
ACCEPTED BY IEEE TRANSACTIONS ON KNOWLEDGE AND DATA ENGINEERING, IN PRESS 1

Distribution-Free One-Pass Learning
Peng Zhao, Xinqiang Wang, Siyu Xie, Lei Guo, Fellow, IEEE and Zhi-Hua Zhou, Fellow, IEEE

Abstract—In many large-scale machine learning applications, data are accumulated over time, and thus, an appropriate model should be
able to update in an online style. In particular, it would be ideal to have a storage independent from the data volume, and scan each data
item only once. Meanwhile, the data distribution usually changes during the accumulation procedure, making distribution-free one-pass
learning a challenging task. In this paper, we propose a simple yet effective approach for this task, without requiring prior knowledge
about the change, where every data item can be discarded once scanned. We also present a variant for high-dimensional situations, by
exploiting compressed sensing to reduce computational and storage complexity. Theoretical analysis shows that our proposal converges
under mild assumptions, and the performance is validated on both synthetic and real-world datasets.

Index Terms—Distribution change, one-pass learning, robust learning, non-stationary environments
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1 INTRODUCTION

T RADITIONAL machine learning has achieved great suc-
cess over the past decades, and many techniques have

been developed and successfully applied. They usually
require accessing all the training data together to train a
model. In many real-world tasks, however, data are often
accumulated over time, such as in streaming applications.
It is often impractical to store all the data and then train
the model; instead, approaches that can do incremental
learning, where the model can be adjusted according to the
continuous raw data rather than training from the whole
batch, are generally favored. A family of representative
approaches falls into online algorithms, dating back to the
well-known Perceptron [1]. Some modern algorithms like
OAM [2] approach, proposing to maximize online Area
under ROC Curve (AUC) based on the idea of reservoir
sampling, and achieving a solid regret bound by only storing
O(
√
T ) instances, where T is the number of training samples.

Another example is prediction with expert advice [3], which
dynamically adjusts the combination weights of experts
based on current performance; such a routine has been
followed by many other approaches [4], [5].

It is noteworthy that these online algorithms usually
require maintaining a buffer dependent from data volume [2],
[5] or scan the whole data multiple times [4]. As the data
volume is unknown when the data are accumulated over
time, it is not clear what size the buffer should be set to.
Even when there are some theoretical studies suggesting the
buffer size [2], it is typically dependent on the whole data
volume, which may be large when the data volume is really
huge. Moreover, data in the buffer are usually required to
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be scanned for many times; this is infeasible in streaming
applications. Ideally, the algorithm is desired to hold one-
pass property, i.e., each data sample needs to be scanned only
once, and if a buffer is needed, its size should be independent
from the whole data volume, ideally a constant size. Recently,
there are some efforts in this direction [6], [7], [8], [9].

It is well known that during the data accumulation
process, the data distribution may change over time [10].
For instance, the clicking information collected in a recom-
mendation system is certainly evolving because customers’
interests probably change when looking through the product
pages. Another example is credit scoring, the criteria of credit
granting should properly alter since changing economic
conditions would greatly affect people’s manner. Such an
effect, however, has rarely been taken into account by
previous studies about one-pass learning, although it is
known that distribution change, if simply neglected, will
seriously hamper the learning performance [11]. Therefore,
it is of great importance for the learning system to handle
potential distribution change. We remark that this becomes
particularly challenging if there is no prior knowledge about
how the underlying distribution will change. This is also a
crucial step towards robust artificial intelligence [12], [13].

In this paper, we propose an approach for distribution-
free one-pass learning, without requiring prior knowledge
about the distribution change. For high-dimensional data,
we develop a variant to reduce the computational complexity
and storage based on compressed sensing. Our proposed
approach is simple yet effective, and with nice theoretical
properties, showing that the estimate error would decrease
until convergence with high probability. Empirical experi-
ments on both synthetic and real-world datasets validate the
effectiveness of our proposal.

Section 2 introduces preliminaries. Section 3 presents our
proposal. Section 4 provides theoretical analysis. Section 5
discusses some related works. Section 6 reports experimental
results. Finally, we conclude the paper in Section 7. In
the supplementary material, we provide detailed proofs of
theoretical results and descriptions of experiments.
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2 PRELIMINARIES

Let {xt, yt} be the feature and real-valued output at time
stamp t, respectively. For simplicity, we assume a linear
model yt = wT

t−1xt + εt, where εt is the noise, wt is what
we desire to learn and is changing over time in general.

If there is no distribution change, we can simply set wt

as w0. A well-known approach is to minimize the residual
sum of squares,

ŵ0 = arg min
w∈Rd

t∑
i=1

(
yi −wTxi

)2
. (1)

It is known that the above problem has a closed-form
solution, which is an offline estimator. To solve it in an
online paradigm, recursive least square (RLS) and stochastic
gradient descent (SGD) are two typical approaches.

In the following, for a matrix X , the norm ‖X‖ denotes
the spectral norm, equal to its maximum singular value.
Furthermore, if X is a square matrix, we denote λmin(X)
as its minimum eigenvalue. Besides, Id represents the d-
dimensional identity matrix, and I[·] is the indicator function
which takes 1 if · is true, and 0 otherwise. Meanwhile,
for a bounded real-valued sequence {rt}, r∗ denotes the
supremum of the sequence, namely, r∗ = supt=1,2,... rt.

3 OUR PROPOSAL

Since the sequence {wt} is changing over time, it is no longer
reasonable to estimate current (i.e., at time t) parameter via
(1). Instead, we introduce a sequence {λt} to downweight
contributions of older data in the optimization target,

ŵt = arg min
w∈Rd

t∑
i=1

 t∏
j=i+1

λj

(yi −wTxi
)2
, (2)

where λi ∈ (0, 1) is imposed to smoothly put less weight on
older data. The intuition can be more easily obtained if we
specify all λi as a constant λ ∈ (0, 1), then the target function
can be simplified as,

ŵt = arg min
w∈Rd

t∑
i=1

(1− µ)t−i
(
yi −wTxi

)2
, (3)

where λ is referred to as forgetting factor [14] and µ , 1−λ is
named as the speed of adaptation or step size, whose value
is actually a trade-off between stability of past condition and
sensitivity of future evolution.

For the problem (3), obviously, it can be directly opti-
mized by taking derivative of the target function, and the
optimizer can be obtained in a close-form solution. However,
such an offline strategy requires storing all the data in the
memory, which is not desired and feasible for streaming
applications. In the next paragraph, we will develop the
DFOP method to effectively solve (3) in an online fashion.

3.1 DFOP
To solve problem (3) in an online style, inspired by the
approach of RLS with forgetting factor [14], we develop a
recursive strategy provably minimizing the target (3) in a
one-pass style, and the detailed procedure is summarized
in Algorithm 1. We remark that this is the first time to have

Algorithm 1 DFOP
Input: Data {xt, yt}t=1...T , where t is the accumulation time

stamp; step size µ ∈ (0, 1) (or equivalently, forgetting
factor λ ∈ (0, 1)).

Output: Prediction {ŷt}t=1...T (real value for regression and
discrete-value for classification).

1: Initialize P0 > 0
2: for t = 1 to T do
3: Pt = 1

1−µ

{
Pt−1 − µ Pt−1xtx

T
t Pt−1

1−µ+µxT
t Pt−1xt

}
4: ŵt = ŵt−1 + µPtxt(yt − ŵT

t−1xt)
5: ŷt = ŵT

t xt // for regression
6: ŷt = sign[ŵT

t xt] // for classification
7: end for

an RLS-with-forgetting-factor like approach to address the
problem of data stream emerging with distribution change in
one-pass manner, namely, the distribution-free one-pass learning.
It is amazing that such an approach works quite well, as will
be validated by empirical studies later.

The high-level idea of DFOP (short for Distribution-
Free One-Pass) is to estimate the underlying parameter by
adding a correction term to the previous estimate based on
the information of new coming data item. Due to the nice
structural property of square loss, we can use a “P -matrix”,
which essentially represents the second-order statistics of
training examples, to encode the information contained in
previous data. Thus, it is sufficient to store the current model
ŵt and the P -matrix in order to update ŵt+1 when the
(t + 1)-th data item is coming. Note that P is typically set
as a large positive definite matrix in the initialization. A
detailed derivation of the equivalence between DFOP and
the offline estimation will be presented in the appendix. In
addition, it is noteworthy to point out that there is no need to
specify λt as a constant, the problem (2) can also be similarly
solved in a one-pass way.

Assuming that the feature of data stream is in d-
dimension, the storage of DFOP is O(d2), independent from
the number of training samples. Besides, the model update is
performed when the new data item is coming, unrelated to
the previous data, and thus each data item can be discarded
once scanned.

3.2 Sparse-DFOP

The performance of DFOP is desired when the dimension
is not too large, however, when dealing with the high-
dimensional but sparse problem (e.g., bag-of-words feature
vectors), the storage may be overloaded since the storage
cost is O(D2), where D denotes the dimension of the high-
dimensional dataset. To handle such an issue, we propose
a variant named Sparse-DFOP, which exploits the theory of
compressed sensing to reduce computational and storage
complexity for high-dimensional situations.

We choose a d×D random matrix M whose entries are
independently centered identically normal random variables
with zero mean and variance 1/d, where d denotes the
compressed dimension. Then, we can rewrite the original
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Algorithm 2 Sparse-DFOP
Input: Data {xt, yt}t=1...T , where t is the accumulation time

stamp; step size µ ∈ (0, 1) (or equivalently, forgetting
factor λ ∈ (0, 1)), measurement matrix M ∈ Rd×D
satisfying certain conditions.

Output: Prediction {ŷt}t=1...T (real value for regression and
discrete-value for classification).

1: Initialize P0 > 0
2: for t = 1 to T do
3: ψt = Mxt
4: Pt = 1

1−µ

{
Pt−1 − µ Pt−1ψtψ

T
t Pt−1

1−µ+µψT
t Pt−1ψt

}
5: v̂t = v̂t−1 + µPtψt(yt − ψT

t v̂t−1)
6: ŷt = ψT

t v̂t. // for regression
7: ŷt = sign[ψT

t v̂t]. // for classification
8: ŵt = RECOVER[v̂t]
9: end for

model,

yt = xT
t wt−1 + εt

= ψT
t vt−1 + εt + xT

t wt−1 − ψT
t vt−1

= ψT
t vt−1 + εt + xT

t (ID −MTM)wt−1,

where ψt,vt and ȳt are transformed according to
ψt = Mxt,

vt−1 = Mwt−1,

ε̄t = εt + xT
t (ID −MTM)wt−1.

Consequently, we have the new model as

yt = ψT
t vt−1 + ε̄t. (4)

Based on the new model of data, we can view {ψt, yt}
as new observations and {vt} as new estimated parameters.
Here, we need to pay attention that the noise inside the new
observations has been changed from εt to ε̄t. Therefore, we
use the new observations to the original DFOP, obtaining the
Sparse-DFOP summarized in Table 2.

In fact, the last step in Algorithm 2 estimates ŵt, not
affecting the whole algorithm, and we add this step merely
to estimate the uncompressed parameter in the model.
The core procedure of recover algorithm is based on ∆p-
reconstruction,

Definition 1 (∆p-Reconstruction).

∆p(y) := arg min
x∈RD

‖x‖p, s.t. Mx = y,

where the `p-norm is defined by ‖u‖p = (
∑
|ui|p)1/p, typi-

cally, 0 < p ≤ 1. In this paper, we adopt ∆1-reconstruction
for convenience.

Definition 2 (Recover Algorithm).

RECOVER[y] := ΠΣs
(∆p(y)) = arg min

x∈Σs

‖x−∆p(y)‖,

where Σs := {x ∈ RD : ‖x‖0 ≤ s}, representing the set of
all s-sparse vectors.

4 THEORETICAL ANALYSIS

In this section, we analyze theoretical properties of proposed
algorithms, DFOP and Sparse-DFOP. Specifically, we develop
the first high-probability estimate error bounds for both
DFOP and Sparse-DFOP as theoretical guarantees.

To better present theoretical results, we provide main
results in Section 4.1, and give main proofs in Section 4.2
and 4.3. We defer lemmas and other proofs in the supple-
mentary material.

4.1 Main Results
Consider the additive model of drift in sequence {wt},

wt = wt−1 + st, t ≥ 1. (5)

We assume that the model drifting term {st} is
martingale-difference d-dimension sub-Gaussian random
vector sequence, with corresponding bounding sequence
{γt} (will be specified later); and assume that the output
noise {εt} is sub-Gaussian random variable sequence, with
corresponding variance proxy sequence {σt}. We provide
formal definitions as follows.

