.97 56.70 32.82 32.50 33.22 58.34
[20,30] 32.50 33.22 31.85 58.57 32.57 33.35 31.87 59.88 32.56 33.40 31.82 60.94
[1,16] 12.18 -2.04 -4.13 -29.98 10.77 23.85 24.23 30.37 8.88 28.52 29.51 42.95
[5,20] 23.44 24.65 24.63 30.89 27.09 29.43 29.52 44.49 28.48 31.28 31.37 50.76

[10,25] 29.79 30.68 30.74 47.65 31.07 32.15 32.26 53.26 31.61 32.85 32.97 56.70
[15,30] 32.18 32.11 31.44 54.85 32.72 32.56 31.81 57.81 32.95 32.69 31.87 59.88

average 26.27 23.96 23.66 34.00 26.89 28.73 28.78 45.89 27.01 30.19 30.33 50.16
P1 P2 P3

[1,5] 11.20 19.89 21.43 23.92 10.62 21.93 23.44 27.84 11.62 13.82 15.59 12.43
[6,10] 28.68 28.29 29.22 42.96 29.18 28.79 29.79 44.42 27.84 27.42 28.26 40.64

[11,15] 30.67 31.54 31.96 50.38 30.84 31.75 32.18 51.17 30.39 31.22 31.62 49.32
[16,20] 32.71 33.17 32.44 56.80 32.78 33.25 32.50 57.35 32.60 33.04 32.34 56.11
[21,25] 32.54 32.76 33.39 60.31 32.52 32.75 33.40 60.72 32.53 32.74 33.35 59.84
[26,30] 33.27 31.97 31.63 62.30 33.23 31.91 31.57 62.58 33.29 32.01 31.68 61.97
[1,11] 8.88 28.38 28.49 43.31 7.87 29.59 29.83 47.08 10.10 21.16 20.16 24.36
[5,15] 28.48 30.75 31.53 48.81 28.94 31.30 32.18 50.94 26.96 28.88 29.48 43.46

[10,20] 31.61 32.58 32.32 55.85 31.76 32.82 32.50 57.35 31.04 31.91 31.70 53.12
[15,25] 32.95 32.57 33.35 59.65 33.01 32.56 33.40 60.72 32.71 32.38 33.10 58.00
[20,30] 32.49 33.39 31.71 61.83 32.38 33.33 31.57 62.58 32.50 33.34 31.77 60.76
[1,16] 7.43 30.19 31.49 48.46 6.25 30.88 32.37 51.48 9.10 22.28 22.69 28.66
[5,20] 29.10 32.12 32.17 54.37 29.36 32.51 32.50 56.70 27.49 30.00 30.04 47.44

[10,25] 31.79 33.16 33.30 59.03 31.78 33.26 33.40 60.72 31.21 32.42 32.53 55.47
[15,30] 33.01 32.64 31.77 61.40 32.96 32.48 31.57 62.58 32.77 32.50 31.69 59.30

average 26.99 30.89 31.08 52.63 26.90 31.27 31.48 54.28 26.81 29.01 29.07 47.39
P4 P5 All

Table 5
The Average Total-cost of Compared Methods on Large Scale Data Sets.

Boldface highlights the significantly best performance (SBP) according to paired t-tests at significance level 95%.

P1 P3 P5
[6,10] SVM LDM CISVM cisLDM SVM LDM CISVM cisLDM SVM LDM CISVM cisLDM

adult-a(×103) 8.9662 10.529 7.0638 8.2607 11.481 13.848 8.6042 9.3421 13.995 17.167 10.145 10.424
w8a(×103) 3.6671 2.9347 5.7993 7.1783 4.3621 3.7839 6.1796 7.5573 5.0571 4.6331 6.5545 7.0363

cod-rna(×104) 1.6486 3.9690 3.9690 1.2960 2.1806 5.2920 5.2920 1.3425 2.7126 6.6150 6.6150 1.3890
ijcnn1(×104) 2.6454 2.7132 2.9664 3.2371 3.5221 3.6176 3.5353 3.7751 4.3988 4.5220 4.1043 4.3132