Definition 3 (sub-Gaussian random variable). A random
variable X ∈ R is said to be sub-Gaussian random variable with
variance proxy σ2 if E[X] = 0 and its moment generating
function satisfies

∀s ∈ R : E[exp{sX}] ≤ exp

{
s2σ2

2

}
, (6)

and in this case we write X ∼ subG(σ2).

Definition 4 (sub-Gaussian random vector). A random
vector x = [x1, . . . , xd]

T ∈ Rd is called sub-Gaussian random
vector with variance proxy σ2 if all its coordinates are sub-
Gaussian random variables with variance proxy σ2.

Inspired by the analysis of [15] in control theory, we
provide high-probability estimate error analysis based on the
vector concentration, demonstrating that the estimate error
decreases until convergence with high probability.

To establish the estimate error, we first exploit concen-
tration property of sub-Gaussian random vector as follows,
which is a non-trivial corollary of Theorem 2.1 of [16], and
this may be useful for other studies.

Lemma 1. In an Euclidean space (Rd, ‖·‖2), for the
martingale-difference sub-Gaussian random vector se-
quence {ξi}i=1,2,..., there exists a corresponding posi-
tive real-veal bounding sequence {γi}i=1,2,... such that
E[exp{‖ξi‖2/γ2

i }] ≤ exp{1}. Besides, let SN =
∑N
i=1 ξi,

then for all N ≥ 1 and t ≥ 0,

Pr

‖SN‖ ≥ √2(1 + t)

√√√√ N∑
i=1

γ2
i

 ≤ exp
{
−t2/3

}
. (7)

Equipped with this, we can bound a sum of sub-Gaussian
random vectors or variables with exponential decrease, and
provide the following estimate error bound.

Theorem 1. Let ŵt be the estimator in Algorithm 1 DFOP.
Then, for any δ > 0, with probability at least 1− δ, we have

‖wt − ŵt‖ ≤ K
{

(1− µ)t‖R0‖‖w̃0‖+
√

2(1 +
√

3 ln(2t/δ))
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· [2σ∗x∗µ1/2 + γ∗(‖R0‖+ x∗2)µ−1/2]
}
, (8)

providing that there exists a positive integer h such that
inft≥0 λmin(Ah(t)) > 0 holds, where Ah(t)

∆
=
∑t+h
i=t+1 xix

T
i .

In (8), w̃t = wt − ŵt, R0 = P−1
0 , K = supk=1,...,t‖Pk‖,

x∗ = supk=1,...,t‖xk‖, γ∗ = supk=1,...,t γk and σ∗ =
supk=1,...,t σk.

Remark 1. The estimate error can be decomposed into three
parts, specifically, the first one is (1 − µ)t‖R0‖‖w̃0‖, the
second one is 2

√
2(1 +

√
3 ln(2t/δ))σ∗x∗µ1/2, and third one

is
√

2(1 +
√

3 ln(2t/δ))(‖R0‖+ x∗2)γ∗µ−1/2. Evidently, the
first term is decreasing to zero as t increases to infinity, the
second term is caused by the output noise which shall not
be erased, and the third term is introduced by the drift of wt.
An asymptotic analysis gives the estimate error of

‖wt − ŵt‖ = Õ

(
√
µ+

1
√
µ

)
+ o(1), w.h.p.

where we use the Õ notation to hide constant factors as well
as poly-logarithmic factors in t and d. The term o(1) will
exponentially decrease to zero as t→∞.

Remark 2. The results demonstrate that the estimate error
tends to converge to constant error, which is kind of pes-
simistic at a glance. However, we remark that our analysis
is essentially conducted in the worst-case scenario since we
assume the underlying model could change at each time.
It remains an open problem on how to establish the lower
bound, we will make this as the future work.

Apart from the ordinary scenario, we also provide
the estimate error analysis for Sparse-DFOP for the high-
dimensional scenario.

Theorem 2. Let v̂t be the estimator in Algorithm 2 Sparse-
DFOP. Then, for any δ > 0, with probability at least 1− δ −
exp(−C2d), we have

‖vt−v̂t‖ ≤ K { (1− µ)t‖R0‖‖ṽ0‖+ 3δ2sψ
∗x∗W

+ 2
√

2

(
1 +

√
3 ln(2t/δ)

)
σ∗ψ∗µ1/2

+
√

2

(
1 +

√
3 ln(4t/δ)

)(√
d+
√
D +

√
2 ln(8t/δ)

)
· γ∗(‖R0‖+ ψ∗2)µ−1/2

}
,

providing that there exists a positive integer h such that
inft≥0 λmin(Aψh (t)) > 0 holds, where Aψh (t)

∆
=
∑t+h
i=t+1 ψiψ

T
i ,

and measurement matrix M ∈ Rd×D is a Gaussian or
Bernoulli random matrix satisfies 2s-th RIP with the RIP
constant δ2s, and the sparsity parameter satisfies s ≤
C1d/ log(D/s).

In the above, C1 and C2 are constants introduced by RIP
lemma (Lemma 13 in Appendix C.4 of supplementary), and
only depend on the RIP constant δ2s. Besides, ṽt = vt − v̂t,
R0 = P−1

0 , K = supk=1,...,t‖Pk‖, ψ∗ = supk=1,...,t‖ψk‖,
x∗ = supk=1,...,t‖xk‖, W = supk=1,...,t‖wk‖, σ∗ =
supk=1,...,t σk and γ∗ = supk=1,...,t γk.

Furthermore, if the RIP constant δ2s ≤
√

2 − 1 and
adopting ∆1-reconstruction, i.e., ŵt = ΠΣs (∆1[v̂t]), then
we have estimate error bounds for original regressors. To
simplify the presentation, we only keep terms regarding to

µ and δ2s, ignoring the geometric decay term and the poly-
logarithmic factors in t and d, then an asymptotic analysis
gives the estimate error of

‖wt − ŵt‖ = Õ

(√
µ+ 1√

µ + δ2s

1− δ2s

)
+ o(1), w.h.p.

Remark 3. The bound is more loose than that of original
DFOP, nevertheless, when the sparse reconstruction tends to
be perfect (i.e., δ2s → 0), the bound turns to be in the order
of Õ

(√
µ+ 1√

µ

)
+ o(1), which shares the same order with

that of original DFOP.

Remark 4. The main difference between conditions of
Theorem 1 and Theorem 2 lies in the condition on data.
The conditions in the theorems guarantee the uniform
boundedness of ‖Pt‖, and are kind of similar to the invertible
condition in the linear least square problem. In Theorem 2, we
use the compressed data ψt instead of xt as initial condition.
The compressed data ψt is d-dimension, is much smaller
than original high dimensional data xt ∈ RD. Thus, the
condition on compressed data in Theorem 2 is much easier
to be satisfied.

4.2 Proof of Theorem 1
We first present the following two lemmas, which play a
crucial role in proving main theorems. Specifically, Lemma 2
and Lemma 3 are provided to bound a sum of sub-Gaussian
random vectors and random variables with the exponential
decrease, respectively.

Lemma 2. Let {xt} be a martingale-difference d-dimension
sub-Gaussian random vector sequence, with corresponding
bounding sequence {γt}, and Zt ∈ Rd×d, Yt = (1−µ)Yt−1 +
µZt, t ≥ 1. Then, for any µ ∈ (0, 1) and δ > 0, with
probability at least 1− δ

2 , we have∥∥∥∥∥
t∑

k=1

(1− µ)t−kYkxk

∥∥∥∥∥ ≤√2(1 +√3 ln(2t/δ))γ∗(‖Y0‖+ Z∗)µ− 1
2 ,

where Z∗ = supk=1,...,t‖Zk‖ and γ∗ = supk=1,...,t γk.

Lemma 3. Let {εt} be an independent (or martingale-
difference) sub-Gaussian random variable sequence, with
corresponding bounding sequence (i.e., variance proxy se-
quence) {σt}, and xt ∈ Rd, t ≥ 1. Then, for any µ ∈ (0, 1)
and δ > 0, with probability at least 1− δ

2 , we have∥∥∥∥∥
t∑

k=1

(1− µ)t−kεkxk

∥∥∥∥∥ ≤ 2
√

2

(
1 +

√
3 ln

2t

δ

)
σ∗x∗µ−

1
2 ,

where x∗ = supk=1,...,t‖xk‖ and σ∗ = supk=1,...,t σk.

Now, we proceed to prove Theorem 1.

Proof. Let w̃t = wt − ŵt and Rt , P−1
t , then ‖w̃t‖ =

‖PtRtw̃t‖ ≤ ‖Pt‖‖Rtw̃t‖. From Lemma 10 in Appendix C.1,
‖Pt‖ is bounded by a constant K. So it suffices to further
bound the term ‖Rtw̃t‖.

Recall the model assumption, the drifting assumption,
and the update rule, we can obtain linear recurrence relations,
Rtw̃t = (1− µ)Rt−1w̃t−1 − µεtxt +Rtst, which gives

Rtw̃t = (1− µ)tR0w̃0 −
t∑

k=1

(1− µ)t−k(µεkxk −Rksk).
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Hence, by Minkowski inequality, we have

‖Rtw̃t‖ ≤ (1− µ)t ‖R0w̃0‖+

∥∥∥∥∥
t∑

k=1

(1− µ)t−kµεkxk

∥∥∥∥∥
+

∥∥∥∥∥
t∑

k=1

(1− µ)t−kRksk

∥∥∥∥∥ .
(9)

We first apply Lemma 3 on the second term of RHS of (9)
and obtain that it is upper bounded by

2
√

2

(
1 +

√
3 ln(2t/δ)

)
σ∗x∗µ1/2, (10)

with probability at least 1− δ
2 , where x∗ = supk=1,...,t‖xk‖

and σ∗ = supk=1,...,t σk.
Notice that the drift term {st} is a martingale-difference

sub-Gaussian random vector sequence, with corresponding
bounding sequence {γt}. Besides, it is evident to verify that
Rk meets the decreasing recursive structure stated, so we
can apply Lemma 2 on the last term of RHS of (9) and know
that it is upper bounded by

√
2

(
1 +

√
3 ln(2t/δ)

)
γ∗(‖R0‖+ x∗2)µ−1/2, (11)

with probability at least 1− δ
2 , where x∗ = supk=1,...,t‖xk‖

and γ∗ = supk=1,...,t γk.
Combining (10) and (11) by the union bound, we get the

desired estimate error bound and complete the proof.

4.3 Proof of Theorem 2

In addition to two lemmas proposed in Section 4.2, we need
the following lemma to prove Theorem 2.

Lemma 4. Let {xt} be a martingale-difference D-dimension
sub-Gaussian random vector sequence, with corresponding
bounding sequence {γt}, and Zt ∈ Rd×d, Yt = (1−µ)Yt−1 +
µZt, t ≥ 1. Besides, M is a d × D random matrix whose
entries are independent centered identically normal random
variables with zero mean and variance 1/d. Then, for any
µ ∈ (0, 1) and δ > 0, with probability at least 1− δ

2 , we have∥∥∥∥∥
t∑

k=1

(1− µ)t−kYkMxk

∥∥∥∥∥
≤
√

2(1 +
√

3 ln(4t/δ))(
√
d+
√
D +

√
ln(8t/δ))

· γ∗(‖Y0‖+ Z∗)µ−
1
2 ,

where Z∗ = supk=1,...,t‖Zk‖ and γ∗ = supk=1,...,t γk.

Now, we present the proof of Theorem 2.

Proof. Similar to the argument in Section 4.2, let ṽt = vt− v̂t,
we know that ‖ṽt‖ ≤ K‖Rtṽt‖, therefore, we only need to
bound ‖Rtṽt‖.

By the model assumption, the drifting assumption, and
the update rule, we have

Rtṽt = (1− µ)Rt−1ṽt−1 − µε̄tψt +RtMst,

which gives

‖Rtṽt‖ ≤ (1− µ)t ‖R0ṽ0‖

+

∥∥∥∥∥
t∑

k=1

(1− µ)t−kµψkx
T
k (ID −MTM)wk−1

∥∥∥∥∥︸ ︷︷ ︸
term (I)

+

∥∥∥∥∥
t∑

k=1

(1− µ)t−kµεkψk

∥∥∥∥∥︸ ︷︷ ︸
term (II)

+

∥∥∥∥∥
t∑

k=1

(1− µ)t−kRkMsk

∥∥∥∥∥︸ ︷︷ ︸
term (III)

.

Since wt−1 and xt are both s-sparse, we can apply
Lemma 15 (in Appendix C.4) to bound term (I) firstly,

term (I) ≤ 3δ2s

t∑
k=1

(1− µ)t−kµ‖ψk‖‖xk‖‖wk−1‖

≤ 3δ2sψ
∗x∗W

t∑
k=1

(1− µ)t−kµ

≤ 3δ2sψ
∗x∗W,

(12)

where x∗ = supk=1,...,t‖xk‖, ψ∗ = supk=1,...,t‖ψk‖. Besides,
the last inequality holds due to the fact

∑t
k=1(1−µ)t−kµ ≤ 1.

Next, similar to the argument in (10), term (II) can be
upper bounded by

2
√

2

(
1 +

√
3 ln(2t/δ)

)
σ∗ψ∗µ1/2, (13)

with probability at least 1− δ
2 , where σ∗ = supk=1,...,t σk.

Last, notice that the drifting term {st} is a martingale-
difference sub-Gaussian random vector sequence, with corre-
sponding bounding sequence {γt}. Besides, it is easy to verify
that Rk = (1−µ)Rk−1+µψkψ

T
k , which meets the decreasing

recursive structure stated, so we can apply Lemma 4 on term
(III) and know that it is upper bounded by

√
2

(
1 +

√
3 ln(4t/δ)

)(√
d+
√
D +

√
2 ln(8t/δ)

)
· γ∗(‖R0‖+ ψ∗2)µ−1/2,

(14)

with probability at least 1− δ
2 , where γ∗ = supk=1,...,t γk.

Combining (12), (13), and (14) by the union bound, we
finish the proof of desired estimate error bound for vt.

Now, we turn to pursuit the estimate error of original pa-
rameter w, that is, ‖wt−ŵt‖. Clearly, this would be related to
the recover algorithm. Here, we adopt the recover algorithm
based on ∆1-reconstruction, as stated in Definition 2.

For simplicity, we introduce the notion w̄t := ∆1(v̂t).
From the definition of the recover algorithm, we know that
ŵt = ΠΣs(w̄t), indicating that ŵt is s-sparse. Therefore, w̃t

is at most 2s-sparse, by RIP conditions with RIP constant δ2s,
we know that with probability at least 1− δ − exp(−C2d),

‖w̃t‖ = ‖wt − ŵt‖ ≤ (1− δ2s)−1‖vt − v̄t‖, (15)

where v̄t is defined as compressed vector for ŵt, namely,
v̄t = Mŵt.

Then, we continue to bound the term of ‖vt − v̄t‖,

‖vt − v̄t‖ ≤ ‖vt − v̂t‖+ ‖v̂t − v̄t‖
= ‖vt − v̂t‖+ ‖Mw̄t −Mŵt‖
≤ ‖vt − v̂t‖+ ‖M‖‖w̄t − ŵt‖

≤ ‖vt − v̂t‖+

√
1− s

D
W̄‖M‖,

(16)
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where W̄ is the maximal value of ‖w̄‖. The last inequality
holds because we can choose an s-sparse vector correspond-
ing to the largest s-bits in w̄t, causing at most (1 − s/D)-
fraction values kept in w̄.

Plugging the bound in (16) into (15), we can obtain
estimate error of the original parameter w. This completes
the proof of Theorem 2.

5 DISCUSSION AND RELATED WORK

In contrast to previous one-pass approaches [6], [7], [8], our
proposal considers to facilitate the learning system with
capability of adapting the distribution change that often
occurs during the data accumulation process, which is also
one of fundamental requirements of learnware [17]. Note that
although there are plenty of studies about learning with
distribution change, most approaches are developed based
on the use of sliding windows [18], [19], [20] or ensemble
strategies [4], [5], [21], [22]. Typically, the above approaches
require to scan data for many times and the corresponding
theoretical properties are generally unclear.

Besides, the effort to facilitate the learning system with ca-
pability of handling distribution change of the environments
is one of the key steps in lifelong learning, or learning to learn.
Lifelong learning is an advanced machine learning paradigm
that learns continuously, accumulates the knowledge learned
in the past, and uses/adapts it to help future learning and
problem solving [23], [24], [25].

We adopt the forgetting mechanism [26], [27], [28], [29]. By
directly downweighting the weights of past observations, our
approach can deal with general distribution change rather
than a specific one, like the concept drift [10] or covariate
shift [11], and thus without prior distribution change assump-
tions. The basic version of our approach DFOP follows the
forgetting factor recursive least square [14], we also proposed
a variant for the high-dimensional scenario by exploiting the
technique from compressed sensing, therefore our approach
enjoys the one-pass property. Meanwhile, with the help of
the RLS-style update procedure, we can fortunately have
a clear theoretical analysis, showing that the estimate error
converges under mild assumptions.

The most relevant approaches are ECDD and ECDD-
WT [26], [29]. They also use the notion of forgetting factor
as DFOP. However, in contrast to [26], which puts the
weights on log-likelihood in a generative fashion, DFOP
directly exponentially downweights the loss function in a
discriminative method, without prior statistical assumptions.
They also differ in the update procedures. Besides, there is
no theoretical study of tracking/estimate error in [26], [29],
by contrast, we provide estimate error bound based on the
non-trivial theoretical analysis. Moreover, we will show that
our approach is superior to ECDD and ECDD-WT in practice
as shown in Section 6.

Recently, there are efforts in utilizing weakly supervised
supervision [30] in handling distribution change in the data.
For instance, [31] leverages inexact supervision for learning
from evolving video streams, [32] learns dynamics of decision
boundaries by using incomplete supervision, [33] reuses
knowledge from previous inaccurate supervision to update
models with current data.

6 EXPERIMENTS

In this section, we first examine empirical performance
of DFOP and Sparse-DFOP on benchmark and high-
dimensional classification datasets in Section 6.1 and Sec-
tion 6.2. Then, we report results on regression tasks in Sec-
tion 6.3. Finally, we study parameter influence in Section 6.4.

6.1 Comparisons on Benchmark Datasets
We first examine empirical performance of the proposed
DFOP on the classification scenario.

Note that when dealing with real-world datasets, we
cannot grasp the evolving distribution, like the start and end
time of drift, as well as the underlying distribution. Therefore,
both synthetic and real-world datasets are included in
comparison experiments.

Comparison Methods. We compare proposed approach
with 12 comparison methods on both synthetic and real-
world datasets. The comparison methods are (a) RLS, least
square approach solved in a recursive manner; (b) Sliding
window approach, the classifier is constantly updated by
the nearest data samples in the window. Base classifiers are
1NN and SVM, denoted as 1NN-win and SVM-win [20];
(c) SVM-fix, batch implementation of SVM with a fixed
window size [34]; (d) SVM-ada, batch implementation of
SVM with an adaptive window size [18]; (e) DWM, dynamic
weighted majority algorithm, an adaptive ensemble based
on the traditional weighted majority algorithm Winnow [5],
[35]; (f) ECDD and (g) ECDD-WT [29], algorithms based on
forgetting mechanism and accelerated by warning threshold;
(h) ADL [36], autonomous deep learning based on a flexible
self-constructing network structure; (i) AdaBoost.OL [37],
[38], an online adaptive boosting approach with nice theo-
retical guarantees; (j) Learn.NSE [39], an algorithm based
on ensemble method that trains one new classifier for
each batch of data and then combines these classifiers; (k)
HybridForest [40], adaptively charging to the suitable
classifier by the multiple classifier selection according to the
‘hybrid power’ quantity defined therein.

All the parameters of comparisons are chosen as the
suggestion value or suggested set up in their papers.

Performance Measures. We adopt two performance mea-
sures, holdout accuracy and prequential accuracy. The holdout
accuracy is calculated over a testing dataset generated i.i.d.
according to the current distribution, and the prequential
accuracy follows a prequential test-then-train approach [41].
Specifically, at the t-th time, we denote by Dt the underlying
distribution, and suppose that there is a testing dataset i.i.d.
sampled from this distribution, i.e., Mt ∼ Dt. Then,

holdout-acc(t) =
1

|Mt|
∑
i∈Mt

I[ŷi = yi], (17)

preq-acc(t) =
1

t

t∑
i=1

I[ŷi = yi] (18)

We remark that both holdout accuracy and prequential
accuracy are functions with respect to the time stamp.
Meanwhile, we adopt the notion of predictive accuracy to
denote overall performance on the whole data stream.

predict-acc =
1

T

T∑
i=1

I[ŷi = yi], (19)
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Fig. 1. Holdout accuracy comparisons on three datasets, including two synthetic datasets (SEA and hyperplane) and one real-world dataset.

and from the definition, we know that the predictive accuracy
is essentially the prequential accuracy at the last iteration.

Additionally, another two measures, prequential accuracy
using sliding windows and prequential accuracy using fading
factor, proposed by [41] are suitable as the performance metric
in non-stationary streaming learning.

preq-accwin(t) =
1

w

t∑
i=t−w

I[ŷi = yi] (20)

preq-accff(t) =
1∑t

i=1 α
t−i

t∑
i=1

αt−iI[ŷi = yi] (21)

where w is the window size and α is the fading factor in
the measure. In the paper, we mainly focus on the previous
two measures, that is, (17) and (18). The latter two metrics,
i.e., (20) and (21), will be investigated in the appendix.

Settings. As pointed out by [10], the standard cross-
validation usually adopted in the traditional batch learning
is not applicable in the setting of streaming prediction,
due to the inherent temporal relationships in the streaming
datasets. Therefore, in our experimental setup, for the dataset
D whose length is T , we select 10 different consecutive
subsets of D with consecutive examples starting from
{T/50, T/25, . . . , T/5} with the length of 4T/5. Then, we
conduct experiments on these 10 subsets with different
initializations, and report the average accuracy and the
standard deviation as the final result. We note that such a
setup gives sufficient sampling randomness on most datasets,
as the number of instances are typically larger than 10, 000.

Synthetic Datasets. We first present performance com-
parisons over following synthetic datasets.

- SEA [42] consists of three attributes x1, x2, x3, and 0 ≤
xi ≤ 10. The target concept is x1 +x2 ≤ b, and there are
50,000 instances with 4 stages where b ∈ {7, 8, 9, 9.5}.

- hyperplane [43] is generated uniformly in a 10-
dimensional hyperplane with 90,000 instances in total
over 9 different stages.

Besides, another 11 synthetic datasets for binary classifi-
cation are also adopted including 1CDT, 2CDT, 1CHT, 2CHT,
1CSurr, UG-2C-2D, UG-2C-3D, UG-2C-5D, MG-2C-2D and
GEARS-2C-2D. Basic information is included in Table 5, and
one may refer to [20] for more details.

The underlying distribution of synthetic datasets is
known, so we choose holdout accuracy as performance

measure. Specifically, the accuracy is calculated over testing
data generated according to the identical distribution as
training data at each time stamp. Performance comparisons
on SEA and hyperplane are depicted in Figure 1(a) and
Figure 1(b). Since the accuracy curves of other approaches
are very unstable and significantly worse than DWM and
DFOP, we only present the best competitor (DWM), RLS, and
DFOP for clearness.

As shown in Figure 1(a) and Figure 1(b), the accuracy
of all the algorithms falls rapidly when an abrupt drift of
the underlying distribution emerges, and then will rise up
with more data items coming. DFOP is significantly better
than RLS, a special case of DFOP, and this phenomenon
validates the effectiveness of forgetting mechanism. Fur-
thermore, DFOP and DWM converge to new stage quickly.
DFOP demonstrates slightly better performance than DWM.
Moreover, DWM requires to dynamically maintain a set of
experts and needs previous data to update experts pool
deciding whether to remove poorly performing experts or
not. On the contrary, DFOP enjoys desirable performance
which only needs to scan each data item only once.

Real-world Datasets. To valid effectiveness of DFOP in
real-world applications, performance comparisons are pre-
sented over 8 real-world datasets. Detailed descriptions of the
datasets are provided in Appendix E in the supplementary.

In real-world datasets, we cannot expect to foreknow
the underlying distribution at each data stamp. Therefore,
we first generate an evolving data stream dataset based
on Oxford-IIIT Pet dataset1, which contains images and
ground truth annotations of different breeds of cats and
dogs. We extract the feature from pool5 layer of VGG-16
net, which is a 7 × 7 × 512 activation tensor if the input
image is 224× 224. Then, we pool them by average-pooling
and get a 512-dim representation. We thus simulate a three-
stage distribution change, where in each stage two breeds
are randomly selected, one is from cat and another from dog,
as the binary classification task. Meanwhile, each stage has
200 images to simulate the data stream and 200 images as
test images for calculating the holdout accuracy. We plot the
holdout accuracy curve similar to that in synthetic datasets,
as shown in Figure 1(c). We can observe that our approach
behaves relatively stable in resistance to distribution change.