MiniBoo(×104) 1.1904 1.1266 6.2398 1.2166 1.3149 1.1266 8.0645 1.2166 1.4395 1.1266 9.8892 1.2166
skin(×104) 0.8338 7.9577 2.2701 1.0798 0.9260 10.546 2.2701 1.1213 1.0183 13.135 2.2701 1.1627

covtype(×105) 2.7357 3.3260 2.9976 1.1260 3.5593 4.3256 3.8907 1.2126 4.3830 5.3253 4.7838 1.2991
rcv1(×104) 10.673 13.674 12.390 8.0961 13.746 17.732 16.073 8.4306 16.819 21.791 19.755 8.7652

[10,20] SVM LDM CISVM cisLDM SVM LDM CISVM cisLDM SVM LDM CISVM cisLDM
adult-a(×104) 1.3995 1.7167 0.9502 0.9009 2.0281 2.5463 1.2895 1.0904 2.6567 3.3760 1.6288 1.2799

w8a(×103) 5.0571 4.6331 6.5545 8.8810 6.7946 6.7561 7.4985 9.7280 8.5321 8.8791 8.4425 10.5750
cod-rna(×104) 2.7126 6.6150 6.6150 1.4023 4.0426 9.9225 9.9225 1.4731 5.3726 13.230 13.230 1.5438
ijcnn1(×104) 4.3988 4.5220 4.1043 4.2013 6.5905 6.7830 5.5266 4.9410 8.7822 9.0440 6.9490 5.6806

MiniBoo(×104) 1.4395 1.1266 9.8892 1.2692 1.7508 1.1266 14.451 1.3151 2.0621 1.1266 19.013 1.3610
skin(×104) 1.0183 13.135 2.2701 0.9725 1.2489 19.607 2.2701 0.9793 1.4796 26.078 2.2701 0.9850

covtype(×105) 4.3830 5.3253 4.7838 1.1577 6.4422 7.8244 7.0164 1.2870 8.5014 10.323 9.2491 1.4164
rcv1(×105) 1.6819 2.1791 1.9755 0.8922 2.4502 3.1937 2.8963 0.9628 3.2186 4.2083 3.8170 1.0334

[15,30] SVM LDM CISVM cisLDM SVM LDM CISVM cisLDM SVM LDM CISVM cisLDM
adult-a(×104) 2.0281 2.5463 1.2895 0.8201 2.9710 3.7908 1.7984 0.9098 3.9139 5.0353 2.3074 0.9994

w8a(×103) 6.7946 6.7561 7.4990 10.653 9.4009 9.9406 8.9150 11.982 12.007 13.125 10.331 13.312
cod-rna(×104) 4.0426 9.9225 9.9225 1.6787 6.0376 14.884 14.884 1.8910 8.0326 19.845 19.845 2.1032
ijcnn1(×104) 6.5905 6.7830 5.5206 4.5893 9.8780 10.175 7.6464 5.1679 13.166 13.566 9.7723 5.7466

MiniBoo(×104) 1.7508 1.1266 14.451 1.3034 2.2177 1.1266 21.294 1.3868 2.6847 1.1266 28.136 1.4701
skin(×104) 1.2489 19.607 2.2701 1.2829 1.5949 29.314 2.2701 1.3264 1.9409 39.021 2.2701 1.3699

covtype(×105) 6.4422 7.8244 7.0164 1.2818 9.5310 11.573 10.365 1.4733 12.620 15.322 13.714 1.6648
rcv1(×105) 2.4502 3.1937 2.8963 1.2345 3.6027 4.7156 4.2773 1.4756 4.7552 6.2376 5.6584 1.7167
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Table 6
Number of Significantly Best Performances (SBPs) on Large Scale Data Sets.

M1-M4:SVM,LDM,CISVM,cisLDM. Boldface highlights the largest counts.

M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
[1,5] 6 3 0 0 6 2 1 1 5 1 1 1 5 1 1 1 4 1 1 2 26 8 4 5

[6,10] 3 1 1 3 2 2 1 4 2 2 1 4 1 2 2 5 1 2 2 6 9 9 7 22
[11,15] 1 2 1 5 1 2 1 5 1 2 1 5 2 2 0 5 2 2 0 5 7 10 3 25
[16,20] 2 2 0 5 2 1 0 5 2 1 0 5 2 1 0 5 2 1 1 5 10 6 1 25
[21,25] 2 1 1 5 1 1 1 5 1 1 1 5 1 1 1 5 1 1 1 5 6 5 5 25
[26,30] 1 1 1 5 1 1 2 6 1 1 2 6 1 1 2 6 1 1 2 6 5 5 9 29
[1,11] 6 3 0 0 5 1 1 2 3 1 1 5 2 2 2 5 1 2 1 5 17 9 5 17
[5,15] 5 1 1 2 2 1 1 5 1 1 2 5 1 1 1 6 2 1 1 6 11 5 6 24