1. http://www.robots.ox.ac.uk/∼vgg/data/pets/

http://www.robots.ox.ac.uk/~vgg/data/pets/
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TABLE 1
Basic information of various datasets with distribution change and performance comparisons in terms of mean and standard deviation of accuracy
(both in percents). Bold values indicates the best performance. Besides, • (◦) indicates that DFOP is significantly better (worse) than the compared

method (paired t-tests at 95% significance level). And Win/ Tie/ Loss are summarized in the last row.

Dataset SVM-win 1NN-win SVM-fix SVM-ada DWM RLS DFOP

SEA 73.94 ± 0.12 • 77.27 ± 0.04 • 86.19 ± 0.06 • 83.47 ± 0.09 • 87.04 ± 0.03 • 84.54 ± 0.47 • 87.99 ± 0.05
hyperplane 83.74 ± 0.03 • 70.66 ± 0.03 • 87.98 ± 0.03 • 81.94 ± 0.07 • 88.36 ± 0.25 • 69.67 ± 1.40 • 90.14 ± 0.05
1CDT 98.71 ± 0.05 • 99.69 ± 0.07 • 99.77 ± 0.06 • 99.77 ± 0.08 • 99.90 ± 0.09 • 98.79 ± 1.65 • 99.97 ± 0.05
2CDT 94.86 ± 0.06 • 94.62 ± 0.10 • 95.19 ± 0.13 • 95.18 ± 0.15 • 90.21 ± 0.67 • 62.24 ± 0.23 • 96.36 ± 0.09
1CHT 98.75 ± 0.18 • 99.81 ± 0.22 99.63 ± 0.17 • 99.63 ± 0.18 • 99.69 ± 0.26 • 98.49 ± 1.61 • 99.84 ± 0.16
2CHT 87.70 ± 0.04 • 85.69 ± 0.05 • 89.48 ± 0.12 • 88.89 ± 0.13 • 85.92 ± 0.72 • 62.57 ± 0.23 • 89.91 ± 0.07
1CSurr 97.99 ± 0.04 • 98.12 ± 0.11 ◦ 94.24 ± 1.08 93.56 ± 1.08 96.31 ± 0.50 ◦ 67.82 ± 0.22 • 93.24 ± 1.44
UG-2C-2D 94.47 ± 0.13 • 93.55 ± 0.16 • 95.41 ± 0.10 • 94.92 ± 0.12 • 95.59 ± 0.11 67.02 ± 1.46 • 95.59 ± 0.10
UG-2C-3D 93.60 ± 0.73 • 92.83 ± 0.93 • 95.05 ± 0.64 94.48 ± 0.71 95.14 ± 0.62 • 61.95 ± 2.60 • 95.37 ± 0.61
UG-2C-5D 74.82 ± 0.45 • 88.04 ± 0.42 • 91.74 ± 0.26 • 90.37 ± 0.35 • 92.82 ± 0.23 ◦ 81.20 ± 2.42 • 92.51 ± 0.25
MG-2C-2D 90.20 ± 0.07 ◦ 87.84 ± 0.09 ◦ 84.98 ± 0.06 84.22 ± 0.06 • 90.15 ± 0.06 ◦ 57.18 ± 3.66 • 85.06 ± 0.06
GEARS-2C-2D 95.54 ± 0.01 • 99.61 ± 0.00 ◦ 95.41 ± 0.01 • 95.26 ± 0.02 • 95.82 ± 0.02 95.84 ± 0.01 95.83 ± 0.02

Chess 69.67 ± 1.51 • 79.58 ± 0.54 77.73 ± 1.56 • 69.18 ± 3.65 • 73.77 ± 0.66 • 78.70 ± 0.83 • 79.15 ± 0.62
Usenet-1 68.92 ± 1.12 65.36 ± 1.55 • 64.18 ± 2.24 • 67.68 ± 1.86 • 64.43 ± 4.53 • 60.65 ± 0.53 • 69.20 ± 0.68
Usenet-2 74.44 ± 0.71 • 71.03 ± 0.60 • 73.99 ± 0.69 • 72.64 ± 0.84 • 73.37 ± 0.93 • 73.16 ± 0.67 • 75.60 ± 0.57
Luxembourg 88.57 ± 0.28 • 77.51 ± 0.44 • 98.25 ± 0.19 • 97.43 ± 0.42 • 92.61 ± 0.40 • 99.06 ± 0.14 99.09 ± 0.14
Spam 83.91 ± 2.20 • 93.43 ± 0.82 • 92.44 ± 0.80 • 91.01 ± 0.94 • 91.49 ± 1.09 • 94.46 ± 0.16 • 94.77 ± 0.26
Weather 68.54 ± 0.55 • 72.64 ± 0.25 • 67.79 ± 0.65 • 77.26 ± 0.33 • 70.86 ± 0.42 • 78.35 ± 0.18 • 79.23 ± 0.12
Powersupply 73.33 ± 0.25 • 72.42 ± 0.21 • 71.17 ± 0.15 • 69.39 ± 0.17 • 72.18 ± 0.29 • 69.67 ± 0.64 • 80.46 ± 0.04
Electricity 74.20 ± 0.08 • 85.33 ± 0.09 ◦ 62.01 ± 0.59 • 58.69 ± 0.58 • 78.60 ± 0.41 ◦ 74.20 ± 0.63 • 76.94 ± 0.26

DFOP: W/ T/ L 18/ 1/ 1 14/ 2/ 4 17/ 3/ 0 18/ 2/ 0 14/ 2/ 4 18/ 2/ 0 rank first 13/20

Dataset ECDD-WT ECDD ADL AdaBoost.OL Learn.NSE HybridForest DFOP

SEA 80.82 ± 0.16 • 80.43 ± 0.36 • 80.09 ± 2.77 • 78.95 ± 0.18 • 84.26 ± 0.26 • 83.64 ± 0.22 • 87.99 ± 0.05
hyperplane 76.10 ± 0.29 • 76.14 ± 0.11 • 78.97 ± 1.29 • 72.73 ± 0.14 • 78.40 ± 0.54 • 66.66 ± 0.65 • 90.14 ± 0.05
1CDT 99.90 ± 0.08 98.07 ± 1.46 • 99.32 ± 0.21 • 99.52 ± 0.08 • 99.43 ± 0.14 • 99.65 ± 0.09 99.97 ± 0.05
2CDT 92.69 ± 0.06 • 86.54 ± 0.26 • 73.88 ± 2.02 • 94.11 ± 0.18 • 90.85 ± 0.59 • 87.97 ± 0.71 • 96.36 ± 0.09
1CHT 99.61 ± 0.26 95.38 ± 1.87 • 98.68 ± 0.87 • 99.27 ± 0.50 • 99.44 ± 0.14 • 99.54 ± 0.17 99.84 ± 0.16
2CHT 85.93 ± 0.11 • 83.14 ± 0.24 • 72.13 ± 1.04 • 81.23 ± 0.14 • 85.56 ± 0.55 • 83.57 ± 0.85 • 89.91 ± 0.07
1CSurr 93.64 ± 0.33 90.16 ± 1.24 • 93.81 ± 2.91 93.11 ± 1.39 97.06 ± 0.27 ◦ 92.56 ± 1.08 93.24 ± 1.44
UG-2C-2D 91.55 ± 0.11 • 86.84 ± 0.56 • 93.49 ± 4.25 94.69 ± 0.13 • 94.98 ± 0.14 • 92.53 ± 0.59 • 95.59 ± 0.10
UG-2C-3D 91.38 ± 0.82 • 87.41 ± 1.45 • 93.27 ± 0.96 • 94.31 ± 0.69 • 94.24 ± 0.71 • 92.45 ± 0.91 • 95.37 ± 0.61
UG-2C-5D 85.57 ± 0.38 • 82.65 ± 0.83 • 90.80 ± 0.30 • 89.84 ± 0.38 • 90.82 ± 0.33 • 87.65 ± 0.56 • 92.51 ± 0.25
MG-2C-2D 86.25 ± 0.85 ◦ 84.78 ± 1.22 80.63 ± 5.57 • 85.03 ± 0.02 90.59 ± 0.09 ◦ 89.69 ± 0.16 ◦ 85.06 ± 0.06
GEARS-2C-2D 94.13 ± 0.03 • 90.28 ± 0.24 • 95.81 ± 0.06 94.11 ± 0.05 • 95.77 ± 0.05 95.63 ± 0.08 95.83 ± 0.02

Chess 73.00 ± 0.82 • 73.02 ± 0.91 • 58.96 ± 3.59 • 78.39 ± 2.34 55.44 ± 2.27 • 69.44 ± 2.83 • 79.15 ± 0.62
Usenet-1 71.19 ± 0.64 ◦ 71.93 ± 1.08 ◦ 63.05 ± 1.77 • 65.03 ± 1.31 • 60.36 ± 1.32 • 61.12 ± 2.43 • 69.20 ± 0.68
Usenet-2 68.93 ± 3.64 • 70.97 ± 4.67 • 65.96 ± 2.52 • 70.56 ± 0.93 • 69.79 ± 1.27 • 66.19 ± 0.50 • 75.60 ± 0.57
Luxembourg 79.93 ± 2.70 • 80.93 ± 2.50 • 66.49 ± 1.82 • 89.12 ± 0.97 • 95.34 ± 0.00 • 97.95 ± 0.30 • 99.09 ± 0.14
Spam 89.14 ± 0.91 • 88.47 ± 1.11 • 92.36 ± 0.79 • 88.23 ± 1.31 • 88.23 ± 0.79 • 88.54 ± 0.99 • 94.77 ± 0.26
Weather 74.83 ± 0.23 • 74.49 ± 0.14 • 66.63 ± 0.80 • 71.20 ± 0.41 • 72.55 ± 0.66 • 74.64 ± 0.68 • 79.23 ± 0.12
Powersupply 74.14 ± 0.33 • 74.96 ± 0.22 • 59.48 ± 0.88 • 72.34 ± 0.36 • 73.48 ± 0.63 • 72.38 ± 0.32 • 80.46 ± 0.04
Electricity 81.04 ± 0.05 ◦ 81.05 ± 0.05 ◦ 62.40 ± 3.19 • 62.22 ± 0.81 • 80.35 ± 0.40 ◦ 78.47 ± 0.47 ◦ 76.94 ± 0.26

DFOP: W/ T/ L 14/ 3/ 3 17/ 1/ 2 17/ 3/ 0 17/ 3/ 0 17/ 0/ 3 14/ 4/ 2 rank first 13/20

Furthermore, for general real-world datasets, it is typi-
cally not possible to obtain test data for each data item from
an independent and identical distribution. This makes it chal-
lenging to remain to use holdout accuracy as performance
measure. In Table 1, we conduct all the experiments for 10
trails and report the overall mean and standard deviation
of predictive accuracy defined in (19) over above real-world
datasets as well as other 12 synthetic datasets. We have
conducted paired t-tests at 95% significance level, and use
the notation • (◦) to indicate that DFOP is significantly better
(worse) than the compared method.

In a total of 20 datasets, the number of instance varies
from 533 to at most 200,000. DFOP achieves the best among
all approaches in 13 over 20 datasets. Besides, we note that
in 4 of the other 7 datasets, DFOP ranks the second or the

third. This validates the effectiveness of DFOP.
Additionally, the robustness of all these different algo-

rithms is compared. Concretely speaking, for a particular
algorithm algo, similar to definition in [44], the robustness
here is defined as the proportion between its accuracy and
the smallest accuracy among all compared algorithms,

ralgo =
accalgo

minα accα
.

Evidently, the worst algorithm has ralgo = 1, and the
others have ralgo ≥ 1, the greater the better. Hence, the sum
of ralgo over all the datasets indicates the robustness of for
algorithm algo. The greater the value of the sum, the better
the performance of the algorithm.

We provide robustness comparisons on twelve compared
algorithms and DFOP over 20 datasets in Figure 2. We can see
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Fig. 2. Robustness of accuracy on twelve compared algorithms and
DFOP over 20 datasets with distribution change.

that DFOP achieves the best over 20 datasets, and RLS ranks
the last as expected since it does not consider the evolving
distribution in datasets at all. For sliding window type
approaches, i.e., SVM-win and 1NN-win, their performance
results are not quite satisfying, even if we have chosen a
relatively optimal window size by cross-validation with
different data splits. For two batch type approaches, i.e., SVM-
fix and SVM-ada, the performance of SVM-fix is comparable
to DFOP, however, it is curious that SVM-ada demonstrates
a poor performance, even worse than SVM-fix. This might
be because the estimate generalization error is not consistent
with the empirical one. From the result, we can also see
that DWM is the most competitive method, nevertheless, it
suffers the limitation that DWM needs to scan data multiple
times to maintain the dynamic expert pool. As a one-pass
learning algorithm, DFOP shows satisfying performance and
property in handling data stream with distribution change.