[10,20] 1 2 2 6 1 2 0 6 1 2 0 6 1 2 1 6 1 1 1 6 5 9 4 30
[15,25] 2 2 0 6 2 2 1 6 2 1 1 6 1 1 1 6 1 1 1 6 8 7 4 30
[20,30] 2 1 1 6 1 1 1 6 1 1 1 6 1 1 1 6 0 1 1 6 4 5 5 30
[1,16] 6 3 0 0 4 1 1 3 2 2 1 5 1 2 1 6 2 2 1 6 15 10 4 20
[5,20] 5 1 1 3 2 2 2 4 1 2 0 6 2 2 0 6 2 1 1 6 12 8 4 25

[10,25] 1 2 1 4 1 2 0 6 2 2 1 6 2 1 1 6 1 1 1 6 7 8 4 28
[15,30] 2 2 0 6 2 1 0 6 1 1 1 6 0 1 1 6 0 1 1 6 5 6 3 30

sum. 45 27 10 56 33 22 13 70 26 21 14 77 22 21 15 80 21 19 16 82 147 110 68 365
P1 P2 P3 P4 P5 All

Table 7
CPU Time (in Seconds) for Once Training on Regular Scale Data Sets. Boldface highlights the shortest time.

D1-D15:promoters, parkinsons, colic.ORIG, sonar, vote, house, heart, haberman, vehicle, clean1, wdbc, isolate, credit-a, australian, german

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12 D13 D14 D15
TSVM 1.3522 26.517 5.8308 9.6823 2.4388 1.2736 34.235 15.777 20.453 8.8096 240.95 6.0135 41.307 13.219 29.729
CS4VM 0.0932 0.1073 0.1339 0.1359 0.1063 0.1036 0.1094 0.1797 0.1260 0.1469 0.1572 0.1427 0.1724 0.1699 0.3233
cisLDM 0.0779 0.1049 0.1151 0.1237 0.1045 0.1010 0.1500 0.2202 0.2670 0.2646 0.3202 0.2935 0.3633 0.3717 0.7340

CISVM

• only labeled data

• no accurate cost information

• maximize minimum margin

• only labeled data

• accurate cost information

• optimize margin distribution

LDM

• labeled and unlabeled data

• accurate cost information

• maximize minimum margin

CS4VM

• labeled and unlabeled data

• no accurate cost information

• optimize margin distribution

cisLDM

Figure 3. The relationship of cisLDM to CS4VM, CISVM and LDM. Bold
highlights the contribution of each method to cisLDM.

to these works which is shown in Figure 3, and discuss the
advantage of each part of cisLDM via experimental results.

In many real applications, different types of misclas-
sification are usually associated with different costs and
abundant unlabeled data may be available. CS4VM is an
efficient cost-sensitive semi-supervised SVM, which handles
the accurate cost information and the difficult mixed-integer
programming problem in semi-supervised learning by in-
troducing the label means of unlabeled instances [22].

However, the accurate cost is often hard to be decided
and usually only a cost interval is available. This problem
is difficult to solve, because the unavailable true cost can
be any value in the interval. An effective approach was
proposed in CISVM [25]. By minimizing the worst-case and
the mean total-cost simultaneously via parameter selection,
CISVM makes any possible total-cost small enough.

In order to handle cost interval in semi-supervised learn-
ing, we adopt the same procedure as CISVM and make a
modification of CS4VM to replace the corresponding objec-
tive function. In this way, a cost interval semi-supervised

SVM referred as cisSVM is obtained, which is practically
the semi-supervised version of CISVM. Rather than learning
with some single cost, CISVM and cisSVM take the whole
interval into consideration, so their overall performances are
significantly better than CS4VMs as indicated in Table 2.