6.2 Comparisons on High-Dimensional Datasets

In this part, we study performance of Sparse-DFOP by
conducting experiments on both regression and classifica-
tion tasks. Due to the lack of real-world high-dimensional
regression datasets with distribution change, we simulate
one according to the state-space model, and details will
be presented later. For the classification task, we examine
performance on 14 real-world classification datasets.

Comparison Methods. Since comparison methods in
Section 6.1 are not suitable for high-dimensional datasets,
we choose several state-of-the-art methods as comparisons,
which are specifically designed for high-dimensional sparse
datasets. (a) S-RLS deals with sparse systems by giving
low weights to the coefficients below the threshold [45]; (b)
GMF-RLS imposes a sparse regularizer via Geman-McClure
function to approximate `0-norm [45]; (c) ASVB-L is short
for Adaptive Sparse Variation Bayes iteration scheme based
on Laplace prior [46]; also, (d) DFOP is included by being
directly applied on high-dimensional datasets.

Synthetic Dataset. We generate the regression data by
using the state-space model [47],{

rt+1 = Art +Bξt,

xt+1 = Crt,
(22)

TABLE 2
Brief statistics of high-dimensional datasets.

Dataset # inst # dim Dataset # inst # dim

acoustic 63,059 50 rcv1t 18,520 47,236
kdd 40,001 65 sector 7,696 55,197
a9a 26,049 123 sector lvr 7,696 55,197

connect 54,046 126 news20r 12,749 62,061
usps 7,439 256 ecml 91,377 98,519
w8a 39,800 300 ecmlr 91,377 98,519
rcv 16,194 47,236 news20 15,998 1,355,191

where {ξt} is a random vector sequence generated from a
uniform distribution ξt ∼ U(−1, 1, s, 1), that is, each identity
is uniformly sampled from the interval [−1, 1]. Meanwhile,
rt,xt ∈ RD, and the matrix A,C ∈ RD×D as well as B ∈
RD×d.

Here, we set the dimension of features D as 1000
and sparsity s as 10, and generate data according to
(22) with A = 1

10I1000, B = [I10;zeros(990, 10)], and
C = [I10,zeros(10, 990);zeros(990, 1000)]. Thus, the data
are not independent but φ-mixing actually. Besides, we
simulate the distribution change by modifying wt with an
additive Gaussian noise from N (0, 0.1) every 500 iterations.
For both DFOP and Sparse-DFOP, we choose step size µ as
the recommendation value 2 × 10−3, as we will talk later.
Last, let the compressed dimension d be as 100, and the
measurement matrix M be as Gaussian matrix with the
standard variance 1/d.

The experimental results for DFOP and Sparse-DFOP
are shown in Figure 3, where both tracking error and
current loss are provided. We can see that the tracking error
and current loss will decrease gradually as time goes, but
dramatically increase when facing abrupt distribution change
for every 500 iterations, both DFOP and Sparse-DFOP. This
phenomenon validates the ability to detect the distribution
change for both algorithms.

Moreover, we conduct comparisons in terms of the MSE
performance. To be more clear, we plot in the logarithmic
chart, i.e., the number in y-axis is in obtained by 10 log10(·).
Figure 4 shows the results. DFOP is definitely the best among
all as we expected, and Sparse-DFOP ranks the second.
Actually, it is highly comparable with that of DFOP especially
when the time goes on.

Apart from the accuracy, it is noteworthy to mention
the efficiency, which is particularly important when tackling
high-dimensional data. We conduct each algorithm 10 times
with random initializations, reporting the overall running
time (mean ± std) and speedup w.r.t. the original DFOP.
In fact, the speedup of Sparse-DFOP clearly ranks the first.
This result is very encouraging. Though the performance
of Sparse-DFOP might be slightly poorer than DFOP, it
shortens the running time by over 250 times. These show
the superiority of Sparse-DFOP in practice, especially when
facing the trade-off between accuracy and efficiency.

Real-world Datasets. We collect 8 high-dimensional
datasets with nearly or more than 50,000 features used, with
another 6 medium-dimensional datasets. Basic information
is summarized in Table 2. To avoid randomness in the
construction of the random matrix, we execute experiments
for 10 trails similar to the setting in Section 6.1, and report the
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Fig. 3. Demonstrations of tracking error and current loss on high-dimensional synthetic
dataset. The left one is for DFOP and the right one for Sparse-DFOP.
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Fig. 4. MSE performance compar-
isons of various approaches on high-
dimensional synthetic dataset.

TABLE 3
Comparison of the performance on high-dimensional datasets in terms

of mean and standard deviation of accuracy.

Dataset S-RLS GMF-RLS ASVB L Sparse-DFOP

acoustic 0.740 ± 0.002 • 0.747 ± 0.001 0.723 ± 0.001 • 0.747 ± 0.001
kdd 0.693 ± 0.007 0.692 ± 0.002 • 0.692 ± 0.001 0.695 ± 0.003
a9a 0.781 ± 0.041 • 0.657 ± 0.003 • 0.813 ± 0.001 • 0.830 ± 0.003
connect 0.754 ± 0.005 • 0.567 ± 0.002 • 0.775 ± 0.001 • 0.794 ± 0.007
usps 0.876 ± 0.004 • 0.862 ± 0.002 • 0.888 ± 0.002 0.884 ± 0.004
w8a 0.687 ± 0.154 • 0.826 ± 0.010 • 0.878 ± 0.001 • 0.898 ± 0.002

rcv 0.516 ± 0.012 • 0.672 ± 0.003 • 0.688 ± 0.001 • 0.762 ± 0.005
rcv1t 0.505 ± 0.006 • 0.578 ± 0.002 • 0.583 ± 0.002 • 0.730 ± 0.009
sector 0.541 ± 0.013 • 0.578 ± 0.008 • 0.534 ± 0.005 • 0.595 ± 0.010
sector lvr 0.989 ± 0.000 ◦ 0.981 ± 0.001 ◦ 0.989 ± 0.000 ◦ 0.943 ± 0.002
news20 0.524 ± 0.020 • 0.591 ± 0.003 • 0.521 ± 0.008 • 0.606 ± 0.010
news20r 0.635 ± 0.005 ◦ 0.637 ± 0.005 ◦ 0.632 ± 0.005 ◦ 0.608 ± 0.006
ecml 0.696 ± 0.011 • 0.517 ± 0.001 • 0.543 ± 0.002 • 0.790 ± 0.005
ecmlr 0.502 ± 0.004 • 0.542 ± 0.001 • 0.543 ± 0.001 • 0.763 ± 0.011

W/ T/ L 11/ 1/ 2 11/ 1/ 2 10/ 2/ 2 rank first 11/ 14
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Fig. 5. Comparison of the average running time on high-dimensional
datasets.

overall mean and standard deviation of predictive accuracy
in Table 3. Besides, we plot the comparison of average
running time in Figure 5.

From Table 3, we can see that Sparse-DFOP achieves the
best in 11 over 14 datasets, significantly superior to the other
compared methods, and the improvement is particularly
clear in high-dimensional datasets. Besides, from Figure 5,
we can observe that the running time of Sparse-DFOP is
significantly shorter than the others, almost 10 times faster
than ASVB L, whose performance ranks the second in
Table 3. This validates the effectiveness and efficiency of
our proposal in the high-dimensional situation.

6.3 Comparisons on Regression Tasks
In this section, we compare the proposed DFOP to streaming
regression approaches and on both synthetic and real-

world regression datasets. The contenders are (a) RLS, least
square approach solved in a recursive manner, (b) Online
Bagging (OB) [48], (c) AddExp.C [4], (d) EOS-ELM [49], (e)
Learn.NSE [39], and (f) OAUE [50], where (b)-(f) are all
ensemble style approaches which dynamically adapt the
models based on the coming data item or data batch. The
differences lie in the strategies on how to update models
like adding new models, excluding models or adjusting their
weights.

Both synthetic dataset hyperplane and real-world datasets
Sulfur recovery unit and Debutanizer column are employed to
demonstrate the effectiveness of proposed DFOP. Detailed
descriptions of datasets are included in Appendix E in the
supplementary.

The performance of various streaming regression ap-
proaches is assessed by MSE (mean square error) between
ground-truth and predict values over 10 trails. Table 4
reports both mean and standard deviation. We remark that
not all comparisons are fair. DFOP is a one-pass approach
which needs to scan each data item only once. For most
ensemble style methods, data items are usually scanned
many times for the need of dynamically update ensemble
models. Besides, Learn.NSE is batch basis, nevertheless,
DFOP is in an incremental manner and able to update the
model by a single data item.

From Table 4, we can see that DFOP outperforms RLS,
and achieves satisfying performance with the lowest MSE
in three datasets. Meanwhile, since the underlying drifting
property of synthetic dataset is clear, we also present the
trend chart of DFOP with different forgetting factors in terms
of square loss over generated test data and estimate error
‖w̃t‖ = ‖wt − ŵt‖ in Figure 6, and we can see that both the
current loss and estimate error of DFOP (with appropriate
forgetting factors) is significantly lower than RLS, which is a
special case of DFOP when forgetting factor is 0, i.e., λ = 0
and µ = 1. This validates the effectiveness of forgetting
mechanism. However, when with an inappropriate forgetting
factor, say λ = 0.9 (i.e., µ = 0.1), the performance of DFOP
would be even worse than RLS. This phenomenon also
accords with cases reported in classification scenario. Besides,
in Figure 6(b), we can see that ‖w̃t‖ is tending towards stable
as time series go to the infinity which is consistent with our
proposed theory even the dataset does not exactly meet the
assumptions proposed in Theorem 1.
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TABLE 4
Mean and standard deviation of MSE over 10 trails, the lower the better,

and the all the values have been multiplied by 100. Besides, • (◦)
indicates that DFOP is significantly better (worse) than the compared

method (paired t-tests at 95% significance level). Note that not all
comparisons are fair to DFOP, because DFOP is able to scan data only

once, whereas most compared methods not.

Methods hyperplane SRU-1 SRU-2 Debutanizer

RLS 2.291 ± 0.045 • 0.306 ± 0.006 • 0.392 ± 0.005 • 2.467 ± 0.003 •
OB 1.914 ± 0.004 • 0.051 ± 0.006 0.142 ± 0.000 • 0.577 ± 0.000 •

AddExp.C 0.730 ± 0.002 • 0.049 ± 0.001 ◦ 0.139 ± 0.001 • 1.283 ± 0.000 •
EOS-ELM 1.903 ± 0.002 • 0.050 ± 0.007 0.142 ± 0.001 • 1.057 ± 0.000 •
Learn.NSE 1.662 ± 0.009 • 0.098 ± 0.028 • 0.232 ± 0.024 • 1.040 ± 0.000 •

OAUE 1.959 ± 0.002 • 0.047 ± 0.000 ◦ 0.131 ± 0.001 • 0.731 ± 0.008 •
DFOP 0.619 ± 0.048 0.063 ± 0.004 0.064 ± 0.004 0.360 ± 0.057
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Fig. 6. Demonstrations of square loss and estimate error on the hyper-
plane regression dataset. The left one plots the square loss and the right
one for estimate error ‖w̃t‖ = ‖wt−ŵt‖, with different forgetting factors
(or step sizes).

6.4 Parameter Influence

As stated previously, how to choose an appropriate forgetting
factor (or equivalently, step size) is an important issue since
it reflects a trade-off between stability of past condition and
sensitivity to future evolution. To figure out how forgetting
factor affects the performance, in classification problem,
we adopt the prequential accuracy defined in (18) as the
performance measure. Figure 7 shows the impact of different
forgetting factors over two datasets, i.e., hyperplane and
Usenet-1. We notice that the prequential accuracy of RLS
decreases almost all the time. For a relatively small but not
zero µ, the performance is satisfying without a significant
gap. However, when µ is too large, say 0.5, the performance is
even much worse than RLS. This is consistent with intuition
since when the step size µ is large, the forgetting factor λ
would be so small and older data samples are exponentially
downweighted that there are not sufficient effective training
samples available to update the model.

Now, here comes the question: how to choose an appropriate
forgetting factor to adapt the distribution change in the data stream?
Or equivalently, how to set the value of step size? To answer
this question, let us recall the target function (3), when µ is
close to 0, which is often the case in practice and validated
in Figure 7, then we have

(1− µ)t = et ln(1−µ) ≈ e−tµ = e−t/T0 ,

where we define T0 = 1/µ as forgetting period. The con-
tribution for prediction error of data items older than T0

time will be discounted with a weight less than e−1 ≈ 36.8%.
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Fig. 7. Prequential accuracy with different values of step size µ over two
datasets with distribution change, i.e., hyperplane and Usenet-1.

TABLE 5
Datasets, stable period, theoretical recommended value and empirical

appropriate value for the step size are listed below. The last column
provides relative proportion between theoretical recommended value

(1/T0) and empirical appropriate value (µ).

Dataset T0 1/T0 µ µT0

1CDT 400 2.50E-03 1.00E-02 4
2CDT 400 2.50E-03 1.00E-02 4
1CHT 400 2.50E-03 1.00E-02 4
2CHT 400 2.50E-03 1.00E-02 4
1CSurr 600 1.67E-03 5.00E-03 3
UG-2C-2D 1,000 1.00E-03 1.00E-03 1
UG-2C-3D 2,000 5.00E-04 1.00E-03 2
UG-2C-5D 2,000 5.00E-04 1.00E-03 2
MG-2C-2D 2,000 5.00E-04 1.00E-03 2
GEARS-2C-2D 2,000 5.00E-04 1.00E-03 2
hyperplane 9,000 1.11E-04 2.00E-03 18
SEA 10,000 1.00E-04 1.00E-03 10

Consequently, the step size µ shall be chosen according to the
forgetting period T0, where the data distribution should be
relatively smooth and stable during this forgetting period. We
validate this idea over synthetic datasets reported in Table 5.
The first column is the name of datasets, and T0 column
indicates the number of data items between consecutive
distribution change [20]. And the next two columns give 1/T0

and µ, which are theoretical recommended and empirical
appropriate value for the forgetting factor, respectively. Also,
the relative proportions are calculated and listed in the last
column. We can see that these two values are very close over
all the datasets with no more than 20 times difference, even
no more than 5 times in most datasets. This supports our
strategy in choosing forgetting factor.

Certainly, the drifting properties of real-world datasets
are not as clear as synthetic datasets. Nevertheless, we can
infer the forgetting period T0 from data stream and choose
an appropriate value as the forgetting factor. For instance,
when considering the weather forecast problem, although
we could not foreknow the drifting property of distribution,
a relatively stable period can be estimated based on domain
knowledge. In the future, it would be desired to design an
adaptive parameter setup strategy such that it adapts to the
drift rate and magnitude.
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7 CONCLUSION

In this paper, we propose an approach for distribution-free
one-pass learning, with a variant for the high-dimensional
case. Our approach is simple yet effective, and with nice
theoretical properties. Experiments validate the effectiveness
of our approach.

To the best of our knowledge, this is the first study to
propose and provide a sound solution to distribution-free
one-pass learning, where the data are accumulated over time
subject to unknown underlying distribution change, whereas
the predictive model is constructed based on scanning each
data sample once, with a storage irrelevant to the data
volume. Such situations often occur in real applications, and
it would be interesting to apply our proposal to industrial
tasks.
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APPENDIX A
DERIVATION OF UPDATE PROCEDURES OF DFOP
In this part, we provide the derivation of the update
procedures of DFOP.

We first present the famous Sherman–Morrison matrix
inversion formula in the following, which is essential in the
analysis of update procedures.

Lemma 5. Let A,B,C and D be matrices of compatible dimen-
sions such that the product BCD and the sum A+BCD exist.
Then, we have

[A+BCD]−1 = A−1−A−1B[DA−1B+C−1]−1DA−1 (1)

Proof. By multiplying the right-hand side of (1) by A+BCD
from the right, we have{

A−1 −A−1B[DA−1B + C−1]−1DA−1
}

[A+BCD]

= I +A−1BCD −A−1B[DA−1B + C−1]−1D

−A−1B[DA−1B + C−1]−1DA−1BCD

= I +A−1B[DA−1B + C−1]−1{0} = I.

This completes the proof.

Now we proceed to present the derivation.

Analysis. For convenience, let Λ(i, t) =
∏t
j=i+1 λj , then the

close-form solution of optimization (2) can be calculated as
follows

ŵt =

[
t∑
i=1

Λ(i, t)xix
T
i

]−1 [ t∑
i=1

Λ(i, t)xiyi

]
. (2)
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In the following, we demonstrate that the solution
obtained from the online update procedures of DFOP is
essentially equivalent to the above close-form solution shown
in (2). The result can be also found in Section 2.6.2 of [1].

Denote R̄t =
∑t
i=1 Λ(i, t)xix

T
i by the covariance matrix,

and we have R̄t = λtR̄t−1 + xtx
T
t .

Therefore, the solution in (2) can be rewritten in the
following form:

ŵt = R̄−1
t

[
λt

t−1∑
i=1

Λ(i, t− 1)xiyi + xtyt

]
= R̄−1

t

[
λtR̄t−1ŵt−1 + xtyt

]
= R̄−1

t

[
(R̄t − xtx

T
t )ŵt−1 + xtyt

]
= ŵt−1 + R̄−1

t xt
[
yt − xT

t ŵt−1)
]
.

Now, we introduce Pt = R̄−1
t and then apply Lemma 5

to (A), this gives

Pt =
1

λt
Pt−1 −

1

λt
Pt−1xt

[
1

λt
xT
t Pt−1xt + 1

]−1 1

λt
xT
t Pt−1

=
1

λt

[
Pt−1 −

Pt−1xtx
T
t Pt−1

λt + xT
t Pt−1xt

]
.

Let Lt = Ptxt, we can obtain the update procedures.
Obviously, DFOP in the main paper is a special case by
fixing the discounted factor sequence {λt} as (1− µ). Note
that, to keep a simple notations in estimate error analysis
of DFOP, we slightly modified Lt and Pt by multiplying a
magnitude of µ.

APPENDIX B
PROOF OF LEMMA 1
In this section, we first provide the proof of Lemma 1 in
the main paper. We first give preliminary definitions, then
present necessary lemmas, and finally give the proof.

B.1 Definitions

We first introduce the definition of the sub-Exponential
random variable. For self-containedness, we also present
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definitions of sub-Gaussian random variable and random
vector as follows.

Definition 1 (sub-Gaussian random variable). A random
variable X ∈ R is said to be sub-Gaussian random variable with
variance proxy σ2 if E[X] = 0 and its moment generating
function satisfies

∀s ∈ R : E[exp{sX}] ≤ exp

{
s2σ2

2

}
, (3)

and in this case we write X ∼ subG(σ2).

Definition 2 (sub-Gaussian random vector). A random
vector x = [x1, . . . , xd]

T ∈ Rd is called sub-Gaussian random
vector with variance proxy σ2 if all its coordinates are sub-
Gaussian random variables with variance proxy σ2.

Definition 3 (sub-Exponential random variable). A random
variable X ∈ R is said to be sub-Exponential random variable
with parameter λ if E[X] = 0 and its moment generating
function satisfies

∀|s| ≤ 1

λ
: E[exp{sX}] ≤ exp

{
s2λ2

2

}
,

and in this case we write X ∼ subE(λ).

Remark 1. Notice that all the above definitions require a zero-
mean constraint, which is actually not necessary in analyzing
light tail property. Hence, for a random variable that is not
zero-mean but satisfies condition (3) is called generalized
sub-Gaussian. And definitions of generalized sub-Gaussian
random vector and generalized sub-Exponential random
variable are similar.

B.2 Technical Lemmas

Lemma 1 in Section 4 of the main paper essentially guar-
antees the “light tail” property of the sum of sub-Gaussian
random vectors. To prove it, we will make use of following
technical lemmas.

We first show that the norm of a sub-Gaussian random
vector is a generalized sub-Gaussian random variable.

Lemma 6 (Theorem 3.1 of [2]). Given the vector c ∈ Rd,
suppose the function G : Rd → R satisfies that G ∈ B0(c),
where B0(c) = {|∂G(x)

∂xi
| ≤ ci,∀x ∈ Rd\S0, i = 1, 2, . . . , d},

and S0 =
⋃d
i=1{x ∈ Rd : xi = 0}. If x is a sub-Gaussian

random vector in Rd, then

E[exp{‖λG(x)‖}] ≤ 2 exp

{
λ2B2(c;x)

2

}
, λ ∈ R.

In above, B(c;x) =
∑d
i=1 ciτ(xi), where τ(ξ) is defined as

follows,

τ(ξ) = inf
{
a ≥ 0 : E{exp{sξ}} ≤ exp{s2a2/2}, s ∈ R

}
,

is called the standard of a sub-Gaussian random variable ξ.

With Lemma 6, we have the following statement.

Lemma 7. If x ∈ Rd is a sub-Gaussian random vector with
variance proxy σ2, then

E[exp{‖x‖}] ≤ 2 exp

{
d2σ2

2

}
.

Proof. The statement is a direct corollary from Lemma 6,
where by setting λ = 1 and G(·) = ‖·‖, therefore c = 1 =
[1, . . . , 1]T. Since x is sub-Gaussian random vector, τ(xi) =
σ, and thus B(c,x) =

∑d
i=1 ciτ(xi) = dσ.

Then we present the following Lemma 8 to demonstrate a
certain equivalence between sub-Gaussian random variable
and sub-Exponential variable, which plays an important role
in proving Theorem 1 and Theorem 2.

Lemma 8. Let X be a sub-Gaussian random variable, i.e., X ∼
subG(σ2). Then the random variable Z = X2 − E[X2] is sub-
Exponential: Z ∼ subE(16σ2).

Proof. We prove this lemma by definition.

E[esZ ] =1 +
∞∑
k=2

skE[(X2 − E[X2])k]

k!

≤1 +
∞∑
k=2

skE
[
2k−1(X2k + (E[X2])k)

]
k!

=1 +
∞∑
k=2

sk2k−1(E[X2k] + (E[X2])k)

k!

≤1 +
∞∑
k=2

sk2kE[X2k]

k!
(4)

≤1 +
∞∑
k=2

sk2k((2σ2)k · 2k(k − 1)!)

k!
(5)

=1 + 2(4sσ2)2
∞∑
k=0

(4sσ2)k

≤1 + 128s2σ4 (6)

≤ exp{128s2σ4}.

where (4) holds because of Jensen’s inequality, specifically,
(E[X2])k ≤ E[X2k]. Besides, for sub-Gaussian random
variable X ∼ subG(σ2) and any K > 0, we have the
following statement [3]

E[XK ] ≤ (2σ2)K/2KΓ(K/2),

so (5) holds by substituting K = 2k in above inequality.
Then, (6) holds because of the condition in definition of sub-
Exponential, i.e., |s| ≤ 1/(16σ2). The last step holds due to
the fact 1 + x ≤ ex.

Remark 2. Notice that we did not use the zero mean
property of sub-Gaussian random variable X in the proof of
Lemma 8. Hence, Lemma 8 can be applied to a generalized
sub-Gaussian random variable without requiring the zero-
mean condition.

To prove the statement in Lemma 1, we need to further
prove the following lemma, which guarantees the light tail as-
sumption of the sub-Gaussian random vector. Meanwhile, it
shows the existence of the corresponding bounding sequence
for a sub-Gaussian random vector sequence.

Lemma 9. For a sub-Gaussian random vector sequence {xt}
with a variance proxy sequence {σt}, there exists a corresponding
positive bounding sequence {γt}, such that

∀t ≥ 1 : E
[
exp{‖xt‖2/γ2

t }
]
≤ exp{1}.
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Proof. Consider any vector in the sequence, say xt. Because it
is a sub-Gaussian random vector, directly applying Lemma 7,
we have

E [exp{‖xt‖}] ≤ 2 exp

{
d2σ2

t

2

}
,

which means for a sub-Gaussian random vector, its norm is
a generalized sub-Gaussian random variable. Here, “general-
ized” means it might not meet the zero-mean condition.

Because we did not utilize the zero mean property of
sub-Gaussian random variable in the proof of Lemma 8, it
can also be applied to generalized sub-Gaussian random
variable. Let Z = ‖xt‖2 − E[‖xt‖2], then Z ∼ subE(16σ2

t ),
specifically,

E[exp{s(‖xt‖2−E[‖xt‖2])}] ≤ exp{128s2σ4
t }, ∀|s| ≤

1

16σ2
t

.

Consequently, for ∀|s| ≤ 1/(16σ2
t ), we have

E[exp{s‖xt‖2}] ≤ exp{128s2σ4
t + sE[‖xt‖2]}.

Obviously, we can choose a sufficient small positive
constant s as 1/γt, such that

E
[
exp{‖xt‖2/γ2

t }
]
≤ exp{1},

where {γt} is exactly the bounding sequence as we desired.
This completes the proof.