However, from Table 2 we can see that the performance
of cisSVM is not significantly better than that of CISVM
at P2-P5, although the former utilizes abundant unlabeled
data. This observation is in accord with the fact that semi-
supervised learning may be not safe in some cases. A
similar phenomenon also occurs on TSVM and SVM. To
make more effective use of unlabeled data, we propose the
cisLDM to further optimize the margin distribution on the
basis of cisSVM, and the motivation has been discussed
in section 3. Detailedly, cisLDM maximizes the margin
mean and minimizes the margin variance simultaneously
by adding corresponding terms into Eq. 7 to obtain its
objective function, i.e., Eq. 14. Such a procedure has been
used in LDM [40]. As be seen in Figure 2, compared to
CISVM, cisLDM consistently performs better even when
cisSVM is worse. Table 2 also shows that the performance of
cisLDM is significantly better than that of CISVM at all test
points. These results can be seen as the empirical evidence
of the necessity of optimizing margin distribution in semi-
supervised learning.

From the experiments we conclude that cisLDM is gen-
erally the best method with comparable cost time for all
cost intervals on both regular scale and large scale data sets.
The success of cisLDM implies that it could simultaneously
handle cost interval and unlabeled data well.

6 APPLICATION TO MICROCALCIFICATION DETEC-
TION

Breast cancer is the second leading cause of cancer death in
women. Since its pathogeny is unknown, breast cancer can
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Table 8
Average Total-cost of Compared Methods on Microcalcification

Detection in Digital Mammograms.
M1-M6:LDM,CS4VMMIN,CS4VMMEAN,CS4VMMAX,CISVM,cisLDM.

Bold highlights the best performance.

M1 M2 M3 M4 M5 M6
P1 7.00 7.80 7.40 7.20 6.80 6.60
P2 9.25 10.05 8.90 8.70 7.55 7.35
P3 11.50 12.30 10.40 10.20 8.30 8.10
P4 13.75 14.55 11.90 11.70 9.05 8.85
P5 16.00 16.80 13.40 13.20 9.80 9.60

be hardly prevented. The early detection of microcalcifica-
tion clusters in digital mammograms is significant for the
survival of patients.

The data set used here consists of 336 high-resolution
digital mammograms collected from Jiangsu Zhongda Hos-
pital, among which 98 images contain one or more micro-
calcification clusters marked by radiologists, and the other
238 images are unmarked. Each digital image with 1914 ×
2294 resolution and 12-bit pixel depth is fragmented into
a set of 100 × 100 blocks. After processing the image in
the same way as [20], the data set comprises altogether 28
positive examples, 92 negative examples, and additional 750
unlabeled instances.

Since the early detection of microcalcification cluster
leads to early cure of the disease, the cost of misclassifying
the blocks with microcalcification as the normal ones is
much larger. However, it is hard to obtain an accurate cost.
We have consulted several experts. Among the different
costs provided by them, the minimum is 10 while the
maximum is 25, thus we set [10, 25] as the cost interval.

To evaluate the performance of cisLDM on this micro-
calcification detection problem, fivefold cross validation are
carried out, where the labeled data are partitioned into five
subsets. In each fold, we train a classifier on four of the
subsets along with all of unlabeled data, and then evaluate
the classifier on the other one subset. The average total-cost
over the five folds is recorded. We compare kernel cisLDM
with the following approaches: 1) three versions of CS4VM:
CS4VMMAX, CS4VMMEAN and CS4VMMIN setting cost as
cmax, cµ and cmin, respectively; 2) a CISVM using only
labeled training examples with cost interval; 3) a cost-bind
LDM using only labeled training examples. All methods
use gaussian kernels. Parameters (C for CISVM; C1, C2 for
CS4VMs; C , λ1, λ2 for LDM; C1, C2, λ1, λ2 for cisLDM)
are selected on the labeled training examples from the set
of [0.01, 0.1, 1, 10, 100]. To evaluate the performance of a
classifier in different situations, we still consider the test
points P1-P5 in Section 5.1 as the true cost in turn.

Table 8 shows the average total-cost of compared meth-
ods at each test point on microcalcification detection. As
can be seen, the performance of cisLDM is better than other
compared methods at all test points in microcalcification
detection.

7 CONCLUSION

In many real applications, cost interval and unlabeled data
usually appear simultaneously. To tackle them together, we
propose the cisLDM approach and experiments on a broad
range of datasets and cost settings exhibit the impressive

performance of cisLDM. In particular, cisLDM is able to
reduce 47% more total-cost than standard SVM and 27%
more total-cost than cost-sensitive semi-supervised SVM
that assumes the true cost value is known in advance.
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