B.3 Proof of Lemma 1

Equipped with Lemma 9 in hand, we can bound a sum of
sub-Gaussian random vectors or variables with exponential
decrease as stated in Lemma 1.

Proof. The argument is based on the propositions in the
seminal paper [4]. The basic idea is to verify the “light tail”
condition.

First of all, for a sub-Gaussian random vector sequence
{ξi}i=1,2,..., Lemma 9 shows the existence of the correspond-
ing positive real-veal bounding sequence {σi}i=1,2,....

Moreover, we have E
[
exp

{
‖ξi‖

2

γ2
i

}]
≤ exp{1} from

Lemma 9. Thus, the random vector sequence satisfies the
“light tail” condition (a.k.a. Eq. (1) with α = 2 in [4]).

Besides, an Euclidean space (Rn, ‖·‖2) is 1-smooth and
1-regular, which means the smooth coefficient κ = 1. Then,
according to Theorem 2.1 proposed in [4], for all N ≥ 1 and
t ≥ 0, we have

Pr

‖SN‖ ≥ √2(1 + t)

√√√√ N∑
i=1

γ2
i

 ≤ exp
{
−t2/3

}
.

This completes the proof of proposition in Lemma 1.

APPENDIX C
SUPPLEMENTED PROOF OF THEOREM 1 AND 2
C.1 The Uniform Boundedness of ‖Pt‖
In the following, we will firstly prove that under certain
conditions, ‖Pt‖ is uniformly bounded during the update
procedure.

Lemma 10. If there exists an integer h > 0 such that

inf
t≥0

λmin(Ah(t)) > 0, Ah(t)
∆
=

t+h∑
i=t+1

xix
T
i ,

then for any µ0 ∈ (0, 1), we have

sup
µ∈(0,µ0]

sup
t≥0
‖Pt‖ <∞.

Proof. The proof of Lemma 10 follows the procedures in [5].
Let Rt

∆
= P−1

t , from the iteration in Algorithm DFOP and
matrix inversion formula,

Rt = (1− µ)Rt−1 + µxtx
T
t , (7)

therefore, we can use the discretization to transfer the
continuous process to its sub-sequence, and only need to
prove a uniform bound for ‖Pnh‖. By the recursive update
formulation of Pt in (7),

Rnh+h = (1− µ)hRnh + µ
nh+h∑
i=nh+1

(1− µ)nh+h−ixix
T
i .

Thus, by notation of Ah(t) introduced in Theorem 1, we
have

λmin{Rnh+h} ≥ (1−µ)hλmin{Rnh}+µ(1−µ)hλmin{Ah(nh)}.

To simplify the presentation, let un
∆
= λmin(Rnh), thus

u−1
n = ‖Pnh‖, and

un+1 ≥ (1− µ)h(un + µλmin(Ah(nh))), (8)

by recursion and Cauchy-Schwartz inequality, we have

un ≥ µ(1− µ)h
(

n∑
k=1

(1− µ)(n−k)hλmin(Ah(kh))

)

≥ µ(1− µ)h
(

n∑
k=1

(1− µ)(n−k)h

)2

·
(

n∑
k=1

(1− µ)(n−k)hλ−1
min(Ah(kh))

)−1

.

Consequently, by assumption in Theorem 1, there exists
a constant K such that

u−1
n ≤ Kµ−1(1− µ)−h

(
n∑
k=1

(1− µ)(n−k)h

)−1

≤ Kµ−1(1− µ)−h
1− (1− µ)h

1− (1− µ)nh

≤ Kh (1− µ0)−h

1− (1− µ)nh
,

(9)

the last inequality is due to the fact that µ−1(1− (1−µ)h) ≤
h,∀µ ∈ (0, 1).

We proceed to prove the proposition and split the proof
into the following two cases.
• (Case 1) when µ ≤ 1

n , notice that the function f(µ) =
(1− µ)1/µ, µ ∈ (0, 1), is a decreasing function, and the
fact that limµ→0 f(µ) = 1/e. From (9), we have

u−1
n ≤ Kh

(1− µ0)−h

1− (1− µ)nh
≤ Kh (1− µ0)−h

1− (1− µ)h/µ

≤ Kh (1− µ0)−h

1− e−h
<∞.
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• (Case 2) when µ ≥ 1
n , we directly bound u−1

n from (8),

u−1
n ≤

1

(1− µ)h
u−1
n−1 ≤

(
1

(1− µ)h

)n
u−1

0

≤ (1− µ)−h/µu−1
0 ≤ (1− µ0)−h/µ0u−1

0 <∞.

This completes the proof of the proposition in Lemma 10.

C.2 Technical Lemmas

In this paragraph, we give technical lemmas, which are used
in the proving Lemma 2, Lemma 3 and Lemma 4 (those
lemmas appear in the main paper, and are crucial in proving
main theorems).

We first give the following lemma which expands sum-
mations into parts.

Lemma 11 (Generalized Summation by Parts). Let {fk}nk=1
and {gk}nk=1 be two sequences. And denote Gn =

∑n
k=1 gk, then

for m ≥ 2,

n∑
k=m

fkgk = fnGn − fmGm−1 −
n−1∑
k=m

Gk (fk+1 − fk) .

Proof. The right hand side can be verified by expanding gk
in the left-hand as Gk −Gk−1.

Remark 3. When m = 1, the same derivation gives the
famous Abel transformation,

n∑
k=1

fkgk = fnGn −
n−1∑
k=1

Gk (fk+1 − fk) .

Next, the upper bound of the norm of a random Gaussian
matrix is given as follows.

Lemma 12 (Corollary 5.35 of [3]). Let A be an d×D random
matrix whose entries are independent standard normal random
variables. Then for every t ≥ 0, with probability at least 1 −
2 exp(−t2/2) one has

‖A‖ ≤
√
d+
√
D + t.

Besides, in the analysis of the Sparse-DFOP, we need the
following lemmas regarding restricted isometry property
(RIP) [6], to ensure the functionality of the random projection
matrix.

Lemma 13 (RIP Lemma). Suppose the measurement matrix
M ∈ Rd×D is a Gaussian or Bernoulli random matrix. If

s ≤ C1d/ log(D/s),

then the measurement matrix M satisfies RIP condition, that is,
for any s-sparse signal x ∈ RD , there exists a constant δs ∈ [0, 1)
such that

(1− δs)‖x‖2 ≤ ‖Mx‖2 ≤ (1 + δs)‖x‖2

with probability at least 1− exp(−C2d).

Lemma 14 (RIP Reconstruction Property [6]). If M ∈ Rd×D
satisfies 2s-th RIP constraint and the RIP constant δ2s ≤

√
2− 1,

then for all s-sparse input x ∈ RD ,

∆1(Mx) = x. (10)

C.3 Proof of Lemma 2, Lemma 3 and Lemma 4

Lemmas 2-4 are crucial in proving the main results of this
paper. These lemmas guarantee concentration properties
of the sum of exponential decay sequences. Specifically,
Lemma 2 and Lemma 3 are for Theorem 1, meanwhile,
Lemma 4 is for Theorem 2.

In this paragraph, we present proof of each lemma
separately. To be self-contained, we first restate the lemma
and then prove it. Specifically, we present three key lemmas
in proving Theorem 1 and Theorem 2.

Lemma 2 (restated). Let {xt} be a martingale-difference d-
dimension sub-Gaussian random vector sequence, with cor-
responding bounding sequence {γt}, and Zt ∈ Rd×d, Yt =
(1 − µ)Yt−1 + µZt, t ≥ 1. Then, for any µ ∈ (0, 1) and any
δ > 0, with probability at least 1− δ

2 , we have

∥∥∥∥∥
t∑

k=1

(1− µ)t−kYkxk

∥∥∥∥∥ ≤√2(1 +√3 ln(2t/δ))γ∗(‖Y0‖+ Z∗)µ− 1
2 ,

where Z∗ = supk=1,...,t‖Zk‖ and γ∗ = supk=1,...,t γk.

Proof. Denote S(t, k) ,
∑t
i=k xi, then the left hand side can

be expanded by Lemma 11 due to the recursive property of
Yt,∥∥∥∥∥

t∑
k=1

(1− µ)t−kYkxk

∥∥∥∥∥
=

∥∥∥∥∥(1− µ)tY0S(t, 1) +

t∑
k=1

µ(1− µ)k−1Zt−k+1S(t, t− k + 1)

∥∥∥∥∥
≤ (1− µ)t‖Y0S(t, 1)‖+

t∑
k=1

µ(1− µ)k−1‖Zt−k+1S(t, t− k + 1)‖

≤ (1− µ)t‖Y0‖

∥∥∥∥∥
t∑

i=1

xi

∥∥∥∥∥︸ ︷︷ ︸
term (a)

+Z∗
t∑

k=1

µ(1− µ)k−1

∥∥∥∥∥
t∑

i=t−k+1

xi

∥∥∥∥∥ .︸ ︷︷ ︸
term (b)

For k = 1, . . . , t, based on Lemma 1, we have

Pr


∥∥∥∥∥

t∑
i=k

xi

∥∥∥∥∥ ≤ √2

(
1 +

√
3 ln

2t

δ

)√√√√ t∑
i=k

γ2
i

 ≥ 1− δ

2t
,

taking by the union bound over t > 0, and let γ∗ =
supk=1,...,t γk, we know that the following holds with proba-
bility at least 1− δ

2 ,

term (b)

≤
√

2

(
1 +

√
3 ln

2t

δ

)
Z∗

t∑
k=1

µ(1− µ)k−1

√√√√ t∑
i=t−k+1

γ2
i

≤
√

2

(
1 +

√
3 ln

2t

δ

)
Z∗γ∗

t∑
k=1

µ(1− µ)k−1
√
k

≤
√

2

(
1 +

√
3 ln

2t

δ

)
Z∗γ∗µ−1/2.
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In the last step, we utilize the fact that
∑t
k=1(1 −

µ)k−1
√
k ≤ µ−3/2, which can be proved by the Cauchy-

Schwartz inequality as follows,

t∑
k=1

(1− µ)k−1
√
k ≤

√√√√( t∑
k=1

(1− µ)k−1k

)(
t∑

k=1

(1− µ)k−1

)
≤
√
µ−2 · µ−1 = µ−3/2, (11)

where the last inequality holds by noticing the fact
∑∞
k=1(1−

µ)k−1k = 1/µ2.
Conditioning on all the above concentration inequalities

hold, we have

term (a) ≤(1− µ)t‖Y0‖
√

2

(
1 +

√
3 ln

2t

δ

)√√√√ t∑
i=k

γ2
i

≤
√

2

(
1 +

√
3 ln

2t

δ

)
‖Y0‖γ∗(1− µ)t

√
t

≤
√

2

(
1 +

√
3 ln

2t

δ

)
‖Y0‖γ∗µ−1/2.

In the last step, we utilize the fact that supµ∈(0,1)(1 −
µ)t
√
t ≤ µ−1/2 holds for any t ≥ 1. Hence, combining upper

bounds of term (a) and term (b), we complete the proof.

Lemma 3 (restated). Let {εt} be an independent (or
martingale-difference) sub-Gaussian random variable se-
quence, with corresponding bounding sequence (i.e., vari-
ance proxy sequence) {σt}, and xt ∈ Rd, t ≥ 1. Then, for any
µ ∈ (0, 1) and any δ > 0, with probability at least 1− δ

2 , we
have∥∥∥∥∥

t∑
k=1

(1− µ)t−kxkεk

∥∥∥∥∥ ≤ 2
√

2

(
1 +

√
3 ln

2t

δ

)
σ∗x∗µ−

1
2 ,

where x∗ = supk=1,...,t‖xk‖ and σ∗ = supk=1,...,t σk.

Proof. First, we examine the light tail condition, i.e., the
condition (Cα[σ∞]) in Theorem 2.1 of [4], let σ′2k =
(max‖xk‖2)σ2

k,∀k ≥ 1, then

E
[
exp

{‖εkxk‖2
σ′2k

}]
≤E

[
exp

{‖εk‖2‖xk‖2
σ′2k

}]
=E‖xk‖Eεk

[
exp

{ ‖εk‖2‖xk‖2

σ2
k(max‖xk‖2)

}]
≤E‖xk‖Eεk

[
exp

{‖εk‖2
σ2
k

}]
≤ exp{1}.

Hence, conclusion in Lemma 1 holds for the sequence
{xtεt}. Similar to Lemma 2, by taking Yt ≡ Zt ≡ I , we
complete the proof.

Lemma 4 (restated). Let {xt} be a martingale-difference D-
dimension sub-Gaussian random vector sequence, with cor-
responding bounding sequence {γt}, and Zt ∈ Rd×d, Yt =
(1 − µ)Yt−1 + µZt, t ≥ 1. Besides, M is a d × D random
matrix whose entries are independent centered identically
normal random variables with zero mean and variance 1/d.

Then, for any µ ∈ (0, 1) and any δ > 0, with probability at
least 1− δ

2 , we have∥∥∥∥∥
t∑

k=1

(1− µ)t−kYkMxk

∥∥∥∥∥
≤
√

2(1 +
√

3 ln(4t/δ))(
√
d+
√
D +

√
ln(8t/δ))

· γ∗(‖Y0‖+ Z∗)µ−
1
2 ,

where Z∗ = supk=1,...,t‖Zk‖ and γ∗ = supk=1,...,t γk.

Proof. Denote S(t, k) ,
∑t
i=k xi, then with the recursive

property of Yt, the left hand side can be expanded by
Lemma 11,

LHS =

∥∥∥∥∥
t∑

k=1

(1− µ)t−kYkMxk

∥∥∥∥∥
=‖(1− µ)tY0MS(t, 1)

+
t∑

k=1

µ(1− µ)k−1Zt−k+1MS(t, t− k + 1)‖

≤(1− µ)t‖Y0MS(t, 1)‖

+
t∑

k=1

µ(1− µ)k−1‖Zt−k+1MS(t, t− k + 1)‖

≤(1− µ)t‖Y0‖
∥∥∥∥∥

t∑
i=1

Mxi

∥∥∥∥∥
+ Z∗

t∑
k=1

µ(1− µ)k−1

∥∥∥∥∥
t∑

i=t−k+1

Mxi

∥∥∥∥∥.
For k = 1, . . . , t, based on Lemma 1, we have

Pr


∥∥∥∥∥

t∑
i=k

xi

∥∥∥∥∥ ≤ √2

(
1 +

√
3 ln

4t

δ

)√√√√ t∑
i=k

γ2
i

 ≥ 1− δ

4t
.

Based on Lemma 12, we have

Pr

{
‖M‖ ≤

√
d+
√
D +

√
2 ln

8t

δ

}
≥ 1− δ

4t
.

Therefore, taking by the union bound over t > 0, and
denote γ∗ = supk=1,...,t γk, we know that the following
holds with probability at least 1− δ

2 ,

LHS ≤
√

2

(
√
d+
√
D +

√
2 ln

8t

δ

)(
1 +

√
3 ln

4t

δ

)
Z∗

·
t∑

k=1

µ(1− µ)k−1

√√√√ t∑
i=t−k+1

γ2
i︸ ︷︷ ︸

term (a)

+
√

2‖Y0‖
(
√
d+
√
D +

√
2 ln

8t

δ

)(
1 +

√
3 ln

4t

δ

)

· (1− µ)t

√√√√ t∑
i=k

γ2
i︸ ︷︷ ︸

term (b)



6

Now we continue to bound term (a) and (b) separately.
For term (a), we have

term (a) ≤ γ∗
t∑

k=1

µ(1− µ)k−1
√
k ≤ γ∗µ−1/2,

where the last inequality holds due to the fact that
∑t
k=1(1−

µ)k−1
√
k ≤ µ−3/2, as previously shown in (11).

For term (b), by utilizing the fact that supµ∈(0,1)(1 −
µ)t
√
t ≤ µ−1/2 holds for any t ≥ 1, we obtain

term (b) ≤ γ∗(1− µ)t
√
t ≤ γ∗µ−1/2.

Hence, combining above two bounds for term (a) and
term (b), we complete the proof.

C.4 Additional Lemmas for Proving Theorem 2
In order to prove Theorem 2, we need the following lemma
to bound the norm of sparse signal.

Lemma 15. Let x and w be two s-sparse D-dimensional random
vectors, and let M ∈ Rd×D be a Gaussian or Bernoulli random
matrix that satisfies 2s-th RIP with the RIP constant δ2s ≤

√
2−1.

Then, we have

‖xT(ID −MTM)w‖ ≤ 3δ2s‖x‖‖w‖.

Proof. The proof follows the technique used in proving
Theorem 3.1 of [7].

Since x and w are both s-sparse, we denote positions of
their non-zero entries as i1, . . . , is and j1, . . . , js. Then we
keep the above 2s entries for x and w and remove all the
others, obtaining the 2s-dimensional vector denoted as x2s

and w2s, respectively. Also, we keep 2s columns of matrix M
and delete all the other columns, obtaining a 2s×D matrix
denoted as M2s.

As the matrix M satisfies 2s-RIP condition, we know that
all the eigenvalues ofMT

2sM2s are in the set of [1−δ2s, 1+δ2s]
and

‖xT(ID −MTM)w‖
= ‖xT

2s(ID −MT
2sM2s)w2s‖

≤ ‖xT
2s[(1 + δ2s)ID −MT

2sM2s]w2s‖+ δ2s‖xT
2sw2s‖

≤ ‖xT
2s[(1 + δ2s)ID −MT

2sM2s]
1
2 ‖

· ‖[(1 + δ2s)ID −MT
2sM2s]

1
2w2s‖+ δ2s‖xT

2sw2s‖

≤
√
xT

2s · 2δ2s · x2s

√
wT

2s · 2δ2s ·w2s + δ2s‖xT
2sw2s‖

≤ 2δ2s‖x2s‖‖w2s‖+ δ2s‖x2s‖‖w2s‖
= 3δ2s‖x2s‖‖w2s‖
≤ 3δ2s‖x‖‖w‖.

This completes the proof of the proposed proposition.

In fact, if we adopt an alternative recovery algorithm, we
have the following statement.

Corollary 1. Let RECOVER2 denote a variant of original
RECOVER based on the projection to the image space, specifically,

RECOVER2[y] := ∆p(ΠΦM (Σs)(y)) = ∆p( arg min
ŷ∈ΦM (Σs)

‖ŷ−y‖),

where Σs := {x ∈ RD : ‖x‖0 ≤ s}, representing the set of
all the s-sparse vectors. Besides, ΦM (Σs) := {y ∈ RD|y =

Mx, for some x ∈ Σs}. In this case, we can obtain a slightly
tighter error bound though in the same order with the bound stated
in Theorem 2.

Proof. When we adopt RECOVER2[y] = ∆1(ΠΦM (Σs)(y)) :=
∆1(arg minŷ∈ΦM (Σs)‖ŷ − y‖), in this case, we introduce the
notion ¯̄vt = arg minv∈ΦM (Σs)‖v − v̂t‖. From the definition
of RECOVER2 algorithm, we know that ŵt = ∆1(¯̄vt), and
ŵt is s-sparse due to Lemma 14, therefore,

‖w̃t‖ = ‖wt − ŵt‖ ≤ (1− δ2s)−1‖vt − ¯̄vt‖, (12)

and the right hand side can be bounded by,

‖vt − ¯̄vt‖ ≤ ‖vt − v̂t‖+ ‖v̂t − ¯̄vt‖
= ‖vt − v̂t‖+ σMs (v̂t),

(13)

where σMs (x) = minz∈ΦM (Σs)‖x − z‖. Since v̄t ∈ ΦM (Σs),
we have

σMs (v̂t) = ‖v̂t − ¯̄vt‖ ≤ ‖v̂t − v̄t‖. (14)

Plugging (13) into (12), we can also obtain estimate
error bound for w. Besides, from the inequality in (14),
we know that bounds for RECOVER2 are tighter than ones
for RECOVER1. Also, if we only keep terms regarding to µ
and δ2s, ignoring the geometric decay term and the poly-
logarithmic factors in t and d, then an asymptotic analysis
gives the estimate error of,

‖wt − ŵt‖ = Õ

(√
µ+ 1√

µ + δ2s

1− δ2s

)
+ o(1), w.h.p.

It is easy to verify that this error bound share the same
order with that stated in Theorem 2.

APPENDIX D
MORE EMPIRICAL STUDIES

In this section, we provide more empirical studies. Specifi-
cally, we present performance comparisons in terms of two
measures mentioned in the main paper, prequential accuracy
using sliding windows and prequential accuracy using fading
factor, which are proposed by [8] and are suitable as the
performance metric in non-stationary streaming learning.

For the sake of the self-containedness of this supple-
mentary material, we first present definitions of these two
measures.

Definition 4 (Prequential Accuracy using Sliding Windows).

prequential-accwin(t) =
1

w

t∑
i=t−w

I[ŷi = yi], (15)

where w is the window size involved in the measure.

Definition 5 (Prequential Accuracy using Fading Factor).

prequential-accff(t) =
1∑t

i=1 α
t−i

t∑
i=1

αt−iI[ŷi = yi], (16)

where α is the fading factor involved in the measure.

In addition to the above two measures, we also include
the prequential accuracy as follows.
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Fig. 1. Performance comparisons with respect to the three measures on different datasets: SEA, hyperplane and weather. In each row, the
performance of one dataset with three measures is presented, and from left to right is prequential accuracy, prequential accuracy using sliding
window, and prequential accuracy using fading factor.

Definition 6 (Prequential Accuracy).

prequential-acc(t) =
1

t

t∑
i=1

I[ŷi = yi]. (17)

In Figure 1, we plot performance comparisons with
respect to above three measures on both synthetic and real-
world datasets: sea, hyperplane, and weather. Results of the
other datasets are similar. Each row presents performance
comparisons of one dataset, and results for three measures
are organized from left to right as, prequential accuracy,
prequential accuracy using sliding window, and prequential
accuracy using fading factor. Note that we only present the
best competitor (DWM), RLS and DFOP for clearness, since
the accuracy curves of other approaches are very unstable
and are significantly worse than DWM and DFOP. The results
in Figure 1 show that our approach, DFOP, outperforms other

contenders, which confirm the effectiveness of our approach
again.

APPENDIX E
DETAILED DESCRIPTIONS OF DATASETS

E.1 Regression Datasets
- hyperplane [9] is a benchmark synthetic dataset for regres-

sion scenario, where feature consists of 10 variables, and
each is uniform sampled from [0, 1]. There are in total
2,000 data samples with four stages, and target concepts
are (xi+xi+1 +xi+2)/3 > 0.5, with i = 1, 2, 4, 7 in each
stage.

- Sulfur recovery unit [10] is a real-world dataset with
records of gas diffusion. Feature consists of 5 different
chemical and physical indexes, with in total 10,081 data
samples. There are two outputs in original dataset which
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represent the concentration of SO2 and H2S, and we split
it into SRU-1 and SRU-2, respectively.

- Debutanizer column [10] is a real-world dataset with
records of chemical reactions, with in total 2,394 data
samples consisting of 7 different features. The output
represents C4 content in the debutanizer bottoms.

E.2 Classification Datasets

- Chess [11] is constructed by data from chess.com portal,
which consists of game records of players over a period
from December 2007 to March 2010, a total of 533
instances with 7 attributes. The label indicates win or
loss in the game.

- Usenet [12] is split into Usenet-1 and Usenet-2 which
both consist of 1,500 instances with 100 attributes
based on 20 newsgroups collection. They simulate a
stream of messages from different newsgroups that are
sequentially presented to a user, who then label them
according to his/her personal interests.

- Luxembourg [11] is constructed by using European Social
Survey data. There are 1,900 instances with 32 attributes
in total, and each instance is an individual and attributes
are formed from answers to the survey questionnaire.
The label indicates high or low internet usage.

- Spam Detection [13] is a real-world textual dataset that
uses email messages from the Spam Assassin Collection,
and boolean bag-of-words approach is adopted to
represent emails. It consists of 9,324 instances with 500
attributes, and the label indicates spam or legitimate.

- Weather [14] dataset is originally collected from the
Offutt Air Force Base in Bellevue, Nebraska. 18,159
instances are presented with an extensive range of 50
years (1949− 1999) and diverse weather patterns. Eight
features are selected based on their availability, elimi-
nating those with a missing feature rate above 15%. The
remaining missing values are imputed by the mean of
features in the preceding and following instances. Class
labels are based on the binary indicator(s) provided for
each daily reading of rain with 18,159 daily readings:
5698 (31%) positive (rain) and 12,461 (69%) negative (no
rain).

- Powersupply [15] contains three-year power supply
records including 29,928 instances with 2 attributes from
1995 to 1998, and our learning task is to predict which
hour the current power supply belongs to. We relabel
into binary classification according to p.m. or a.m.

- Electricity [16] is wildly adopted and collected from the
Australian New South Wales Electricity Market where
prices are affected by demand and supply of the market.
The dataset contains 45,312 instances with 8 features.
The class label identifies the change of the price relative
to a moving average of the last 24 hours.
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